AVERAGES OF THE COEFFICIENTS OF
SCHLICHT FUNCTIONS

G. MILTON WING

We shall consider throughout this paper a function

f(Z) = Z a,,z", a = 1;
n=1

analytic and schlicht in the unit circle. According to a classical con-
jecture of Bieberbach, |a.| <n. Recently Bazilevi¢ has proved that
lim Sups.« |as| /7 <e/2 [1].1 Our interest lies in the average behavior
of the coefficients. It is clear that if the conjecture holds, then

| 2° ai /CanrastL.
=1
More generally, let us define
n—1
Sa(k) = ZCH-k_x,k—ldn—i (kz1)
=0
and
q,.(k) = I Sn(k) I /Cn+k,k+1-
If |a.| <n, then
n—1
| Sa(k) | £ 20 Cirrmrima(m — 7) = Cotiirs
=0
so that o,(k) = 1. It is easy to see that the result of Bazilevi¢ implies
that

.

lim sup o.(k) =

n—ro

YIRS

We prove two theorems concerning the averages ¢.(k). Using only
classical results we obtain a bound on lim sup,.« 0.(k) and show that
this bound tends to unity for large k. By applying recent information
concerning the map of the circle |2| =7 <1 by the function f(2), we
get estimates on lim supa., 0.(k) for small .
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THEOREM 1. Let k>1. Then
ek + 2)T(k— 1) _

li (k) = = A(k),
im sup ea(k) = i) - A
and limy., 4 (k) =1.
Proor. We write
1 b4
L
) 211 J (o=r<1 2"l — 2)*
l 2r 10
R -~
2mr® 0 emﬂ(l _ ,e;o)k
Hence
1 2x ,es'o
| Sa(B) | = f B[ ),I do
2rrndo |1 — reit |k
I f(re®) I 2x do
< max - .
0gocer  2mr® 0 I 1 - re“’l"
By the well known “Distortion Theorem”
r
max | f(re?)| £ —— (r<1.

0socor (1—1)2
To estimate the integral expression we write
| 1—re®| =(1—2r cos 6-+r2)12,
so that [2]

1 f?‘l’ do 1 f2r (1 — r2)b/2 da
2dy |1 —ret|r 2r(1 — )2y (1 — 27 cos 6 4 r?) k2

l 2
(1 - 7'2)—k/2Pk/2___1{ + r} .

1— 72

Here P, is the Legendre function of the first kind of order =.
Since limg.,, P.(x)/x*=2-"T'(2n+1)/T2(n+1) [3, p. 62], we may
write

ISn(k)I £ (1 — )21 — r2)—k/2(1 + ,2)k/z—1

1 — 52 ¢k(’)’

where lim,.; ¢i(r) =27%2+1T'(k—1)/T'%(k/2).
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Thus far r has been any number between 0 and 1. We now specify
r=1—(k+1)/n. Then

B4 1\="H /B 4 1\—+1
PO (1 - i) (L) (1 + r)y-Hi2
n n

1 4 2\ /21
( 14 ,) &k(7) (Carr,i41) ™

Since Cpik p122n*+1/T'(k+2), we readily compute lim supg.. o.(%)
<A(k), where

A = eHID(k + Tk — 1)
(k + 1)¥125-172(%/2)

That lim;.., 4 (k) =1 may now be verified by using Stirling’s formula
for I'(k).

While the numbers 4 (k) do tend to unity they decrease very slowly.
Computations yield A(2)=2.23, A(4)=1.42, A(6)=1.26, A(10)
=1.15, 4(20)=1.07. Hence even A(4) is greater than e¢/2. A better
estimate of lim sup,.. 0,(k) for small k can be obtained by use of the
following lemma, recently announced by Bazilevi¢ [1].

LeMMA. The intersection of the circumference |w| =x, x=re*e, with
the domain D(r) on which f(z) maps lzl =r<1 has linear measure not
greater than that of the intersection of the same circumference with the
domain D*(r) on which f*(z) =z/(1—32)% maps lz] =r.

It follows at once from the lemma that the area ¥(r) of the region
D(r) is not greater than wr2e?*/c plus the area Y *(r) of D*(r). Further

j;hdoj;'r“*’(re“’),'?dr

0
"3 o

=1
mr¥(1 4+ 422 + 1Y)
(1 — )t ‘

¥*(r)

(2

We may now prove our second theorem,
THEOREM 2. Let k=1. Then

. ke*HT1/2(2k — 1)
3) lim sup o,(k) =<

v TGt prean B
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In particular,
B(1)=1.307, B(2)=1.116, B(3) =1.109.
Proor. We apply Schwarz’s inequality to (1) to get

1 2x 1 2 dé
4) ISn(k) |2 = "‘“{Ej; If(re“’) I’dﬂ} {ero I 1 — re"!“} :

To estimate the first integral we write

1 2r
I= —f | f(re®®) |2d8
2rdo

0
= Elaln

i=1

2| Xijlaireidr
0

i=1

2 r
_2 f ¥(7) i
T 0 r
Hence (2) yields

2 r 1 2 4
m™Jo (1 - 1‘2)"

An integration by parts then gives

2 g(r)

Is )
I=r (A=r?

where g(r) is a function bounded for 07 1.
The second integral of (4) can be handled as in Theorem 1. Thus

NURS {(1 —2r2)‘Jr (1g£r)r)2} (= '2)_”)"'1{1 i- ::} '

On choosing
kE+1

»n

r=1-—

and carrying out the computations as before, we get the results as-
“serted.
It is interesting to note that for values of >3 the numbers B(k)
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defined in (3) increase, behaving like 21 {wk} 14 for large k. The tech-
nique of using the Schwarz inequality is thus ineffective for the study
of lim supa., o.() for all but the smaller values of k.
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