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1. Introduction. Poisson's law of small numbers is conventionally

described as the distribution of the number of successes in a very

large number of independent trials of very small individual probabil-

ity of success.

The usual method of deriving Poisson's distribution is to set the

individual probability of success equal to m/n in the binomial dis-

tribution of n repeated trials, and then pass to the limit as n—> °°,

m = constant =0: The probability Pn(s) of exactly s successes ap-

proaches the Poisson value P(s),

(1.1) P(s) = e~m mf/sl (m = 0; s = 0, 1, 2, • • • ).

But this method requires that at the rath stage of approximation

(that is, when n trials are envisaged) the individual probabilities of

success shall all be equal. This is a severe restriction, both from the

theoretical point of view and from that of practical application.

In the most general case of an infinite sequence of sets of n inde-

pendent trials (« = 1,2,3, • • • ), we have an infinite triangular array

of probabilities pn,k (k = l, ■ ■ ■ , n; n = l, 2, ■ ■ ■), where p„,k is the

probability that the kth trial in the nth set shall succeed. If Pn(s)

is the probability of just s success in the «th set of trials (0gs^«),

the question is naturally raised as to when, for each s, Pn(s)—*P(s)

as n—> oo.

The first task of this paper is to establish simple necessary and

sufficient conditions for this limit.1 The second task is to do the same

when the probabilities pn,k keep in a pre-assigned ratio independent

of «:

(1.2) pn.i'pn.i' • ■ • = «i:a2: ■ • • ,

where the sequence {a<} is given. The connection of this case with

divergent non-negative series satisfying a certain anti-gap condition

(that is, anti-Hadamard-gap) is made apparent. The third part is

devoted to the application of our methods to concrete cases. We ex-

hibit, incidentally, examples in which the Poisson distribution is ob-
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tained with such unequal pn,k that

(1.3) max />„,fc/min pn,k

becomes infinite as any given constant power of n. Information is

supplied as to the order of approach to the Poisson distribution.

The following formulas will be needed; they are all evident conse-

quences of simple probability reasoning.

If m(n) is the expected number of successes in the set of n trials,

we have

n

(1.4) M(») = £ pn.t,
k-1

(1.5) m(«) = £ sPn(s).
«=o

The generating function of this distribution is given by

(1.6) </>„(/) = £ PH(s)f = II [1 + (/ - DPn.kh
a—0 k—1

and Pn(0) is easily seen to be

(1.7) p„(o) = n a - Pn,k).

For the Poisson distribution defined by (1.1), the "mean" or ex-

pected value of s is given by

00 00 ^

(1.8) m = £ sP(s) = £ — e-mm:
.-i »-o si

The generating function is

00

(1.9) .*.(<) = £ P(s)t> = «-««-».
t— 0

2. Necessary conditions. We now prove the following:

Theorem I. A necessary condition for

(2.1) lim Pn(s) = P(s)
tt—.00

is that both of the following equations hold:

(2.2) tim,\m(n)l= m,
»—»«>}
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(2.3) lim   max />„,* = 0.

First, we will show that

(2.4) lim inf m(n) ^ m.
n-.oo

Let e>0 be arbitrarily given. Since series (1.8) is convergent, there

exists an N such that
N

m<z2 sP(s) + e.
«-0

On the other hand, by (2.1),

N N

ZZ sP(s) = lim 22 sPnis).
»_o »-»» «-0

But for all n^N, (1.5) shows that

J2sPn(s) £ m(»);
a-0

so that, in view of the preceding inequalities,

lim inf m(n) > m — e ;
i—»00

and the truth of this for arbitrary e leads to (2.4).

For sufficiently large n, pn.kJ^i; otherwise there will be infinitely

many values of n for which P„(0) =0 (cf. (1.7)), which would lead, by

(2.1), to P(0) = 0, contrary to (1.1). We may therefore take logarithms

in (1.7) and apply the remainder theorem, obtaining

log p„(o) = - z2 Pn.k - J2 —rr    (o < en,k < i).
k~i       *_i 2(i — e„,kpn.kr

In view of (1.4) and the fact that (1 — 0„,*£„,*)2 < 1» this leads to

1 2 2
log P„(0) ^ - m(»)-z2 Pn,t.

2 k~i

Subtracting this from log P(0) obtained from (1.1), we have

log P(0) - log Pn(0) ^ [m(n) -»]+—£ pl.k
2 t_i

(2.5) 1 ,
g [»»(«) — m\ 4-ma.xp„.k    m(n) — m.

2 lS*Sn
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The third inequality contained in (2.5), taken in connection with

(2.1) and (2.4), establishes (2.2). This result applied to the second

inequality in (2.5), and (2.1), leads to (2.3). This proves the theorem.

3. Sufficiency of the conditions. We now show that the necessary

conditions for the Poisson distribution of Theorem I are also suffi-

cient. The first step is to prove the following:

Theorem II. If equations (2.2) and (2.3) are satisfied, then <pn(t)

—*p(t) uniformly in any given circle \ t — 11 £r of the plane of the com-

plex variable t. Moreover, for that circle,

(3.1) 0„(O =       + 0[m(n) - m] + Ol   max pn\

Here the order symbol 0 denotes uniform order: If {c„} is an in-

finite sequence of constants and {^„J a sequence of functions defined

on a common domain D, ^„ = 0(c„) signifies the existence of a con-

stant K( = K~d) such that, for all sufficiently large n, \ \pn\ =^K\ cn\

holds throughout D. In (3.1), D: (| t -11 ^r).
In view of (2.3), for all sufficiently large n

, I 1
(3.2) \(t- i)pn,k\ Si r max pn,k ^ — ■

2

This restriction upon n shall be maintained throughout the proof.

Let log (1 + w) denote, for all \u\ Si 1/2, that determination of the

logarithm whose angle is between +ir (actually, it will be between

+ 7t/6). An elementary integration shows that

(3.3) log (1 + «) = u - w2 I
J o

1 (1 - v)dv

o (i + uvy

where the path of integration is along the real axis from 0 to 1.

Taking logarithms in (1.6) and applying (3.3) (with u = (t — l)p„,k)

and (1.4), we obtain

(3.4) log <bn(t) = (t - \)m{n) - wn(t),

where

"    2    C1       (1 - v)dv
wn{t) = (/ - l)2 zZ Pn.k -

i-l J 0'„    [! + (/- l)pnM2

Using (3.2) we find
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*_1 Jo     LI — I  (< - l)/>n.*| fj2

"    2    f 1 (1 - v)dv
—   ''ZP:' J 777--

4=1 •/ 0   (, I(1 - 1/2) =

= 2r2E #n,*;

whence, finally,

■„(Ol £ 2r2( max pn,k)z2 P*.I 7f

(3.5)
= 2r2w(«) max />„,*.

On writing (3.4) in the form

log <bn(t) = (/ - \)m + (t - l)[m(») - »] - w„(0.

and noting that in virtue of (2.2), (2.3), (3.5),

(t — 1)[m(n) — n] = 0[»z(») — m], wn(t) -  0[  max pn,k),

equation (3.1), and therewith our theorem, become evident.

Theorem III. Equations (2.2) and (2.3) are sufficient to ensure that

(2.1) hold uniformly in s; and, moreover, that

(3.6)       Pn(s) = P(s) + 0[m{n) - m] + Ol   max pnX
\ lgign /

Here 0 denotes uniform order for s ranging over the domain

D: (0£s£ 00).

We apply Theorem II with any fixed r = 2 and denote by C the

circle |/ — l|=r. Expressing Pn(s) and P(s) as contour integrals

about C by the Cauchy integral formula, and applying (3.1), we ob-

tain the conclusion (3.6) immediately.

Thus equations (2.2) and (2.3) are necessary and sufficient for the

Poisson distribution, (2.1); they shall be called the Poisson conditions.

We remark that when m>0, a slight modification in the approxi-

mating process leads to a simpler asymptotic relation than (3.6):

If nn,k satisfy the Poisson conditions with m>0, so will
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/ m
pn.k = -— Pn.k,

m{n)

once n is sufficiently large. And since the corresponding m'(n)=m,

we obtain the same Poisson distribution, only with (3.6) replaced by

(3.8) P„'(s) = P(s) + O(max^).

4. The case of proportional probabilities. Many practical applica-

tions suggest the consideration of the array {p„,*} which satisfies, in

addition to the Poisson conditions, the further proportionality con-

dition (1.2). Algebraically, this means that for all i, j from 1 to n, and

for all n,

(4-1) Oipn.j = diPn.i.

Evidently we can assume that the a's are non-negative and not all

zero.

There is no essential loss in generality in assuming oit^O. For there

is always a first a, call it a^+i, which is not zero. Applying (4.1) with

i = N+l and     N, we see that for all n>N,

Pn.l = pn,2 =  ■ • ■ = pn.N = 0.

Discard the first N sets of trials. In each of the infinitude of remain-

ing sets, ignore the first N trials: All these have probability zero.

In other words, consider the infinite triangular array {p'„it}, where

pL.k = pN+n.N+k (1 S= k ^ n\ n = 1, 2, • • • ).

This is the sub-array of the original array {?„,*}, lying to the right

of the vertical line drawn through the column of quantities

pn,N (n = Ar, A+l, • • • )• 0° setting ai =an+k, the proportionality

conditions (4.1) (p and a being accented) are still valid; but now

a{ 5^0. Furthermore, if {£„,*} satisfies the Poisson conditions, so will

{p'n,t\. and with the same mean m.

Theorem IV. Let {ptit} satisfy the Poisson conditions with m>0,

and also the proportionality conditions (4.1) with ai>0. Then the series

ö1+ö2+ • • • diverges and satisfies the uanti-gap condition"

(4.2) lim— - 0, sn = ai+ ■ • • + On.
n-»« Sn

Furthermore, for all sufficiently large n,

(4.3) pn,h = m(n)ak/sn (1 Si k g n).
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Suppose that, for a particular n, p„,i = 0. Applying (4.1) with i = l

and j>l, we see that p„,.,=0; so that m(n) = 0. This cannot occur for

infinitely many values of n, since m^O. Therefore, for all sufficiently

large n, m(n)^0 and pn.i^O. We now confine our attention to such n.

Set i=l,j = k, in (4.1) and solve for a*:

(4.4) a* = atpn,*/>„., (fc = 1, 2, • • • , »);

whence

(4.5) s„ = aim(n)/pn,i.

It follows from the Poisson conditions (m>0) that s„—>°o. Further,

(4.4) and (4.5) show that

(4.6) ^=^* (1
s„ «(»)

from which the Poisson conditions lead to (4.2). And (4.3) follows

from (4.6). This completes the proof.

Theorem V. Let ai+a2+ • • - be any divergent non-negative term

series satisfying the anti-gap condition (4.2); and let m(n) be any non-

negative sequence converging to any m>0 Then if p„,* are defined by

(4.3), they will satisfy the Poisson and proportionality conditions (4.1).

Equations (4.1) and (2.2) being evident, we have but to establish

(2.3). Let y(n) be the subscript * of that a,- which is the (first) maxi-

mum in the set {au ■ ■ ■ , an}. Clearly

f»(»)a„(«)
max pn,k =- •

IStSn Sn

Now n(n), which is nondecreasing as n increases, either remains

bounded as n—»oo (in which case (2.3) is an evident consequence of

sn—> oo) or else becomes infinite. In the latter case we have

m(n)aMn) sMn) m(n)aß{n)
max pn,k =-Ss-;

(2.3) is now a consequence of the anti-gap condition.

An example, of practical significance, of the Poisson and propor-

tionality conditions is furnished by the sequence {c, } (c<g;0) having

a limiting arithmetic mean m of its first n terms, as n—>°o. If p„ti

= ch/n, the Poisson and proportionality conditions ((4.1) with a* = c*)

may be seen to apply, leading to (2.1). But we may generalize this

type of example by extending the notion of arithmetic mean.
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Let us call any sequence {«,•} an averaging sequence if it has the

three properties:

(4.7) 0 < «i = w2 g • • •

(4.8) lim co„ = oo,
n—»«

W„+i

(4.9) lim—=1;
n—»oo con

and call a sequence {c,} (c.-^O) u-averagable if

(4.10) lim (ci + • • • 4- c„)/a>„ = m.
n—.oo

Under these conditions, and if m>0, it will follow that the array

(4.11) pn.k = c*/w„

satisfies the hypothesis of Theorem V.

Equations (2.2) and (4.1) being obvious, we have but to verify

(2.3). First note that, if sn = Ci+ • • • +c„,

cn _ / sn     S„_l\     / w„_A Sn-1

Wn-1

Then (4.9) and (4.10) show that c„/w„—»0. Let p(«) be the subscript i

of the (first) maximum c< in {Ci, • • • , c„}; clearly

max />*,„ =
IStSn 0)„

From this it follows, using (4.8) if ju(«) is bounded, and (4.7) and

cB/w„—>0 when n(n)—*oo, that (2.3) is true in all cases.

Examples of this theorem occur when w„ = m' (r>0), w„ = £»-i ä~r

(0<r^l), to„ = log n, and so on. But if w» = rB (r?*0), the hypothesis

fails.

5. Illustrations. We conclude this note with three examples of the

present method, the first showing its quantitative flexibility, the sec-

ond and third being of practical significance; the third will also il-

lustrate a generalization of the proportionality conditions.

Example 1. Let {bn\ be a sequence bounded as follows:

(5.1) 0 < a £ bn £ ß < °° (» = 1, 2, •••)•

On setting

(5.2) a„ = o„/V (flgrgl)
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and taking pn,k = maic/sn (sn = 0i+ ' • • +ffn), we easily see that the

hypothesis of Theorem V is valid. This leads to (2.1) and (4.1); and

the ratio of (1.3) is between (a/ß)nT and (ß/a)nr. Referring to (3.8),

the use of obvious inequalities shows that

Pn(s) = Pf» + 0 (0 £ r < 1);

= P(s) + o(-^—) (r=l).
\log n/

Similarly, if we replace (5.2) by

(5.3) an = bnnr (r = 0),

pn,* = wa*/s„ as before. The ratio (1.3) is again between (a/ß)nT and

(ß/a)nr, while (3.8) leads to

Pn(s) = P(s) + 0

Example 2. Let an object, specified by a coordinate x, move with

x going from large negative to large positive values, and, at each

crossing of an integral value, be exposed to a chance of an event which

we shall call a "hit." The probabilities of various numbers s of hits is

required. It is assumed that the probabilities of a hit at the various

integral points are proportional to given numbers, and that the total

expected number of hits has a given value m. One is interested in the

case where all the risks of hit are very small but the number of danger

points crossed is very large: mathematically, in a limiting process.

In practice, the situation can almost always be put in the follow-

ing form: A function/(x) is given for all x; it is continuous and non-

negative everywhere, and approaches zero as x—> + «>. It is bounded

and has a finite number of relative maxima on ( — =o, «>). Finally, its

integrals over (0, =°) and (0, — oo) diverge. The probabilities of hits

at the integral points x = k are proportional tof(k).

Let / be any positive integer, set « = 2/4-1, and write

k = - /,  - / 4- 1, ••• ,  - 1, 0, 1, •••,/- 1, /.

If, then, we take for the probability of a hit at x = k

M
pn.k m m—-,

£/(*)
•—i
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the conditions of our problem will be satisfied at the wth approxima-

tion. What occurs when n—*«> (that is, /—>»)?

Since/(x) has but a finite number of relative maxima, a compari-

son of areas shows that as I—* «>,

£ /(«) -rf °° •

On the other hand, since/(x) Si M (boundedness),

M
max pn,k Si —-> 0

£/(*•)

as /—>=o. Thus the Poisson conditions are satisfied—with this im-

material change of notation for k, and the equally immaterial re-

striction of w to being odd. The Poisson distribution is obtained, the

limiting probability of just s hits as the object moves from — w to

+ oo being -P(s).

Example 3. Another exposure problem is the following: The region

of exposure is the fixed interval a^x^b, which the object crosses

once, from left to right. On this interval a continuous non-negative

function/(x) is given. At the wth stage of approximation, risk of hit

occurs at the w points x = a-\-k(b — a)/n (£ = 1,2, • • ■, n). The prob-

abilities of hit are

1
pn.k = —f(a + k(b - o)/n).

n

We have (setting xk=a+k(b — a)/n and Ax=(6 —c)/»)

1 5
m(n) = — £ f(a + k(b — a)/n)

n i_i

1     » 1 r*
=-2-, f(xt)Ax —*- I   f{x)dx = m;

b — a k—i b — a J a

and (since /(x) is bounded on a = x — b)

M
max p„,k Si-► 0.

läkgn n

Thus the Poisson distribution of mean m is obtained. But the prob-

ability ratios vary with w. They will, however, approach limiting

values (cf. (5.1)). For simplicity, suppose that/(x) >0 (asl^Slö).
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Then

P(«, k + 1) _ /(** + Ax) = i |  f(xh + Ax) - f(xk)

pin, k) f(xh) f(xk)

and, by the uniform continuity of/fx) on the closed interval a^x^b,

we have/(x*+Ax) —/(x*)—>0 and «—><». And since our conditions

insure that/(x) is bounded away from zero, p(n, k-\-l)/p(n, k)—»1:

The limiting ratios are all unity.

This example leads one to seek a broadening of the proportionality

conditions, by requiring that (4.1) apply only in a limiting sense. A

formulation appropriate to probability is the following:

Let (4.1) be replaced by the requirement that any array of prob-

abilities p'ntlc shall exist which itself satisfies (4.1), and is related to the

original pn,k by the equations

lim  max | pn,k — p'n,h\ = 0,     lim [m(n) — m'(n)] = 0,
n—»oo   1 ̂  t <. n n-+oo

where m'(n) is the expected value for the accented set. Then it is seen

at once that if pn,k satisfy (2.2), (2.3), so do p'n^, and with the same

m; the latter thus lead to the same Poisson distribution as the

former. And, of course, Theorems IV, V apply to 01+0.2+ ■ • • .

In Example 3, we are thus lead to setting 0.1 = 0-2= • • • =1 and

Pn,t = nt/n, where m is still the mean of /(x) 'over (a, b). The function

/i(x) =m'm (agx = ö), equal to 0 outside, is related to p'„^ in just the

same way as the original/(x) was related to pn,*;/i(x) may be de-

scribed as a sort of "effective risk function" replacing/(x).

Similar considerations in the case where/(x) is zero in certain sub-

intervals of (a, b) lead to an {o„} sequence of zeros and ones, and to

an effective risk function/i(x) equal to m when/(x)>0 and 0 when

/(x)=0.
It may be remarked that in Examples 2, 3, the x-axis may be the

time axis and the danger points, epochs.
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