




and U for which t�H;W� � t�H;U� for all finite
graphsH are called weakly isomorphic ; it turns out
that W and U are weakly isomorphic if and only if
���W;U� � 0. The cut distance becomes a genuine
metric on the space G of unlabeled graphons
up to weak isomorphism. The examples of pixel
picture convergence above provide examples of
convergent sequences and their limits in G (up to
weak isomorphism).

We conclude by highlighting a few foundational
results about graphons. The accompanying page
references are from Lovász’s book [2], to which
the interested reader is encouraged to refer for
more details.

Theorem 1 (Prop. 11.32, p. 185). Every graphon is
the ��-limit of a sequence of finite graphs.

To approximate a labeled graphon W by a finite
labeled graph, let S be a set of n randomly chosen
points from �0;1�, then construct a graph on S in
which the edge fsi ; sjg is included with probability
W�si ; sj�. With high probability (as jSj ! 1), this
labeled graph approximates W well in cut distance.

Theorem 2 (Thm. 9.23, p. 149). The space �G; ���
is compact.

This implies that �G; ��� is a complete metric
space. Combining this fact with Theorem 1, we
see that the space of graphons is the completion
of the space of finite graphs with the cut metric!
This theorem also demonstrates the way in which
graphons provide a bridge between different forms
of Szemerédi’s Regularity Lemma: Theorem 2 may
be deduced from a weak form of the lemma,
while a stronger regularity lemma follows from the
compactness of G.

Theorem 3 (Lem. 10.23, p. 167). For every finite
graph H, the map t�H; �� : G ! �0;1� is Lipschitz
continuous.

Theorems 2 and 3 combine with elementary
analysis to show that minimization problems in
extremal graph theory (such as the one considered
above) are guaranteed to have solutions in the
space of graphons. These graphon solutions pro-
vide “templates,” via Theorem 1, for approximate
solutions in the space of finite graphs.
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