
The Mathematical Work
of the 2010 Fields

Medalists
The Notices solicited the following articles about the works of the four individuals to
whom Fields Medals were awarded at the International Congress of Mathematicians in
Hyderabad, India, in August 2010. The International Mathematical Union also issued
news releases about the medalists’ work, and these appeared in the December 2010
Notices.

—Allyn Jackson

The Work of Ngô Bao Châu

Thomas C. Hales
In August 2010 Ngô Bao Châu was awarded a Fields
Medal for his deep work relating the Hitchin fibra-
tion to the Arthur-Selberg trace formula, and in
particular for his proof of the Fundamental Lemma
for Lie algebras [27], [28].

The Trace Formula

A function h : G → C on a finite group G is a class
function if h(g−1xg) = h(x) for all x, g ∈ G. A class
function is constant on each conjugacy class. A ba-
sis of the vector space of class functions is the set
of characteristic functions of conjugacy classes.

A representation of G is a homomorphism π :
G → GL(V) from G to a group of invertible linear
transformations on a complex vector space V . It
follows from the matrix identity

trace(B−1AB) = trace(A)

that the function g ֏ trace(π(g)) is a class func-
tion. This function is called an irreducible charac-
ter if V has no proper G-stable subspace. A basic
theorem in finite group theory asserts that the set
of irreducible characters forms a second basis of
the vector space of class functions on G.

A trace formula is an equation that gives the ex-
pansion of a class function h on one side of the
equation in the basis of characteristic functions of
conjugacy classes C and on the other side in the
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basis of irreducible characters
∑

C

bC charC = h =
∑

π

aπ traceπ

for some complex coefficients bC and aπ depend-
ing on h. The side of the equation with conjugacy
classes is called the geometric side of the trace for-
mula, and the side with irreducible characters is
called the spectral side.

When G is no longer assumed to be finite,
some analysis is required. We allow G to be a
Lie group or, more generally, a locally compact
topological group. The vector space V may be
infinite-dimensional so that a trace of a linear
transformation of V need not converge. To im-
prove convergence, the irreducible character is
no longer viewed as a function but rather as a
distribution

f ֏ trace
∫

G
π(g)f (g)dg,

where f runs over smooth compactly supported
test functions on the group, and dg is aG-invariant
measure. Similarly, the characteristic function of
the conjugacy class is replaced with a distribution
that integrates a test function f over the conjugacy
class C with respect to an invariant measure:

(1) f ֏

∫

C
f (g−1xg)dg.

The integral (1) is called an orbital integral. A trace
formula in this setting becomes an identity that ex-
presses a class distribution (called an invariant dis-
tribution) on the geometric side of the equation as
a sum of orbital integrals and on the spectral side
of the equation as a sum of distribution characters.

March 2011 Notices of the AMS 453



The celebrated Selberg trace formula is an iden-
tity of this general form for the invariant distribu-
tion associated with the representation of SL2(R)
on L2(SL2(R)/Γ), for a discrete subgroup Γ . Arthur
generalized the Selberg trace formula to reductive
groups of higher rank.

History

The Fundamental Lemma (FL) is a collection of
identities of orbital integrals that arise in connec-
tion with a trace formula. It takes several pages to
write all of the definitions that are needed for a
precise statement of the lemma [17]. Fortunately,
the significance of the lemma and the main ideas
of the proof can be appreciated without the precise
statement.

Langlands conjectured these identities in lec-
tures on the trace formula in Paris in 1980 and
later put them in more precise form with Shelstad
[21], [22]. Over time, supplementary conjectures
were formulated, including a twisted conjecture by
Kottwitz and Shelstad and a weighted conjecture
by Arthur [20], [1]. Identities of orbital integrals on
the group can be reduced to slightly easier identi-
ties on the Lie algebra [23]. Papers by Waldspurger
rework the conjectures into the form eventually
used by Ngô in his solution [35], [33]. Over the
years, Chaudouard, Goresky, Kottwitz, Laumon,
MacPherson, and Waldspurger, among others,
have made fundamental contributions that led
up to the proof of the FL or extended the results
afterward [24], [14], [15], [9], [10], [11]. It is hard
to do justice to all those who have contributed
to a problem that has been intensively studied
for decades, while giving special emphasis to the
spectacular breakthroughs by Ngô.

With the exception of the FL for the special lin-
ear group SL(n), which can be solved with rep-
resentation theory, starting in the early 1980s all
plausible lines of attack on the general problem
have been geometric. Indeed, a geometric approach
is suggested by direct computations of these inte-
grals in special cases, which give their values as
the number of points on hyperelliptic curves over
finite fields [19], [16].

To motivate the FL, we must recall the bare out-
lines of the ambitious program launched by Lang-
lands in the late 1960s to use representation theory
to understand vast tracts of number theory. Let F
be a finite field extension of the field of rational
numbers Q. The ring of adeles A of F is a locally
compact topological ring that contains F and has
the property that F embeds discretely in A with a
compact quotient F\A. The ring of adeles is a con-
venient starting point for the analytic treatment of
the number field F . IfG is a reductive group defined
over F with center Z , then G(F) is a discrete sub-
group of G(A) and the quotient G(F)Z(A)\G(A)
has finite volume. A representation π of G(A) that

appears in the spectral decomposition of

L2(G(F)Z(A)\G(A))
is said to be an automorphic representation. The
automorphic representations (by descending to
the quotient by G(F)) are those that encode the
number-theoretic properties of the field F . The
theory of automorphic representations just for
the two linear groups G = GL(2) and GL(1) al-
ready encompasses the classical theory of modular
forms and global class field theory.

There is a complex-valued function L(π, s),
s ∈ C, called an automorphic L-function, attached
to each automorphic representation π . (The L-
function also depends on a representation of a
dual group, but we skip these details.) Langlands’s
philosophy can be summarized as two objectives:

(1) Show that many L-functions that routinely
arise in number theory are automorphic.

(2) Show that automorphic L-functions have
wonderful analytic properties.

There are two famous examples of this philoso-
phy. In Riemann’s paper on the zeta function

ζ(s) =
∞∑

n=1

1

ns
,

he proved that it has a functional equation and
meromorphic continuation by relating it to a θ-
series (an automorphic entity) and then using the
analytic properties of the θ-series. Wiles proved
Fermat’s Last Theorem by showing that the L-
function L(E, s) of every semistable elliptic curve
over Q is automorphic. From automorphicity
follows the analytic continuation and functional
equation of L(E, s).

The Arthur-Selberg trace formula has emerged
as a general tool to reach the first objective (1) of
Langlands’s philosophy. To relate one L-function
to another, two trace formulas are used in tandem
(Figure 1). An automorphic L-function can be en-
coded on the spectral side of the Arthur-Selberg
trace formula. A second L-function is encoded on
the spectral side of a second trace formula of a
possibly different kind, such as a topological trace
formula. By equating the geometric sides of the two
trace formulas, identities of orbital integrals yield
identities of L-functions. The value of the FL lies in
its utility. The FL can be characterized as the mini-
mal set of identities that must be proved in order to
put the trace formula in a useable form for applica-
tions to number theory, such as those mentioned
at the end of this report.

The Hitchin Fibration

Ngô’s proof of the FL is based on the Hitchin fibra-
tion [18].

Every endomorphism A of a finite-dimensional
vector space V has a characteristic polynomial

(2) det(t −A) = tn + a1t
n−1 + · · · + an.
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Figure 1. A pair of trace formulas can transform identities of orbital integrals into identities of
L-functions.

Its coefficients ai are symmetric polynomials of the
eigenvalues of A. This determines a characteris-
tic map χ : end(V) → c, from the Lie algebra of
endomorphisms of V to the vector space c of coef-
ficients (a1, . . . , an). This construction generalizes
to a characteristic map χ : g → c for every reduc-
tive Lie algebra g, by evaluating a set of symmetric
polynomials on g.

Fix once and for all a smooth projective curve X
of genus g over a finite field k.

In its simplest form, a Higgs pair (E,φ) is what
we obtain when we allow an element Z of the Lie al-
gebra end(V) to vary continuously along the curve
X. As we vary along the curve, the vector space V
sweeps out a vector bundle E onX, and the element
Z ∈ end(V) sweeps out a section φ of the bundle
end(E) or of the bundle end(E)⊗OX(D) when the
section acquires finitely many poles prescribed by
a divisor D of X. Extending this construction to a
general reductive Lie group G with Lie algebra g, a
Higgs pair (E,φ) consists of a principal G-bundle
E and a section φ of the bundle ad(E)⊗OX(D) as-
sociated with E and the adjoint representation ofG
on g. For each X, G, and D, there is a moduli space
M (or more correctly, moduli stack) of all Higgs
pairs (E,φ).

The Hitchin fibration is the morphism obtained
when we vary the characteristic map χ : g → c along
a curve X. For each Higgs pair (E,φ), we evaluate
the characteristic map p ֏ χ(φp) of the endo-
morphism φ at each point p ∈ X. This function
belongs to the set A of a global sections of the
bundle c ⊗ OX(D) over X. The Hitchin fibration is
this morphism M→A.

Abelian varieties occur naturally in the Hitchin
fibration. To illustrate, we return to the Lie algebra
g = end(V). For each section a = (a1, . . . , an) ∈ A,
the characteristic polynomial

(3) tn + a1(p)t
n−1 + · · · + an(p) = 0,

defines an n-fold cover Ya of X (called the spectral
curve). By construction, each point of the spectral
curve is a root of the characteristic polynomial at
some p ∈ X. We consider the simple setting when
Ya is smooth and the discriminant of the character-
istic polynomial is sufficiently generic. A Higgs pair
(E,φ) over the section a determines a line (a one-
dimensional eigenspace of φ with eigenvalue that
root) at each point of the spectral curve, and hence
a line bundle on Ya. This establishes a map from
Higgs pairs over a to Pic(Ya), the group of line bun-

dles on the spectral curve Ya. Conversely, just as
linear maps can be constructed from eigenvalues
and eigenspaces, Higgs pairs can be constructed
from line bundles on the spectral curve Ya. The
connected component Pic0(Ya) is an abelian vari-
ety. Even outside this simple setting, the group of
symmetries of the Hitchin fiber over a ∈ A has an
abelian variety as a factor.

The Proof of the FL

Shifting notation (as justified in [34], [11]), we let F
be the field of rational functions on a curve X over
a finite field k. One of the novelties of Ngô’s work
is to treat the FL as identities over the global field
F , rather than as local identities at a given place of
X. By viewing each global section of OX(D) as a ra-
tional function on X, each point a ∈A is identified
with an F-valued point a ∈ c(F). The preimage of
a under the characteristic map χ is a union of con-
jugacy classes in g(F), and therefore corresponds
to terms of the Arthur-Selberg trace formula for
the Lie algebra. The starting point of Ngô’s work is
the following geometric interpretation of the trace
formula.

Theorem 1 (Ngô). There is an explicit test function
fD, depending on the divisor D, such that for ev-
ery anisotropic element a ∈ Aan, the sum of the
orbital integrals with characteristic polynomial a in
the trace formula for fD equals the number of Higgs
pairs in the Hitchin fibration over a, counted with
multiplicity.

The proof is based on Weil’s description of vec-
tor bundles on a curve in terms of the cosets of a
compact open subgroup of G(A). Orbital integrals
have a similar coset description.

From this starting point, the past thirty years
of research on the trace formula can be translated
into geometrical properties of the Hitchin fibra-
tion. In particular, Ngô formulates and then solves
the FL as a statement about counting points in
Hitchin fibrations.

The identities of the FL are between the orbital
integrals on two different reductive groups G and
H. A root system is associated with each reductive
group. There is a duality of every root system that
interchanges its long and short roots. The two re-
ductive groups of the FL are related only indirectly:
the root system dual to that of H is a subset of the
root system dual to that of G (Figure 2). Informally,
the set of representations of a group is in duality

March 2011 Notices of the AMS 455



Figure 2. The two root systems in each row are
in duality. The root system on the bottom right

is a subset of the root system on the upper
right.

Figure 3. After giving a direct proof of the FL
under the assumption of transversality (left),

Ngô obtains the general case (right) by
continuity.

with the group itself, so by a double duality, when
the dual root systems are directly related, we might
also expect their representation theories to be di-
rectly related. This expectation is supported by an
overwhelming amount of evidence.

By using the same curve X for both H and G,
and by comparing the characteristic maps for the
two groups, Ngô produces a map ν : AH → AG

of the bases of the two Hitchin fibrations, but
to kill unwanted monodromy he prefers to work
with a base-change ν̃ : ÃH → ÃG. The particular
identities of the FL pick out a subspace Ãκ of
ÃG containing ν̃(ÃH). Restricting the Hitchin
fibration to anisotropic elements, to prove the FL,
he must compare fibers of the two (base-changed,
anisotropic) Hitchin fibrations M̃an

G → Ãan
κ and

M̃an
H → Ãan

H over corresponding points of the base
spaces.

The base ν̃(Ãan
H ) contains a dense open sub-

set of elements that satisfy a transversality con-
dition. For g = end(V) this condition requires the
self-intersections of the spectral curve (Equation
3) to be transversal (Figure 3). For a particularly
nice open subset Ũ ⊂ ν̃(Ãan

H ) of transversal ele-
ments, the number of points in a Hitchin fiber may
be computed directly, and the FL can be verified in
this case without undue difficulty.

To complete the proof, Ngô argues by continu-
ity that because the identities of the FL hold on a
dense open subset of ν̃(Ãan

H ), the identities are
also forced to hold on the closure of the subset,
even without transversality. The justification of
this continuity principle is the deepest part of his
work.

Through the legacy of Weil and Grothendieck,
we know the number of points on a variety (or
even on a stack if you are brave enough) over a
finite field to be determined by the action of the
Frobenius operator on cohomology. To cohomol-
ogy we turn. After translation into this language,
the FL takes the form of a desired equality of (the
semisimplifications of) two perverse sheaves over
a common base space ν̃(Ãan

H ). By the BBDG de-
composition theorem, over the algebraic closure of
k, the perverse sheaves break into direct sums of
simple terms, each given as the intermediate ex-
tension of a local system on an open subset Z0

of its support Z [5]. The decomposition theorem
already implies a weak continuity principle; each
simple factor is uniquely determined by its restric-
tion to a dense open subset of its support. This
weak continuity is not sufficient, because it does
not rule out the existence of supports Z that are
disjoint from the open set of transverse elements.

To justify the continuity principle, Ngô shows
that the support Z of each of these sheaves lies
in ν̃(Aa

H) and intersects the open set Ũ of trans-
verse elements. In rough terms, the continuity prin-
ciple consists in showing that every cohomology
class can be pushed out into the open. There are
two parts to the argument: the cohomology class
first is pushed into the top degree cohomology and
then from there into the open. In the first part,
the abelian varieties mentioned above enter in a
crucial way. By taking cap product operations com-
ing from the abelian varieties, and using Poincaré
duality, a nonzero cohomology class produces a
nonzero class in the top degree cohomology of a
Hitchin fiber. This part of his proof uses a strat-
ification of the base of the Hitchin fibration and
a delicate inequality relating the dimension of the
abelian varieties to the codimension of the strata.

In the second part of the argument, a set of gen-
erators of the top degree cohomology of the fiber
is provided by the component group π0 of a Picard
group that acts as symmetries on the fibers. Recall
that the two groups G and H are related only in-
directly through a duality of root systems. At this
step of the proof, a duality is called for, and Ngô
describes π0 explicitly, generalizing classical dual-
ities of Kottwitz, Tate, and Nakayama in class field
theory. With this dual description of the top coho-
mology, he is able to transfer information about
the support Z on the Hitchin fibration for G to the
Hitchin fibration onH and deduce the desired sup-
port and continuity theorems. With continuity in
hand, the FL follows as described above.
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Further accounts of Ngô’s work and the proof of
the FL appear in [26], [12], [2], [13], [8], [7], [29].

Applications

Only in the land of giants does the profound work
of a Fields medalist get called a lemma. Its name
reminds us nonetheless that the FL was never in-
tended as an end in itself. A lemma it is. Although
proved only recently, it has already been put to
use as a step in the proofs of the following major
theorems in number theory:

(1) The forthcoming classification of au-
tomorphic representations of classical
groups [3].

(2) The calculation of the cohomology of
Shimura varieties and their Galois repre-
sentations [25], [30].

(3) The Sato-Tate conjecture for elliptic curves
over a totally real number field [4].

(4) Iwasawa’s main conjecture for GL(2) [32],
[31].

(5) The Birch and Swinnerton-Dyer conjecture
for a positive fraction of all elliptic curves
over Q [6].

The proof of the following recent theorem in-
vokes the FL [4]. It is striking that this result in pure
arithmetic ultimately relies on the Hitchin fibra-
tion, which was originally introduced in the context
of completely integrable systems!

Theorem 2. Let np be the number of ways a prime
p can be expressed as a sum of twelve squares:

np = card {(a1, . . . , a12) ∈ Z12 | p = a2
1+· · ·+a2

12}.
Then the real number

tp =
np − 8(p5 + 1)

32p5/2

belongs to the interval [−1,1], and as p runs over
all primes, the numbers tp are distributed within
that interval according to the probability measure

2

π

√
1− t2 dt.
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The Work of Elon
Lindenstrauss

Benjamin Weiss
Introduction

The citation that accompanied the awarding of the
Fields Medal to Elon Lindenstrauss at the ICM2010
read: “For his results on measure rigidity in ergodic
theory, and their applications to number theory.”
My main goal in this survey is to explain this some-
what mysterious sentence without assuming any
specific background on the part of the mathemati-
cally educated reader (beyond the first year of grad-
uate studies). It will take a little time before I get
to Elon’s spectacular contributions, and I call upon
the reader to be patient. By the way, this is not the
first award that Elon has received for his work. In
2001 he was awarded the Blumenthal Prize of the
AMS. This award is given once every four years for
the best Ph.D. thesis. In his thesis he extended the
pointwise ergodic theorem to arbitrary amenable
groups and made a deep study of the mean dimen-
sion, a new invariant introduced by M. Gromov to
study systems with infinite topological entropy.

Returning to my main goal, I will begin by ex-
plaining what ergodic theory is. Work by L. Boltz-
mann on statistical mechanics in the nineteenth
century led to the formulation of the “ergodic hy-
pothesis”, which asserts that one may replace the
time averages of evolving systems by their spatial
averages. More precisely, suppose that X is some
space and Tt a one-parameter family of transfor-
mations of X preserving some natural probabil-
ity measure µ on X. In Boltzmann’s situation X
was a surface of constant energy in some high-
dimensional state space of a mechanical system,
and if the initial state of the system was x ∈ X, then
Ttx gives the state of the system t time units later.
The original ergodic hypothesis that was attributed
to Boltzmann turned out to be false. However, J.
von Neumann and G. D. Birkhoff in 1931 proved
ergodic theorems that made precise the sense in
which time averages of functions f defined on X do
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converge and how they relate to the spatial average∫
f dµ. These theorems gave birth to what we call er-

godic theory, which can be briefly described as the
study of transformations preserving a probability
measure.

It is better to start with just the dynamical sys-
tem, and for simplicity we shall, for a while, talk
about discrete time so that the system is given by
a space X and a single transformation T of X to
itself. The one-parameter family is now just the
semigroup consisting of the iterates of T . Unless
one imposes some structure on X, invariant prob-
ability measures needn’t exist (think about adding
one as a transformation on the integers). If, how-
ever, X is a compact Hausdorff space and T is con-
tinuous, then it is not hard to see that at least one
invariant measure will exist. Consider the follow-
ing example: X = {z ∈ C||z| = 1} and Tz = ρz
with |ρ| = 1. The normalized arc length is clearly
a probability measure that is invariant under T .
The iterates of T are simply the powers ρn of ρ.
If the argument of ρ is an irrational multiple of π ,
then a classical theorem (named after Kronecker,
but known to N. Oresme in the Middle Ages) as-
serts that these powers are dense in X, from which
it easily follows that the arc length is the only fi-
nite measure invariant under T . In this case the
mapping T is said to be uniquely ergodic. The ter-
minology comes from a general definition in which
a system (X,T ,µ) with Tµ = µ is said to be ergodic
if the only invariant measurable sets have either
measure zero or one. If there is a unique invariant
measure, then it is easy to see that the system is er-
godic, whereas if there is more than one invariant
measure, then it can be shown that there is more
than one ergodic invariant measure.

Keeping the same space X, if we replace this ro-
tation by squaring, Sz = z2, then arc length is once
again invariant, but now there are many more in-
variant probability measures. The easiest way to
see this is to open up the circle and think of squar-
ing as the map of t ∈ [0,1) to 2t (mod 1). Now the
dyadic expansion of numbers represents t by an
infinite sequence of zeroes and ones, and the map
becomes the shift. The arc length corresponds to
having the digits being independent identically dis-
tributed random variables with equal probability
of being zero or one, and replacing this distribu-
tion by unfair coins gives a whole family of distinct
probability measures invariant under the shift.

Continuing this example, notice that arc length
is also invariant under the map that takes z to zk

for any natural number k. If a probability measure,
µ, is invariant under all of these maps, then it
is easy to see that it is a convex combination of
arc length and the point masses concentrated at
0. Indeed, the invariance implies that all nonzero
Fourier-Stieltjes coefficients are constant. Thus
subtracting off a suitable multiple of the delta
measure at zero will give rise to a measure all of
whose nonzero Fourier-Stieltjes vanish, and this
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is a multiple of the arc length measure. It is a
famous open problem raised by H. Furstenberg,
as to whether or not this is still true if we restrict
k to be of the form k = 2r3s . Measure rigidity is
not a formal concept but is a term used to refer
to situations in which there are very few invariant
measures and they can be explicitly described. We
would say that irrational rotation is measure rigid,
as is the full semigroup of maps zk, whereas the
measure rigidity of the sub-semigroup generated
by two and three is an open problem.

Homogeneous Spaces

The circle can be thought of as the real line
modulo the integers, a discrete subgroup, and
the mappings that we have considered are alge-
braically defined. The examples that Elon deals
with also come from algebraically defined map-
pings associated with groups possessing a more
complicated structure, which we proceed to de-
scribe. Let SL(2,R) denote the group of two-by-two
matrices with real entries and determinant one.
Geometrically this group can be identified with
the group of orientation-preserving isometries of
the upper half plane with the hyperbolic metric

ds2 = dx2+dy2

y2 . The action is by the fractional linear

transformation that maps z to az+b
cz+d where we

write the upper half plane in complex notation
z = x+ iy . To be more precise we should mod out
by minus the identity and identify PSL(2,R) with
the isometries since the matrix −I in this corre-
spondence is the identity mapping. The subgroup
that fixes the point i is the group of rotations,
and so we can actually identify the group with the
unit tangent bundle of the upper half plane. If M
is a two-dimensional Riemannian manifold with
constant negative curvature, then its unit tangent
bundle can be identified with SL(2,R)/Γ , where
Γ is a discrete subgroup (the fundamental group
of the manifold). The reader unfamiliar with the
differential geometry language can simply think
of this homogeneous space as an algebraic object
inheriting the topology from the natural topol-
ogy on the group of two-by-two matrices. For a
concrete example of such a Γ take the subgroup
SL(2,Z), which is important in number theory.
This homogeneous space can also be thought of as
the space of two-dimensional lattices in the plane
as follows. The action of SL(2,R) on the plane acts
transitively on the space of lattices, and SL(2,Z)
is the stability group of the integer lattice so that
the space of lattices with a natural topology can
be identified with SL(2,R)/SL(2,Z).

We started with compact spaces, and although
the space of lattices is not compact, it is easy to
construct geometric examples of Γ ’s such that
SL(2,R)/Γ is compact. This can be done geometri-
cally by looking at tilings of the hyperbolic plane
by proper triangles (in contrast to the tiling that
corresponds to SL(2,Z) which consists of trian-

gles having one vertex at infinity). Now any one
parameter subgroup of SL(2,R) acts on these ho-
mogeneous spaces, and we get quite a rich family
of examples. There are two kinds of one-parameter
subgroups that exhibit rather different behavior.
If we take the diagonal subgroup for our Tt , then
geometrically this corresponds to the geodesic
flow on the unit tangent bundle of a hyperbolic
manifold with constant negative curvature. These
geodesic flows have been extensively studied ever
since the dawn of ergodic theory and have served
as an important testing ground for the theory. It
turns out that in many ways they behave like the
multiplication maps of the circle. In particular,
they have a plethora of invariant measures. This
fact is not so easy to see and requires ideas which
I will not take the time to explain. On the other
hand, the shearing subgroup of transformations
of the form Ut(z) = z+t behave more like the rota-
tions of the circle in that they are uniquely ergodic
in the compact case and have only algebraically
defined measures in the case of manifolds with
finite volume such as the space of lattices. This
flow also has a geometrical interpretation and is
called the horocycle flow. These horocycle flows
are the archetypical examples of what is called
measure rigidity. Indeed, this term was introduced
by Marina Ratner in 1990 in her deep studies of the
invariant measures of higher dimensional versions
of these horocycle flows.

This example generalizes easily to SL(n,R),
where n ≥ 3 and SL(n,R)/SL(n,Z) can once again
be thought of as the space of lattices in Rn. The
diagonal matrices form now an abelian subgroup,
A ≅ Rn−1, and the fact that now the dimension is
greater than one changes the situation dramati-
cally. It turns out that there are far fewer measures
invariant under the entire action of A, and this
has important number theoretical consequences.
This can be seen already in the simpler example
of the circle and multiplication maps, and we will
go back to that example to see how entropy enters
the story.

Entropy and Hausdorff Dimension

The average entropy of a stationary stochastic
process was a key tool in Shannon’s development
of a mathematical theory of communication, now
known as information theory. We recall quickly
the basic definitions. The entropy of a random
variable X that takes values vj with probabilities
pj is given by the formula H(X) = −

∑
j pj logpj .

A sequence of random variables {Xn} is said to be
stationary if for any N and t the joint distribution
of the random variables {Xn : |n| ≤ N} equals
that of the random variables {Xn+t : |n| ≤ N}.
Shannon’s average entropy of the process {Xn} is
given by the formula

h({Xn}) = limn→∞
H(X1, X2, X3 . . . Xn)

n
.
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Here the subadditivity of the entropy is used to
show that the limit exists. If T is a measurable
transformation of a probability space {Ω,Σ,P} that
preserves P, then any finite-valued random variable
X defined on this space will define a stationary sto-
chastic process by setting Xn(ω) = X(T nω). This
makes sense even if T is not invertible; the index
set is then restricted to the nonnegative integers.
Kolmogorov used this construction and Shannon’s
entropy to define the entropy of a probability pre-
serving system {Ω,Σ,P, T} as the supremum of the
Shannon entropy of the processes defined in this
way. This is clearly an invariant under the natural
notion of isomorphism, and it has played a very
important role in classifying measure-preserving
systems up to isomorphism.

There is another way of computing the entropy
of a process based on a conditional version of the
basic definition. From this one sees that zero en-
tropy for a process {Xn} is equivalent to the as-
sertion that X0 is measurable with respect to the
σ -field generated by the {Xi : i > 0}, or reversing
time, the σ -field generated by the {Xi : i < 0}. Such
processes are called deterministic. On the other
hand, positive entropy for a process means that
the conditional distribution of X0 given the past
is nontrivial. The positivity of entropy has played
an important role in applications of measure rigid-
ity ever since the pioneering work of Russell Lyons
on Furstenberg’s question. Lyons showed that if
p and q are not powers of the same integer and
if µ is nonatomic and invariant under both maps,
zp and zq, and is ergodic with respect to the joint
action generated by the two maps, and if, further-
more, the measure has completely positive entropy
(all nontrivial processes defined over the system
have positive entropy) with respect to one of these
maps, then µmust be Lebesgue measure. The work
of the late Dan Rudolph made this dichotomy even
more evident. He showed that if p and q are rel-
atively prime and if µ is nonatomic and invariant
under both maps, zp and zq , and is ergodic with re-
spect to the joint action generated by the two maps,
then either µ is Lebesgue measure (arc length) or its
Kolmogorov entropy is zero with respect to each of
the maps. This latter work was the starting point of
a whole series of works in which measures invari-
ant under higher rank groups were successfully
classified under the additional assumption that the
entropy of some individual map was positive.

In order to formulate some of Elon’s remark-
able results, we will also need the notion of the
Hausdorff dimension of a set of points in Rd . Ever
since the work of the late B. Mandelbrot on frac-
tals, this is sometimes called fractal dimension,
and since many expositions of this are available,
we shall not give a formal definition. Suffice it to
say that it is a more refined notion of the topo-
logical dimension that, in particular, captures the
different sizes that sets of zero topological dimen-
sion might have. It is important to point out that it

is closely related to entropy. This can be seen, for
example, in the case of the circle and our favorite
map T(z) = z2. If ν is any ergodic T -invariant mea-
sure, then the Kolmogorov entropy of T is (up to a
constant depending on the base of the logarithm
in the definition of entropy) the infimum of the
Hausdorff dimension of subsets of the circle that
have full ν measure. In the other direction, if E is
a closed subset of the circle that is invariant under
the map T , then E supports an invariant measure
whose entropy is (again up to that constant) the
Hausdorff dimension of the set E.

Littlewood’s Conjecture

The Littlewood conjecture concerns how well
one can approximate irrational numbers by ra-
tional numbers. For conciseness we will denote
by ‖x‖ the distance from a real number x to the
nearest integer. The classical expansion of a real
number x into a continued fraction easily shows
that for any x the lim supn→∞n‖nx‖ is finite. As
for the lim inf, for Lebesgue almost every x the
lim infn→∞n‖nx‖ = 0, although for quadratic
irrationals and in fact for any x with bounded
continued fraction expansion the lim inf is strictly
positive. Around eighty years ago J. E. Littlewood
conjectured that if we take any two real numbers
x and y , then lim infn→∞n‖nx‖‖ny‖ = 0.

In 1955 Cassels and Swinnerton-Dyer showed
that the Littlewood conjecture would follow from
the following more general conjecture concerning
linear forms:

Conjecture 1. Let F(x1, . . . , xd) =
∏d
i=1

(∑d
j=1 gijxj

)

be a product of d-linearly independent linear forms
in d variables, not proportional to an integral form
(as a homogeneous polynomial in d variables), with
d ≥ 3 . Then

(4) inf
{
|F(v)| : v ∈ Zd {0}

}
= 0.

G. Margulis pointed out that, in turn, this
stronger conjecture is related to the action that we
described above by the diagonal subgroup, A, on
the space of lattices SL(n,R)/SL(n,Z). Indeed, he
showed that it is equivalent to the statement:

Conjecture 2. AnyA-orbitA.ξ in SL(n,R)/SL(n,Z)
for d ≥ 3 is either periodic or unbounded.

In this conjecture a periodic orbit means the
L-orbit of some closed subgroup L of SL(n,R)
that contains A and has finite volume in SL(n,R)/
SL(n,Z). The analogous notion for measures is
called a homogeneous measure, that is to say, µ
is a homogeneous measure on the space of lat-
tices if µ is the L-invariant measure on a single,
finite volume, L-orbit for some closed subgroup
A ≤ L ≤ SL(n,R). The corresponding conjecture
concerning invariant measures for the action of A
on the space of lattices is then:

Conjecture 3. Let µ be an A-invariant and ergodic
probability measure on Xd for d ≥ 3 (and A <
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PGL(3,R) the group of diagonal matrices). Then µ
is homogeneous.

We come finally to one of the remarkable
achievements of Elon’s. While he did not settle this
last conjecture completely, he was able to obtain a
partial result analogous to what Rudolph proved
for the circle. In joint work with M. Einsiedler and
A. Katok he established:

Theorem 3 ([EKL]). Let A be the group of diagonal
matrices and n ≥ 3. Let µ be an A-invariant and
ergodic probability measure on SL(n,R)/SL(n,Z).
If for some a ∈ A the entropy hµ(a) > 0, then µ is
homogeneous.

Due to the close connections between entropy
and Hausdorff dimension, they were able to estab-
lish the following striking result:

Theorem 4 ([EKL]). The set of pairs of real numbers
(x, y) for which

lim infn→∞n‖nx‖‖ny‖ = 0

fails to hold has Hausdorff dimension zero.

Quantum Unique Ergodicity

To formulate Elon’s marvelous contributions to the
quantum unique ergodicity (QUE) conjecture, we
shall need more concepts that we do not have the
space to explain in detail. There is a recent arti-
cle by Peter Sarnak, “Recent progress on the quan-
tum unique ergodicity conjecture”, to which we can
refer the interested reader for more of the back-
ground.

Let M be a compact Riemannian manifold and
denote by △ the Laplacian on M . Since M is com-
pact, L2(M) is spanned by the eigenfunctions
of the Laplacian. Quantum ergodicity deals with
the equidistribution properties of these eigen-
functions. To be precise let φn be a complete
orthonormal sequence of eigenfunctions of △
ordered by eigenvalue. These can be interpreted,
for example, as the steady states for Schrödinger’s
equation

i
∂ψ

∂t
= −△ψ

describing the quantum mechanical motion of a
free (spinless) particle on M . According to Bohr’s
interpretation of quantum mechanics |φn(x)|2 in-
tegrated over a set A is the probability of finding a
particle in the stateφn inside the set A at any given
time. A. I. S̆nirel’man, Y. Colin de Verdière, and S.
Zelditch have shown that whenever the geodesic
flow onM is ergodic, for example ifM has negative
curvature, there is a subsequence nk of density one
on which these probability measures converge in
the weak* topology to the normalized volume mea-
sure on M . This phenomenon is called quantum
ergodicity. While these measures are on the man-
ifold they also defined liftings of these measures
to the unit tangent bundle, S∗M , which become
more and more invariant under the geodesic flow

as the eigenvalue increases so that any weak* limit
of these lifts is invariant under the geodesic flow.
Any such limiting meassure is called a quantum
limit. Z. Rudnick and P. Sarnak made the following
conjecture:

Conjecture 4. (QUE) If M is a compact manifold of
negative curvature, the only quantum limit is the
the normalized volume measure on S∗M .

There are also conjectures of this type in the
case of manifolds that are not compact but do have
a finite volume. In that case the Laplacian also has
a nondiscrete spectrum, and that must be taken
into account, but we won’t go into that here. Elon’s
results pertain to a special class of manifolds that
are called arithmetic manifolds since they are
defined by number theoretical means. The easiest
to describe is our space of lattices. For compact
examples one has discrete subgroups of SL(2,R)
that are defined by means of certain quaternionic
division algebras. For these manifolds the eigen-
functions typically have additional symmetries
that can be exploited. In fact, the quantum limits
that appear below are limits of eigenfunctions that
are also eigenfunctions of the Hecke operators.
Elon, together with J. Bourgain [BL], showed that
for quantum limits in this arithmetic case the
entropy of the geodesic flow is positive. He was
then able to combine this positivity with a number
of highly original arguments in order to prove:

Theorem 5. ([L]) If M is a compact arithmetic sur-
face, then the only quantum limit is the normalized
volume element.

We should emphasize that what lurks behind
this result is the fact that the quantum limit not
only is invariant under the geodesic flow but also
possesses additional symmetry. Otherwise, as we
have pointed out, the geodesic flow has a wide va-
riety of measures of positive entropy.

For the noncompact case in the same paper, Elon
was able to show that any quantum limit must be a
constant multiple of the volume element but didn’t
resolve the issue of whether the constant was ac-
tually equal to one. This was resolved in the affir-
mative in more recent work of K. Soundararajan.

I have tried to explain a few of the more out-
standing results of Elon’s. There are many more
that I haven’t touched on, some of which are de-
scribed in [L2] . For example, in recent joint work
with M. Einsiedler, P. Michel, and A. Venkatesh,
he shows that the union of the periodic orbits of
the diagonal subgroup acting on SL(3,R)/SL(3,Z)
with volume Vi become uniformly distributed as
Vi tends to infinity. While a variety of analytic
methods are involved, at the very heart of the
proof lie the measure rigidity results. To sum up,
Elon has taken the interaction between ergodic
theory and number theory to new heights, and it
is our hope to see even more in the future.
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The Work of Stanislav
Smirnov

Wendelin Werner
Last August the Fields Medal was awarded to
Stanislav Smirnov (“Stas” is the short version of
his first name that is commonly used) for his
proofs of conformal invariance of two of the most
famous lattice models from statistical physics.
Given the importance of these results and the
influence that they already have on the subject,
this award did not surprise anybody acquainted
with this part of mathematical physics.

Smirnov was educated in the great analysis
school of St. Petersburg. He grew up in this town
(called Leningrad in those days), went to one of
its elite classes in high school, and then to its
university. His first steps in research were guided
by Victor Havin, whose seminar had a stimulating
and lasting influence on students. He then went
to Caltech in the United States to write his Ph.D.
thesis under the supervision of Nikolai Makarov
(a student of Nikolskii in Leningrad, who in turn
had been a student of Havin) on the spectral anal-
ysis of Julia sets. After a postdoc at Yale (where
he interacted with Peter Jones) Smirnov took in
1998 a position at KTH in Stockholm, where he
also had many natural collaborators. There, for
instance, he started a series of important papers
with Jacek Graczyk. His first papers dealt with
complex analysis and complex dynamics, and they
would deserve a detailed description as well. It
was in Stockholm that he started to think seri-
ously about probabilistic questions, encouraged
also by Lennart Carleson. Since 2003 Smirnov has
been professor at the Université de Genève.

Conformal Invariance of Critical Percolation

In the early 1980s the British theoretical physicist
John Cardy proposed—based on ideas of Belavin,

Wendelin Werner is professor of mathematics
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wendelin.werner@math.u-psud.fr.

Figure 1. A horizontal crossing of RLRLRL.

Polyakov, and Zamolodchikov, and more precisely
on the symmetries of conformal field theories that
were supposedly related to those particular lattice
models—an explicit formula for the limit of cross-
ing probabilities of conformal rectangles in critical
percolation when the mesh of the lattice goes to
0. Let us immediately describe this model without
explaining why this is a key question.

For each different hexagonal cell in the planar
honeycomb lattice (as in Figure 1, in a black and
white version), toss a fair coin to choose its color:
with probability 1/2 it is blue, and with probability
1/2 it is yellow (these are the two colors used by
Smirnov in his paper, to pay tribute to his Swedish
colleagues). One is interested in the existence of
long paths of the same color (for instance, consist-
ing only of blue cells).

Let us first consider the rectangle RL =
(0, L) × (0,1). In the honeycomb lattice with
mesh ǫ, choose a lattice-approximation RǫL of this
rectangle, and let pǫ(L) denote the probability
of existence of a blue left-to-right crossing of RǫL
(which joins the left and right boundary segments
of the rectangle). The problem is to prove that
pǫ(L) converges as ǫ → 0 and to identify its limit.

More generally, when D is a simply connected
domain with a smooth boundary in which one
chooses two disjoint arcs d1 and d2, one can
study the asymptotic behavior of the probability
pǫ(d1 ↔ d2;D) that there exists a blue path joining
d1 and d2 in a lattice approximation of D with
mesh size ǫ.

In 2001 Smirnov showed that the quantities
pǫ(·) do indeed converge when ǫ → 0 and that
their limits are those predicted by Cardy. In par-
ticular, these limits turn out to be conformally
invariant: This means that if one chooses L in
such a way that there exists a conformal (angle-
preserving one-to-one) map from D onto RL that
maps d1 and d2 onto the two vertical sides of RL,
then the limits of pǫ(d1 ↔ d2;D) and of pǫ(L) are
identical.

The most remarkable part of this result is not
the explicit formula but rather the fact that the
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limiting probabilities are conformally invariant
quantities. The proof uses a simple combinato-
rial property that Smirnov is able to reformulate
as the (almost)-discrete analyticity of a suitably
generalized crossing probability (in order to get a
complex function of a complex variable). With this
observation in hand, it is possible to control the
limiting behavior of this discrete almost-analytic
function to its continuous counterpart. Conformal
invariance is therefore itself part of the proof
of the derivation of the explicit formula for the
asymptotics of pǫ(·) (on other graphs, where no
discrete analyticity has been detected, the exis-
tence of the limit of crossing probabilities itself is
still an open problem).

The entire proof is essentially contained in a
short, six-page note published in the Comptes-
rendus de l’Académie des Sciences. Several prizes
(including the Clay Research award) were awarded
to Smirnov for this wonderful gem.

Conformal Invariance of the Ising Model

The Ising model may be the most famous lattice
model from statistical physics. Here one is again
coloring at random a portion of a graph, but
this time the colors (which are more often called
“spins” in this context) of different cells are not
independent. To fix ideas let us now consider the
square lattice, but the results of Dmitry Chelkak
and Smirnov on the Ising model are valid for a
larger class of planar lattices.

The Ising model was first defined as a model
for ferromagnetism. Intuitively, one can describe it
by saying that neighboring cells prefer to have the
same color. The smaller the number N of pairs of
disagreeing neighboring cells in the configuration,
the more likely the coloring will be. The most prob-
able configurations are therefore those in which
all colors are identical. The model is specified by
a parameter x in (0,1) that describes how much
one penalizes configurations with additional dis-
agreeing neighbors. More precisely, the probability
of a configuration is xN , modulo some multiplica-
tive constant that ensures that all probabilities add
up to 1; for instance, a configuration with a total of
4 disagreeing pairs of neighbors will have a prob-
ability that is equal to x4 times the probability of
a configuration in which all sites choose the same
spin.

It turns out that a special value xc of x plays an
important role: When x < xc , at large scales, the
typical systems are in an ordered phase: one color
has a clear majority. By contrast, when x > xc ,
the systems are likely to be very disordered and
look somewhat like percolation on large scale. Crit-
ical phenomenon studies the large-scale behavior
of the system when x is equal to this special value,
called the critical or phase-transition point.

In the case of the Ising model, the most natural
quantities to investigate are not the existence of
long crossings but rather “correlations between

Figure 2. A configuration of the critical Ising
model.

faraway spins” that give information on the total
number of cells of a given color (the “global mag-
netization” in the ferromagnetic interpretation):
What is the probability that two sites that are
far away from each other have chosen the same
color? But this type of question can be easily re-
formulated in terms of connectivity properties of
a related model, so that there are similarities with
the previous percolation model.

Smirnov (in part with Chelkak) showed in [8],
[3] that in the case of the critical Ising model, it is
possible to construct quantities (in fact the mean
of complex-valued functions of the colorings) that
are discrete analytic with respect to a site used
to define them (this exact discrete analyticity dif-
fers from the approximate discrete analyticity of
percolation—it is also what relates these questions
to integrable systems). This allows him to control
their behavior when the lattice-spacing tends to 0
for a fixed reference domain D and to prove their
asymptotic conformal invariance. These results
make it possible to give full and complete answers
to questions studied and raised by physicists for
more than sixty years (the name of Lars Onsager
immediately comes to mind); see also [4].

Related Works

The Schramm-Loewner evolution (SLE) processes
are continuous random curves introduced in 1999
by Oded Schramm, who conjectured them to be
the scaling limits of interfaces in various critical
planar models for statistical physics. The work of
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Figure 3. A self-avoiding walk with 313131 steps on
the honeycomb lattice.

Stas Smirnov in fact proves this conjecture (see
also [5]) in the two previously described cases. This
makes it possible to exploit the computations that
are possible in the continuous SLE setting in order
to deduce additional results for the discrete mod-
els and, more generally, to get a complete picture
of the scaling limits of these two models. The case
of critical percolation is for instance studied in the
preprint by Schramm and Smirnov [6].

It appears that percolation (on the lattice de-
scribed above) and the Ising model (on a wider
class of lattices), together with the uniform span-
ning tree (which had been studied in a similar
spirit by Richard Kenyon) play a particular role.
Today, these are almost the only classical lattice
models in which conformal invariance has been
fully proved. Nevertheless, the ideas developed by
Smirnov can be used to prove spectacular results
for other models. For instance, with Hugo Duminil-
Copin, Smirnov proved the famous conjecture of
the Dutch theoretical physicist Bernhard Nienhuis
about the asymptotic number of self-avoiding
walks on the honeycomb lattice: the number of
self-avoiding paths with N steps starting from the
origin that one can draw on this lattice grows like
λn+o(n) when λ =

√
2+

√
2).

Smirnov’s work sheds yet another light on the
power and beauty of complex analysis, this time in
the context of probabilistic questions arising from
physical lattice models. A recommended more de-
tailed introduction to his work that we very briefly
described here is Smirnov’s contribution [9] to the
Proceedings of the ICM.
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The Work of Cédric Villani

Luigi Ambrosio
Cédric Villani combines in his work, at the high-
est level, mathematical rigor and elegance, physi-
cal intuition and depth. His energetic, enthusiastic,
and friendly personality also contributed to mak-
ing him a driving force in many fields of math-
ematics and a source of inspiration for younger
mathematicians. I will describe in the next three
sections his main achievements, following to some
extent the chronological order.

Boltzmann Equation

This fundamental equation was derived by L. Boltz-
mann in 1873 to describe the time evolution of the
density ft(x, v) in the phase space R3

x × R3
v of a

sufficiently rarified gas. It can be written as

(5)
d

dt
ft(x, v)+ v · ∇xft(x, v) = Q(ft, ft)(x, v)

where Q(f , f ) is a nonlinear operator describing
the collision process between particles, usually
representable as

Q(f , f )(x, v)=
∫

R3

∫

S2

[
f (x, v′)f (x, v′∗)

− f (x, v)f (x, v∗)
]
B(v−v∗, σ)dσdv∗.

Here v, v∗ stand for the postcollisional velocities,
and v′, v′∗ stand for the precollisional velocities,
related to v and v∗ and the impact direction σ by

v′ = v + v∗
2

+|v − v∗|
2

σ, v′∗=
v + v∗

2
−|v − v∗|

2
σ.

Boltzmann’s H theorem states that the quantity

S(ft) := −
∫

R6
ft(x, v) ln ft(x, v) dxdv

always increases along solutions to (5). Here
I shall adopt mathematicians’ usage of the
word “entropy”, which is opposite to that of
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physicists, and call it H (this is the standard
convention in probability and optimal transport,
discussed in the next section). Then we can say
that H(ft) = −S(ft) =

∫
ft ln ft decreases in time.

In addition, the dissipation term D(f ) := − d
dt
H(ft)

appearing in Boltzmann’s H theorem vanishes
if and only if ft is locally (in x) Maxwellian in v,
namely

ft(x, v) = ρt(x)
1

(2πTt(x))3/2
exp

[
−|v − ut(x)|

2

2Tt(x)

]
.

Here ρt , the first marginal of ft , is the local density;
ut , the first marginal of vft , is the local mean veloc-
ity; and Tt , the first marginal of |v|2ft , is the local
temperature.

Boltzmann’s H theorem determines an ar-
row of time, and since Newton’s equations
describing collisions between gas particles are
time-reversible, a long debated and basic question
(Loschmidt’s paradox) is to understand where,
in Boltzmann’s derivation of (5) from Newton’s
law, a time-asymmetric assumption enters. The
interested reader can find in the recent book [7]
a very good account of the state of the art on
the mathematical and physical issues related to
Boltzmann’s equation.

Despite decades of research, many questions
about the Boltzmann equation are still unan-
swered. Existence and regularity are known for
initial data close to the equilibrium measure, while
for general initial data R. DiPerna and P. L. Li-
ons were able to prove existence of the so-called
renormalized solutions, a suitable notion of weak
solution. Villani contributed to the existence the-
ory for Boltzmann’s equation for several collision
operators, but undoubtedly his main contribu-
tions concern Cercignani’s conjecture and the
understanding of the rate of decay of entropy and
convergence to equilibrium.

Even in the spatially homogeneous case, i.e.,
when the ft are independent of x, the analysis is
far from trivial, due to the nonlinear character
of the collision operator. In 1983 C. Cercignani
conjectured that, for suitable kernels B, there is
a constant K > 0 dependent on the initial con-
dition f0 such that the relative entropy-entropy
dissipation inequality holds:

D(ft) ≥ K
∫

R3

(
ft

M
ln
ft

M

)
M dv.

Here M is the Maxwellian limit state, uniquely de-
termined by f0. By Gronwall’s lemma, the validity
of Cercignani’s conjecture would imply exponen-
tial convergence to M as t → ∞. L. Desvillettes’s
proof of a lower bound on the entropy produc-
tion was later improved in joint work of E. Carlen
and M. Carvalho, who also pointed out links be-
tween Cercignani’s conjecture and information
theory and Sobolev inequalities. Eventually the
conjecture was settled by Villani in [16] (in collab-
oration with G. Toscani) and in [18]: Cercignani’s

conjecture is not true, but the weaker inequal-
ity D(ft) ≥ Kǫ

(∫
ft ln(ft/M)dv

)1+ǫ
holds for all

ǫ > 0. This suffices to provide polynomial rates of
convergence to equilibrium.

The extension of these results to the spatially
inhomogeneous case is immediately seen to be
very demanding: indeed, since the collision oper-
ator depends only on f (x, ·), we may consider (5)
as a kind of system of homogeneous equations in-
dexed by x, where the only coupling is given by the
transport term v · ∇xf . Being degenerate and first
order, this term exhibits very poor regularizing
properties. Nevertheless, in a joint paper with L.
Desvillettes [6], Villani was able to exploit this term
to show polynomial convergence to the Maxwellian
even in the spatially inhomogeneous case, under
suitable growth and smoothness assumptions on
the solution. This remarkable result is the first
convergence theorem for initial conditions not
close to equilibrium, i.e., in a nonperturbative
regime (so that linearization of the collision term
around the Maxwellian is not useful). Later on, Vil-
lani developed a general theory [19], the so-called
hypocoercivity, applicable also to the asymptotics
of other classes of operators. His work in this area
influenced many younger mathematicians, includ-
ing C. Mouhot, C. Baranger, R. Strain, M. Gualdani,
and S. Michler.

Optimal Mass Transport

Villani’s work in optimal mass transport has been
extremely influential, as I will illustrate, for the
development of connections between curvature,
optimal transport, functional inequalities, and Rie-
mannian geometry. Besides these contributions,
his monumental work [20], containing a fairly
complete and updated description of the state of
the art in the theory of optimal transport, played
a major role in indicating research directions and
in spreading the new discoveries among different
communities. As we continue to witness, this sub-
ject is still expanding so quickly that presumably
Villani’s treatise will be the last attempt to keep
track of the whole theory in a single book.

The problem of optimal mass transport was
proposed by G. Monge, one of the founders of the
École Polytechnique, in a famous memoire in 1781.
Despite its very natural formulation and a prize
offered by the Académie des Sciences in Paris for
its solution, the problem received very little atten-
tion in the mathematical literature (partly because
the right mathematical tools to attack the problem
were lacking) until the work of L. Kantorovich in
1942, who proposed a weak formulation of the
problem and received, for related work, the Nobel
Prize in Economics in 1975. Kantorovich’s formu-
lation became very popular in optimization and
linear programming, but also in probability and
information theory, one of the reasons being that
the optimal transport problem provides a very
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natural family of distances in the space of proba-
bility measures. In more recent years, starting with
Brenier’s seminal 1991 paper [2] on polar factor-
ization and existence of optimal transport maps,
connections have been discovered with many more
areas, such as fluid mechanics, gradient flows and
dissipative PDE’s, shape optimization, irrigation
networks, Riemannian geometry, and analysis in
metric measure spaces.

A modern formulation of Monge’s problem is
the following: given two Borel probability measures
µ and ν in a metric space X, and given a Borel cost
function c = c(x, y) : X × X → [0,+∞] (whose
heuristic meaning is the cost of shipping a unit
of mass from x to y ), one has to minimize the
transport cost

∫

X
c
(
x,T(x)

)
dµ(x)

among all Borel transport maps T mapping the
“mass distribution” µ to ν (i.e., µ(T−1(E)) = ν(E)
for all E Borel). Monge proposed in his memoire the
case X = R2 and c equal to the Euclidean distance:
in this case the transport cost has the physical
meaning of work. However, it turns out that many
other choices of c are possible, and definitely the
“best” choice, in terms of connections with other
fields and regularity of optimal maps, is the case
in which c is the square of the distance, at least in
Euclidean and Riemannian spaces.

Even when X has a linear structure, the class
of admissible maps T is not stable under weak
convergence, and this is the main technical diffi-
culty in the proof of existence of optimal maps.
Kantorovich’s relaxation of the problem consists
in minimizing the transport cost, now written as

∫

X×X
c(x, y)dπ(x, y)

within the class of transport plans π from µ to
ν , i.e., probability measures in X × X whose first
and second marginals are respectively µ and ν (i.e.,
µ(A) = π(A × X), ν(B) = π(X × B)). This formu-
lation allows for general existence results (it suf-
fices that c be lower semicontinuous andX be com-
plete and separable) and powerful duality results.
Heuristically, in this more general formulation we
are allowing for splitting of mass, so that the mass
at x need not be sent at a single point T(x), but it
can be distributed according to πx, the conditional
probability of π given x.

In some situations one can show that no mass
splitting occurs and recover an optimal map T ;
this was achieved independently by Y. Brenier [2]
and S. T. Rachev-L. Rüschendorf [14] (building
upon earlier work by M. Knott and C. S. Smith)
in the Euclidean case, when c(x, y) = |x − y|2. In
this case optimal maps coincide precisely with
gradients (or subgradients) of convex functions.
Particularly relevant for the most recent develop-
ments in Riemannian geometry is the analogous

result obtained by R. McCann in 2001 on Rie-
mannian manifolds, with c equal to the squared
Riemannian distance.

From now on, I shall focus on the case in which
the cost is the square of a distance d and consider
the so-called Wasserstein distance W2(µ, ν), whose
square is the minimum in Kantorovich’s problem:

W 2
2 (µ, ν)

:=min
{∫

X×X
d2(x, y)dπ(x, y) : π plan from µ to ν

}
.

It is fairly easy to show thatW2 is indeed a distance
in the space

P2
(
X
)

:=
{
µ ∈ P

(
X
)

:
∫

X
d2(x, x0)dµ(x) <∞ ∀x0 ∈ X

}

of probability measures with finite quadratic mo-
ments and that P2

(
X
)

inherits many properties
from the base space X, such as completeness,
compactness, and the property of being a length
space (i.e., existence of length-minimizing curves
with length equal to the distance).

At the end of the 1990s a deeper and more geo-
metric description of the relations between X and
P2
(
X
)
, at first involving the differentiable struc-

ture and then curvature, started to emerge. This
point of view could be traced back to the work of
R. McCann on displacement convexity of the inter-
nal energy of a gas (now interpreted as convexity
along geodesics in P2

(
Rn
)
) and to the work of R.

Jordan, D. Kinderlehrer, and F. Otto, showing that
the classical heat equation ∂tf = ∆f can be viewed
as the gradient flow of the entropy functionalH(f )
in P2

(
Rn
)
. The fact that P2

(
Rn
)

is indeed some
sort of infinite-dimensional Riemannian manifold
is made explicit for the first time in the seminal pa-
per by F. Otto [12] on the asymptotics of the porous
medium equations; the formula,

W 2
2 (µ0, µ1)

:=min

{∫ 1

0

∫

Rn
|vt |2 dµt dt :

d

dt
µt +∇ · (vtµt) = 0

}

independently discovered by J. D. Benamou and Y.
Brenier, shows that W2 is indeed the induced Rie-
mannian distance (because the right-hand side can
be interpreted as the infimum of the action of all
paths from µ0 to µ1). This interpretation of P2

(
X
)

is particularly useful for the study of the asymp-
totics and rate of contraction of large classes of
PDEs of gradient flow type, and by now a complete
theory is available [1].

This line of thought has been pursued by F. Otto
and Villani [13] in an extremely influential paper,
in which they use this geometric interpretation to
extend and to provide a new proof of Talagrand’s
inequality involving transport distance and relative
entropy with respect to the standard Gaussian γn:

1

2
W 2

2 (ργn, γn) ≤
∫

Rn
ρ lnρ dγn.
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In this abstract and fruitful perspective, Tala-
grand’s inequality follows from the observation
(with E = P2

(
Rn
)
, Φ equal to the relative entropy

with respect to γn, xmin = γn) that for any 1-convex
functional Φ : E → R∪ {+∞} the inequality

Φ(x) ≥ Φ(xmin)+
1

2
d2(x, xmin)

holds, with xmin equal to the ground state of Φ.
Also L. Gross’s logarithmic Sobolev inequality can
be extended and interpreted in this more general
perspective.

It is in [13], and independently in the work [4] by
D. Cordero Erausquin, McCann, and M. Schmucken-
schläger, that the first link between Ricci curvature
and optimal transport appears, with the obser-
vation (based on Bochner’s identity) that in a
Riemannian manifold M the relative entropy with
respect to the volume measure is convex along
Wasserstein geodesics of P2

(
M
)

if the Ricci tensor
of M is nonnegative. The conjectured equivalence
of the two properties was proved later on by K. T.
Sturm and M. Von Renesse. These results paved
the way to synthetic notions of lower bounds
on Ricci curvature for metric measure spaces (a
theory somehow parallel to Alexandrov’s, which
deals with triangle comparisons and sectional cur-
vature) thoroughly explored by J. Lott and Villani
in [8] and independently by Sturm [15]. In this
very general framework Ricci bounds from below
are stable under measured Gromov-Hausdorff
convergence; in addition, the Poincaré inequality
and other functional inequalities can be obtained.
If we consider, instead of a fixed manifold (M,g),
a time-dependent family (M,gt) evolving by Ricci
flow, as in the celebrated work by R. Hamilton and
G. Perelman, new connections emerge, as shown
first by R. McCann and P. Topping and then by
J. Lott [9].

Another very influential paper by Villani is
his proof, in a joint paper [5] with D. Cordero-
Erausquin and B. Nazaret, of the Sobolev inequality
with optimal constant via optimal transportation.
It is reminiscent of Gromov’s idea of proving the
isoperimetric inequality via transport maps, but
the use of the Brenier map (instead of the so-called
Knothe map) leads to sharper results. This has be-
come apparent with the recent work by A. Figalli,
F. Maggi, and A. Pratelli, inspired by [5], in which
sharp quantitative versions of the isoperimetric
inequality are obtained for general anisotropic
surface energies.

One more deep connection between optimal
transport and curvature arises when one studies
the regularity theory of optimal maps between
Riemannian manifolds, a theory pioneered by
L. Caffarelli [3] in the flat Euclidean case (with
c(x, y) = |x − y|2). X. Ma, N. Trudinger, and
X. J. Wang devised in [10] a fourth-order differ-
ential condition on the cost function c sufficient
to provide regularity. If c is the square of the

Riemannian distance, it turns out that this differ-
ential condition can be expressed as positivity of a
new geometric tensor, now called the MTW tensor.
The properties of this tensor, its stability under
perturbations of the metric, and the regularity of
optimal maps have been investigated in a series of
papers by P. Delanoë, A. Figalli, Y. Ge, H. Y. Kim,
G. Loeper, R. McCann, L. Rifford, and Villani. It is
now understood that the MTW tensor is an object
of independent interest, because of its implica-
tions on the geometry and the stability of the cut
locus of a Riemannian manifold.

Landau Damping

Villani’s latest and most spectacular achievement
is his proof, in a joint work with C. Mouhot [11], of
the Landau damping for the Vlasov-Poisson equa-
tion,

(6)
d

dt
ft + v · ∇xft + Et · ∇vft = 0,

the basic equation of plasma physics. Here
ft(x, v) ≥ 0 represents the time-dependent density
in phase space of charged particles, and the elec-
tric field Et is coupled to ft by Poisson’s equation,
namely Et = −∇φt with −∆φt = ρt − 1, ρt being
the first marginal of ft (for the sake of simplicity
I will not consider the gravitational case, included
in [11]).

This equation describes collisionless dynam-
ics, and it is time-reversible, so that no dissipation
mechanism or Lyapunov functional can be invoked
to expect or to prove convergence to equilibrium.
Nevertheless, in 1946 L. Landau studied the be-
havior of the linearized Vlasov-Poisson equation,
starting from a Gaussian distribution, and made
the astonishing discovery that the electric field
decays exponentially fast as |t| → ∞.

The equation (6) has infinitely many stationary
solutions, given by probability densities h(v) in-
dependent of x. For the linearized equation their
stability analysis was initiated by O. Penrose in
the 1960s, and the Landau damping was well un-
derstood in the same years thanks to the work of
A. Saenz. Nevertheless, as pointed out by G. Backus
in 1960, the linearization introduces cumulative
errors that make it impossible to use the behavior
of the linearized equation in order to predict the
behavior of solutions of (6) for large times. For this
reason, in the nonlinear regime the validity of the
Landau damping was only conjectured, although
it had been shown by E. Caglioti and C. Maffei to
occur in a specific situation.

In the spatially periodic case (i.e., when x be-
longs to [0, L]3 and periodic boundary conditions
are considered), C. Mouhot and Villani proved rig-
orously in [11] that the phenomenon occurs for all
initial conditions sufficiently close to a linearly sta-
ble and analytic velocity profile h. Their statement
provides even more, namely weak convergence
of ft as t → ±∞ to analytic profiles f±∞(v). Their
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proof is a technical masterpiece and a real tour de
force, via the introduction of analytic norms in the
space (k, v) (where k is the Fourier variable dual to
x) that incorporate the loss of regularity induced
by the transport term. The growth in time of
these norms is carefully estimated using a Newton
scheme, which provides approximations of (6) on
which the evolution of the norms is computable.

Since the limiting profiles f±∞ can be stable as
well, it is possible to describe the relaxation to
equilibrium only in terms of weak convergence
in phase space, or equivalently in terms of con-
vergence of averaged quantities, like the position
density ρt (whose decay is closely related to the
decay of Et ). On the other hand, since the Vlasov-
Poisson equation is time-reversible, the initial
datum f0 is uniquely determined by ft , so that
there is no loss of information in passing from f0
to ft . Another way to see that weak convergence
cannot be improved to strong convergence relies
on the understanding that the initial information
in f0 is “stored” in ft , as |t| increases, at higher and
higher energy modes, in analogy with the theory
of turbulence in fluid mechanics. This transfer
mechanism and the relation between relaxation
and mixing are analyzed in great detail in [11].
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