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1. Let {^«(i)} be the Walsh-Kaczmarz functions, which form a

normalized set of orthogonal functions. Every function/(/) integrable

in the interval (0, 1) can be expanded by means of the functions

ypn{t) in the form

(i) m ~ E cnuo,

where cn are defined by the equation cn= flf(t)\pn(t)dt. We term (1)

the Walsh-Kaczmarz series of/(/). By sn(t) and ajj) we denote the

rath partial sum and the rath arithmetic mean of the series (1), re-

spectively. We prove the following theorems.

Theorem 1. // sn,,{t) denotes the vth partial sum of the Walsh-

Kaczmarz series of fn(t), then

/•l   /    oo \ r/2 Z*1 /    °° V2

(EIV^WI2)      dtèArl      (El/nWl2)      Ä,1 r>l.
Jo    \ n=0 / J 0    \ n-0 /

Theorem 2. If f{t) belongs to LT (r>l), then

»f'(¿l'-w--Ml'Y"a
J 0    V n=l « /

J o J o   \ n-i n /

Theorem 3. ///(/) belongs to Lr (r>l), then

/•l   /    oo \ r/2

Dr   J       (    E|**»(0   -   <T2»(0|2J      dt

g f   | /(/) \'dt g Er f ( EI *2-(0 - *r(0 l2Y *■

Theorem 4. ///(/) belongs to Lr (r > 1), /¿ere

f  (  sup  \<T„(t)\)dtgFr f   \f(t)\rdt.
Jo     \0Sn<'» / Jo
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1 Ar, Br, ■ ■ • denote constants depending only on r.
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Theorem 5. Iff(t)£.Lr (r>í) and 2^k>l, then

f ' ( sup   ——- ¿ | s,(t) - f{t) |*Y  dt S Gr f1 | /(/) |'A.

In particular

EI s,(t) - M |2
»+L.J

converges to zero p.p. in (0, 1).

Theorem 6. If f(t) belongs to Lr (r>l), then for almost all t the se-

quence of natural numbers can be divided into two complementary subse-

quences {vk} and \rik,} such that srit(t) tends tof(t) and E1 A** converges.

Theorem 4 is a special case of a theorem due to Paley [3]2 which is

the maximal theorem for a„(t) (5>0), <r„(/) being the wth Cesàro

mean of the 5th order of the series (1). But the complete proof of the

latter theorem seems not yet to be published.

Theorem 5 was also stated without proof by Paley [3].

2. Lemma 1. If f(t) belongs to Lr (r>l), then

Ar (   E|A„W|2)      dt
Ja    \ n=0 /

/.l y.1    /     oo W/2

\f(t)\*dt ̂ Br\    ( EhnWl2)    dt,
o J a   \ n-a '

where

2-+1-i

A,(/) = E ciMO-
n-2'

This is due to Paley [2].

Lemma 2. Let

oo

/„(/) ~ E ¿«.¿M,
r=0

2"+I-l

*»(/»)  -    E   Cn,4i(t),
i-2'

/AC«

2 Numbers in brackets refer to the bibliography at the end of the paper.
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Cr   f    (E|A,(/b)|2Y    dt
J 0     \  n,y /

= f ( E In«)' 'dt = Dr J" X ( E I A,(/.) i*y"ä,

wAcrc r > 1.

This is a generalization of Lemma 1. Marcinkiewicz [l ] proved this

in the trigonometrical case, where the proof depends on the trigono-

metrical analogue of Lemma 1. Following his argument and using

Lemma 1, we can prove Lemma 2.

We shall now prove Theorem l.3 Let us put

00

k = 2*> + 2*' + • • • + 2\ g(t) = /(/)•**(<) ~ E cL*m(t),
m-0

and

2i+l_!

gk(t) = 2-, c'm\pm{i).
m=2*

For

m m 2-1 4- 2m» + • • • ,    0 ^ mi < m2 < ■ • • ,

¿ = 2*1 4- 2** + • • • ,      0 S *i <*,<••- ,

define

m + * =   E 2m< +  E, 2*í, 0-f-¿=¿ + 0=¿.

Then ypm(t)\pk(t) =\pm+k{t), so

lM0/(0 ~ E cnin(l)tk(t) = E GrffU*(*)   = E cm±ktm(t),
n n n»

for m = M-}-& implies n = m-\-k. Hence £¿">e«4.».

Now

X X      2*r+1-l

E **,(*) = 22     11    ¿»¿At)
r=l                       r=l m=2*r

X 2»r+1-l

=   E £      Ík(t)cm+kpm+k(t)
r=l m— 2^"

=   **(0   E Cn^nW

' The author has to thank the referee for his valuable suggestions for this proof.
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where A is the set of indices, k in number,

m + k (2*' á«< 2"'+l; r = 1, 2, • • • , X).

No two indices are equal, since the non-negative integers form a

group under -J-. Also m+k<k, since

m = 2*' + M (0 á m < 2*0,       * = 2*' + (k - 2*'),

so

m+k = p+(k- 2*0 ^+)È-2l'<i.

Hence the k indices m+k satisfy 0gm+k<k and are distinct;

h-l

E c»*„(0 = E. ciMO = î*(0-
»Gi n=0

Thus we get

s*(0lM0 = í»,(0 + «*,(0 + • • • + g*x(0-

Put

¿„ = 2*' + 2*« + • • • + 2\        k, = Un), ■ ■ ■ , h = ¿x(ra);

X = X(ra), 0 g, ki < k, < ■ • • .

Then we would have, by Lemma 2,

/•l   /    oo \ r/2

( E.k.P„(0|2) ¿<
•' 0     \ n-1 /

=  J       (   El £».*!+   •   ■   •   + f»,*«|*j
/.l   /    oo    X(n) \r/2

EEU».*,«I2) *
0     \ n=l »-1 /

/> 1   /    oo      oo \ r/2

(   EEUn,*(0|2)      dt

=  BT   C( E E AÎ(^A(0/.(0))"*
•J 0    \ n=l *=0 /

^^'j     (EkpnW/n(0|2)r    dt

/»I /    oo \ r/2

=   £rZ)rJ       ÍEI/nWlM      A,

which is the required inequality.

r/2

dt
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Lemma 3. Iff(t)E.Lr (r>l), then we have

■»/   •     l5„W-<rn(0|2V/2
dt

r/J

A

f7A   l5n(¿)-<rn(¿)|2\

Jo     \n=l » /

^£rj     (¿lii-W-^-Wl1)

/.l   /    oo \ r/2

S*r (   E|A„W|2)      dt
Jo    \ n=0 /

«ftf'(¿l-a>-*wlT*
■/o    \»=1 » /

Except for the last inequality, the lemma is proved by Zygmund

[4] for the case of Fourier series. He proved it by using the Fourier

series analogue of Theorem 1. His method is also applicable for our

case. The proof of the last inequality runs as follows. Since

n

Sn(t)   =   E Cj,(t),

ff.W = ¿ *,(<)/(» + i) - L (1 - "/(» + D)cMt),
¡,=0 vO

we have

Sn(t) = (r + 1>„(/) - n<rn-i(t),    sn(t) - ffn(t) = n(<rn(t) - <r„_i(/))

and

sn(t) - <rn(t) = {lci#i(0 + 2c2^2(¿) + • • • + «cn^n(0}/(« + 1).

Hence

2n+l

I  (72»+l(/)   -   (T2»(0 I   á     E        I  "iiP)   -   °i-l{t) I
i=2»+l

2n+l 2n+l

^ E   *(*(<) - *;-i«)2 E   1/*
»=2"+l »=2"+l

2n+l

g 2 E  *W) - ^-iW)2
t=2"+i

2"2n+l

^ 2 E   I *(0 - <*(*)I2/*-
i=2n+l

On the other hand
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/»I /    oo \ r/2

J   ( EMO -^(0|M   dt

/.l     t    ■» 1 /    2* \2\   r/2

/.l     /"    oo     /    2* \2 2*+1-l \   r/2

^2     ^E( 2>.iM0) E V"4  *
•/ 0       V  *=1 \ t-1 /       r=2* I

/, 1     /    oo    2*+1-l     1   /     » \2'J   r/2

i E   E T( E^.W)>    dt
0       \  *-l    »-? V3   \ i=l /   )

SB,fY¿t"">--WlT*,
•/O      \r=l » /

by Theorem 1. Since

| 52"+1(0   -  *2"(0 I   á   I S2«+l(t)   -   ff2»+j(0 I   +  I Í2"(0   -   ff2"(0 |

+ |  (T2»+l(0   -   ffl»(0 I ,

we get the required inequality.

By Lemmas 2 and 3, Theorems 2 and 3 are now immediate.

Lemma 4. If r > 1, ¿Aera

^r J     |  E »WO   -  ̂ n-l(O)2}       *  ̂  /      I /W N'-

Since

5.(0 = (» + 1V»(0 - «r_i(0,

and

«MO - <r»-i(0) = ï»(0 - ».(0

the lemma follows from Theorem 2.

Lemma 5. If r>l, then

I    (  sup   | s2"(0 I ) r<^ á Ar I     I /(O |r*.

This is due to Paley [2].

With these  preparations  we  will  now  prove  Theorem 5.  For

2n<k<2n+\ we have

I     2n+1 \   2

(cr, - <r2»)2 ^   <    E   I ffi(0 - «-i-iCO I \
\ ¿=2n+i ;
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2*1+1 2n+1

= E *'('<(0 - ^-iW)2 E l/*
t=2"+l i=2"+l

2n+l

= 2 E *(*«(<) - ^-i(O)2-
t-2n+l

Since

ff*W = ffi-(0 + (ff*M - <v(0),

we have

00

sup I ck{t) I = sup (t2»(/) + 2E ifaW - o-f-iW)2.
»=i

By Lemmas 4 and 5, we get Theorem 4.

Theorem 5 is easily deduced from Theorems 4 and 2.

Theorem 6 is proved by Zygmund's argument [5].
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