WHAT | §...

a Biholomorphic

Let C" = Cx - - - x C denote complex Euclidean
space, and let D1, D> € C" be domains. A mapping
f(zi,...,zn) = (f1,...,fn) : D1 — D> is holomor-
phic if each of the coordinate functions f; is
holomorphic. If f is one-to-one and onto, then
there is an inverse function f~! : D> — D1, and this
may be shown to be holomorphic. In this case, we
say that f is biholomorphic. Biholomorphic maps
preserve many of the basic properties of analytic
function theory and serve as the isomorphisms in
the category of analytic objects.

Let us first consider the case n = 1. The
derivative of f at a point zg is a complex number
f'(zp).For abiholomorphic mapping, the derivative
isnonzero, and if we write f’ (z9) = re'?,r > 0, then,
infinitesimally at zo, f looks like the translation
zo — f(zp), followed by the rotation by angle 0
about f(zy) and a dilation by the factor r centered
at f(zp). Such a map is called conformal since it
preserves angles at the infinitesimal level. In other
words, if y; and y» are two smooth curves both
passing through zy, and crossing with an angle
of « with respect to each other, then the image
curves f(y1) and f (y2) will both pass through f (zg)
and cross each other with the same angle «. In
dimension 1, biholomorphic maps are conformal.

A domain D in the plane C is simply connected if
its complement in the Riemann sphere is connected.
A topological fact is that a simply connected
domain in the plane C is topologically equivalent
(homeomorphic) to the disk A = {|z| < 1}, but
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this is less than obvious, since simply connected
domains can have very complicated boundaries.

Riemann Mapping Theorem (RMT). Suppose that
D c C is simply connected and D # C. Then there
is a biholomorphic map @ : D — A.

There are many consequences to the RMT. In
particular, there are a lot of conformal maps: for
every proper, simply connected domain, there
is a conformal map to the disk. On the other
hand, C is not biholomorphically equivalent to
A because a holomorphic map ¢ : C — A is
necessarily bounded, so by the Liouville Theorem
 is constant. Thus, by the RMT, there are only two
classes of simply connected domains in C which are
inequivalent up to conformal equivalence, namely
the class of A and the class of C.In fact,if f : C - D
is biholomorphic, then D = C and f has the form
z— oz + B with &, 8 € C.

The case n > 1 is different. Many important one-
dimensional results do not hold for n > 1, and we
find new, and sometimes unexpected, phenomena.
First, biholomorphic maps are not necessarily
conformal (consider (z1, z2) — (z1,222)). Further,
if n > 1, we find “rigidity” results, and distinct
domains are “typically” inequivalent. On the other
hand, for unbounded domains, we find larger
spaces of holomorphic mappings.

Biholomorphic self-maps of a domain D are
called automorphisms, and the automorphism
group Aut(D) is a biholomorphic invariant. How-
ever, for a “typical” domain D c C", n > 1, the
automorphism group Aut(D) consists only of
the identity transformation. There is no single
domain in C", n > 1, which plays the special
role that A plays in C. Leading competitors are
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the polydisk A" := {max(|z|,...,|zn]) < 1} and
the ball B" := {|z1]2 + - - - + |zx]|? < 1}. An exer-
cise in several complex variables is to determine
the automorphism groups of A" and B". These
groups are not isomorphic, so the bidisk is not
biholomorphically equivalent to the ball. Thus
there is no RMT in dimension > 1.

One obstruction for the existence of holomor-
phic mappings for n > 1 is given by rigidity
phenomena. For instance, suppose that U is a
domain with UnoB" # @. If f : U — f(U) is
biholomorphic and if f(U n 0B") C 0B", then f
coincides with an automorphism of B". This was
shown by H. Poincaré for n = 2 and by H. Alexander
for n > 2. More generally, if D1, D, c C" are simply
connected domains, bounded, with real analytic,
strictly convex boundaries, and if f : U — f(U) is a
biholomorphism taking UnoD; # @ tof(U)NoD»>,
then f extends to a biholomorphic mapf :Dy — Do.
S. Webster showed that if D, and D, are both
defined by polynomials, then f must be algebraic.
Such rigidity phenomena give another obstruction
to formulating an RMT for n > 1.

There are also natural questions about the
boundary behavior of a biholomorphism. For
instance, if Dy,D, c C" are bounded with real
analytic boundaries, does a biholomorphism f :
D, — D; extend continuously (or holomorphically)
to D;? While the affirmative answer has been
proved for n = 1 and 2, the question remains open
for n > 2.

It is natural to ask: What are the domains
D for which Aut(D) is “large” in some sense?
H. Cartan showed that, if D is bounded, then
Aut(D) is a Lie group. If p € D, then we de-
fine Aut,(D) = {f € Aut(D) : f(p) = p}. If D is
bounded, then by the Cauchy estimates, there is
a bound (independent of ) on 0%f(p) for any de-
rivative 8% = 9(&L&n) = (9/37,)% - - - (3/dzy)%n.
Applying this bound simply to the differential
df"(p) = (df (p))" for all n € Z, we conclude that
df (p) € U(n) is (essentially) an element of the
unitary group. Thus f — p(f) := df (p) gives a
representation p : Aut, (D) — U(n). Next suppose
that Df (p) = I is the identity. Setting p = 0, we may
assume that f(z) = z + h(z) + O(|z|™*1), where
h(z) is homogeneous of degree m > 2. Iterating
this, we see that f/(z) = z + jh(z) + O(|z|"™*1).
If || = m, then we have |[0%f/(p)| = |jo*h(p)]|.
Since this must hold for all j, we may apply the
Cauchy estimates to conclude that h = 0. Thus the
representation p is injective.

It follows from the injectivity of p that Aut, (D)
is compact if D is bounded. Thus Aut(D) can
be noncompact (a natural sense of being “large”)
only if the orbit O(p) = {f(p) : f € Aut(D)} is
noncompact. Let us give some smooth, bounded
domains with noncompact automorphism groups.

JUNE/JULY 2012

Start with coordinates (z,w) = (z1,...,2Zn, W) ON
C" x C and write w = u + iv. Any domain of
the form D = {(z,w) : v+ @(z,Z) < 0} is invari-
ant under real translations (z,w) — (z,w +S)
for all s € R, so Aut(D) is not compact. Given
weights 61,...,0, > 0, we define the (weighted)
Cayley transform & : (z,w) — (z*,w*) by w =
(1—iw*/4)(L+iw*/4)7Y, z; = zF (L +iw*/4) 2%,
This defines a biholomorphic map of any do-
main D c {v < 0} to its image ®(D) c C"+l,
The Weights} of monomials are given by wt(z/) =
wt(z]' - - - zi") = 3y 80js, wt(2)) = wt(z/), and
wt(z/zK) = wt(z/) + wt(zK). Now let us suppose
that ¢ = X; g ayxz/zX is a nonnegative polyno-
mial which is homogeneous and “balanced” with
respect to this selection of weights in the following
sense: wt(J) = wt(K) = 1/2 for all (J, K) such that
ayk # 0.1t follows that the Cayley transform takes
D = {y(z,Z) + v < 0} to the smoothly bounded
domain ®(D) = {3,; x ayxz’zX + [w|? < 1}. Since
there is great freedom in choosing weights and
coefficients, this gives a large number of smoothly
bounded domains with noncompact automorphism
groups. As natural as these domains seem, it is
not known whether all smoothly bounded do-
mains with noncompact automorphism groups are
biholomorphically equivalent to some ®(D).

Up to this point, we have focused our attention
on bounded domains. The situation is somehow
the opposite for unbounded domains: there are
many automorphisms of C" when n > 1, and
the structure of the group Aut(C") is not well
understood. Perhaps the most striking difference
is the existence of Fatou-Bieberbach domains:
such domains are strict subsets of C" which
are biholomorphically equivalent to C". These
domains arise naturally from considerations of
complex dynamics, as we will show here. For
parameters a and b, we consider the automorphism
f(z1,22) = (2} + az; — bz, z1), which is a cubic
mapping of C? with a cubic inverse. These maps
belong to the family of Hénon mappings. These have
been studied as dynamical systems f : C2 — C2 and
have been found to have rich dynamics, although
their dynamical behaviors are still only partially
understood. The map f is odd in the sense that
f(—=z) = —f(z). The fixed points, by definition,
satisfy f(z) = z and are three points: (0,0) and
+P. For generic a and b, the differential Df (+P)
at =P has distinct eigenvalues [A| > |A2]. We may
choose a, b such that1 > |A;| > |A2]. We define the
basin of P as B(P) := {z € C2: limy~. "z = P},
which are all the points which approach P in
forward time. Since the mapping is odd, the other
basin is given by B(—P) = —B(P). To examine this
basin in more detail, we may uniformize it. That is,
we find a biholomorphic map h: C2 — B(P).
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Now we treat f as a dynamical system. We
set L(z) = (A121,A222). After an affine change of
coordinates, we may suppose that P = 0 and that
f(z) = L(z) + f(z), where f(z) = O(|z|?) denotes
terms of degree 2 and higher. We will find h as a
solution to the functional equation

(*) Loh=hof.

Thus h conjugates the dynamical system (f, B(P))
to the linear dynamical system (L, C?). We wish to
show the existence of the uniform limit h(z) :=
limy,—. L™ o f(z) = id +h(z) in a neighborhood
U of the origin. Such a limit clearly must satisfy
(*). Technically, we may show the existence of
the limit directly if we further restrict a, b so that
[A2] > |A1|2. Now that h is defined on U, we may
extend it to f~1(U) using the identityh = L~ o hof
on U. It follows that h extends holomorphically
toamap h:C? — B(P) = Upysof "U. Using the
property that B(P) is the basin, we conclude that
h is biholomorphic, there are no other fixed points
in B(P), and B(P) is disjoint from B(—P) = —B(P).
Thus both B(P) and —B(P) are disjoint Fatou-
Bieberbach domains, and if we think of B(P) as
“large”, then we must also think of the complement
C2 — B(P) as “large”.

Now that we have the existence of Fatou-
Bieberbach domains, we may also consider their
increasing limits. That is, suppose that f; : Cf -
f(C5) c C5y, Jj = 1,2,3,..., is a sequence of
biholomorphic mappings to Fatou-Bieberbach do-
mains in C2. Now consider the direct limit M of
this family, which is the complex manifold given
as M := | |; C§ | ~, the disjoint union of infinitely
many copies of C2 with the identification Zj~ Zj+1
if zj € C5, 2.1 € C5, 1, and fj(zj) = zj+1. There are
instances where the limit M is biholomorphically
equivalent to C2 and examples where it is not.
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