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Binomial coefficients in
Al-Bāhir f̄ı Al-jabr
This month’s cover was taken from the book review by
Clemency Montelle (page 1459, this issue). It shows a page
from the manuscript Ayasofya 2718, which is now held at
the Suleymaniye Library in Istanbul. She and her colleague
John Hannah tell us,

This table of binomial coefficients is from a
manuscript copy dated 1324 of a work by Islamic
mathematician al-Samaw’al (b. ca. 1130) which
he wrote at the prodigious age of 19. The work,
entitled Al-Bāhir f̄ı Al-Jabr, literally the Splendid
Book of Algebra, contains a key passage in which
al-Samaw’al demonstrates the identity which we
would capture nowadays as (ab)n = anbn for the
cases n = 3, 4 but using a form of rhetorical
(non-symbolic) algebra. After this he computes
the expansion of the binomial (a + b)n for the
same values of n and outlines the construction of
a triangle of binomial coefficients, better known
today as the Pascal triangle, up to its 12th row.
He credits this to his predecessor al-Karaj̄ı. In
addition, several statements al-Samaw’al makes
in this passage point to the recognition of an early
form of mathematical induction.

Using the following dictionary of Arabic
numerals and their European equivalents

0 1 2 3 4 5 6 7 8 9

in the Hindu-Arabic place value system of nu-
meration, the table can be transcribed as follows
(preserving the right to left orientation of the
Arabic original):

1 1 1 1 1 1 1 1 1 1 1 1
12 11 10 9 8 7 6 5 4 3 2 1
66 55 45 36 28 21 15 10 6 3 1
220 165 120 84 56 35 20 10 4 1
495 330 210 126 70 35 15 5 1
792 462 252 126 56 21 6 1
924 462 210 84 28 7 1
792 330 120 36 8 1
495 165 45 9 1
220 55 10 1
66 11 1
12 1
1

Al-Samaw’al carefully describes how to construct
the triangle from scratch. The following excerpt
contains his instructions for how to construct
the first three columns and the corresponding
binomial expansions: “…on a board you place
one and one below it. Then move the (first) one

into another column and add the (first) one to
the one below it, then there is two. Place it under
it. Then you place the last one below it. Then
there results one and two and one. This shows
you that for every number combined from two
numbers, if you multiply each of them by itself
once, since the two ends are one and one, and if
you multiply one of them by the other twice, since
the middle term is two, there results the square
of that number. Then we move the one from the
second column to another column, and we add
the one to the two. There results three and we
write it under the one. We add the two to the one
below it, then we obtain three. We write it below
the three. [Then we place the last one below it.]
There results from this the third column, which
is, individually: one and three and three and one.
This teaches you that the cube of any number
combined from two numbers is the cube of each
of them and the product of each of them by the
square of the other taken three times …"
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