ON ALGEBRAIC SIMPLE MONIC SETS OF POLYNOMIALS

RAGY AND BUSHRA H. MAKAR

1. [7].1 A set of polynomials {pa(2) } =po(2), p1(2), p2(2), - - - is
said to be simple if for all #, p,(2) is of degree n. We call the set monic
if for all n the coefficient of 2" in p,(2) is unity. Such a set is basic,
that is, every polynomial can be expressed uniquely as a finite linear
combination of the polynomials po(z), p1(2), p2(2), - - - . In particu-
lar,

" = Z TniPi(z), Tan = 1’
i=0
I = [r,;] being the reciprocal matrix of P = [p;;], where
pi(s) = 22 pisty pii = 1.
=0

Each of P and II is a lower-semi matrix with all elements in the
leading diagonal unity.

Given an integral function f(z) = D ., @.2", there is an associated
series

Topo(z) + Mipi(z) + Mapa(z) + - - -

where
Hn = a, + Apt1Tnt1,n + Cpi2Tnt2,n + .

The set is said to represent f(2) if the associated series converges uni-
formly to f(2) in every finite part of the plane.
The expression

. . log wa(R)
o = lim <limsup ———
R n—o n log n
where
an(B) = L mos| AR), ALR) = max | 5:0)1,

fe=0 2| =
is called the order of the set and is of essential importance in that a
set of order w represents every integral function of order less than 1/w.
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2. An infinite matrix 4 is said to be algebraic [1] if it is self-asso-
ciative and satisfies an equation of the form

ad™ + a;A™ 1+ @A™+ - - Fand =0,

where I is the infinite unit matrix. If this equation is the equation of
least degree satisfied by the matrix 4, 4 is said to be algebraic of
degree m.?

Such an equation of least degree may be looked upon from some
point of view as to correspond to the reduced [5] characteristic
equation of a square matrix, but with the clear understanding that
every square matrix has a reduced characteristic equation, which is
sometimes the characteristic equation itself, while only algebraic
infinite matrices satisfy such algebraic equations.

A lower-semi matrix is self-associative, and so is algebraic if it
merely satisfies an algebraic equation. The characteristic equation of
a square matrix of order #X# in which all elements in the leading
diagonal are unity and all elements above the leading diagonal are
zero is (4 —I)»=0, and hence the reduced characteristic equation of
such a matrix is necessarily (4 —I)*=0, 2 <%n. By mere induction,
it follows that a lower-semi matrix P in which all elements in the
leading diagonal are unity, if algebraic of degree m, must satisfy the
equation (P—I)"=0, which is

2.1) P™ — mo Pl 4 m, P2 — ... 4 (—1)n] = 0.

The simple monic set of polynomials { p,.(z)} whose matrix of
coefficients is P may be called an algebraic set of degree m, and we

have: {pa(2) }™—m.,{pa(z) } 14+ - - - +(=1)"{z"} =0.

3. The order of a simple monic set whose coefficients are of certain
order of magnitude has been investigated. Thus it has been shown
that if in such a set |1>,..-| <kn\n=1,2,3,--.,7=0,1,2, - - -, n—1,
then the set is of order at most A [6], and a set has been constructed
whose order is the upper bound A\. The same upper bound has been
obtained [2] for the order of a simple monic set in which |yl
§kn)\(n—i).

It is worthy of remark that X is not the upper bound of the order of
a simple monic set in which Ipn;I <kn n=1, 2, 3, ;1=0,
1,2, - - -, n—1. An obvious example is the set {pn(z)} defined by

po(z) = 1, Pa(z) = — nwingnl 4 g0 n=1,

2 We rather prefer the term “degree” than the original term “order” given in
1], since the term “order” is necessarily used here with a different meaning.
g
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which is of infinite order. The reduced characteristic equation of the
square matrix

1 000
ay 1 00
0 as 1 0
0 0 a3 1
of order #Xn, a1, a3, + + +, 8,150, is easily seen to be (4 —I)*=0,

so that making n— 0, the matrix of coefficients P of the above set
does not satisfy an algebraic equation. In other words, the set
{pa(2)} is not an algebraic set.

We show that the order of an algebraic simple monic set in which
|p,..~| < kn* has an upper bound which is finite, and may be attained.

In the case of a simple monic set in which |pa:| Skn*»—9, n
=1,2,3---;12=0,1,2,:-.,n—1, the set {p,.(z)} and its powers
{pn(z)}* are all [2] of order N at most. The factor #~*i plays an im-
portant part. In the case of an algebraic simple monic set of degree m
satisfying (3.1), such a factor is not present and a similar result is
not expected. It may be noticed at once that the coefficients of the
power set {p,,(z)}' may become of larger and larger order of mag-
nitude as » increases until » reaches the value m —1, when the alge-
braic equation (2.1) seems to stop such increase in the order of mag-
nitude of coefficients, for the set {p,,(z) }"‘ and higher powers. We may
therefore expect the order of {p.(z)}” to increase with », until »
reaches the value m —1, when the order becomes fixed. A complete
investigation of the growth of such an order is given.

THEOREM 1. If { Pa(2) } 1s an algebraic simple monic set of degree m
in which

(3.1) |pui| S ko, EZ1n=1,2,3,---;i=0,1,2,---,n — 1,

then {p,.(z)}' is of order at most (m+v—1)\, 1Sv<m—1, {pn(z)}'
is of order at most 2(m— 1)\, v=2m—1. The upper bound may be at-
tained in all cases.

Equation (2.1) is
3.2) I=m,P — m,P*+ m,P*— .- 4 (—1)m1Pm
Multiplying by I =P~! we get
3.3) I =m,J— m,P+mpP?— .-+ (—1)"1Pm1
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If we write P'=p§,”, then

n—1
@
Dni = Puit D Dnibii + Pni
i1
so that by (3.1)
n—1 .
IP'(:)I < k2ﬂ)m Z j)q + an)\n’
jmit1

that is,

3.4 |pi | <E@+Da™, n=1,23-35i=012---,n
Also

n—1
P = b+ X parpi+ pui

imit1
so that by (3.1) and (3.4)
3.5) [ o] < Bn+ )"0
In general,
(3.6) | pwd | < En+ )70,

n=123---;i=0,1,2---, n
By (3.3) and (3.6)

(V)I

m—1
I’l'm'lg.zmhﬂlp”‘ (i=0’1’21""”_1)
Y=1 .

m—1
< Z m°v+1k'(” + 1) nrn,

=1
that is,
3.7) | mi| < 27k™1(n + 1) m2p(miiin,
Also

A(R) = 2| pis| R
=0
< k(i 4 1)Riph R>1;:=1,2,3,---)

< k(ﬂ + I)R””)‘” (1 = O» lr 2’ ) ”)
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so that
wa(R) < 27k™(n + 1)™Rrn™n, n=1223---

from which w=<m\. Thus the set { p,.(z)} is of order at most mA\.
We next write {p.(2)}={p(2)}, "= [« ],

o (R) = Z[r(')IA(’)(R), 47 ((R) —maxlp. ).

=0
Multiplying (3.2) by I12=P-? we get
n?=m,JI —m, +m,P — -+ (=1)m1pm-2,
from which '

m—2 ’
(2) r+1 () .
Tni = mclﬂ'm"‘*' z: (—1) Mey polni » 1= Ov ,2,.--,n—1,

y=1

so that by (3.6) and (3.7),

r;‘a;)l <m q ( + l)m—2 (m—l))‘n+ ch,+2k (n + 1) r-l »\n
or
(3.8) 1:,5?' < 22m m—. 1( + l)m—z (m—l))\n.
Also,
(2) (3) H
® = 2|57 R
)—0
< D i+ 1)i™RY
=0
< B(n 4 1)2R®», 1=0,1,2,-:,n.
Whence

2m  m+1 m+l n (m+1)An

w,.(R)<2k (+1) ’

so that w® < (m+1)\.
Again, multiplying (3.2) by II}*=P~? we get

I = me,J1% — me,01 + me — m P+ - -+ + (—1)™1Pm3,
Whence by (3.6), (3.7), and (3.8)

(3) 3m m—-l m—-2 (m—1)An

(3.9) i | < 2 (n+1)
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It appears clear that for any »,

(») rm _m—1 m—2 (m—1)An

(3.10) T | <27 K (m+1)" n
Also
4P®) = Z| o7 | R
=0
< k¥(n + 1)3Rrp®n (by 3.5),
which leads with (3.9) to
0® =< (m 4+ 2)\.
In general for any »,

». . n vn

APR®) <K+ DR,
which gives with (3.10),
w® £ (m+ v — 1A
As a special case
w™ D < 2(m — 1A,
Now from (2.1)
Pm=m, P! — m P2+ ... 4 (—1)m1],

so that
m—1
| | S me, | pad]  (G=0,1,2,--+,n—1)
p=1
< 2mEmi(y 4 1) m-2p(m—DAn (by 3.6).

This gives with (3.10)
o™ < 2(m — 1)\,
In the same way, the relation
Pty = g Pl — g Pt 4 ... (—1)m-1pr
leads to
(™) < 2(m — 1), ally =2 1.

This completes the proof of the theorem.
The fact that the upper bound may be attained will be illustrated
in §5 by means of an example.
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4. The simple monic set in which the operators w,; satisfy either
|1r,,.-| <kn* or |1r,.,~| Sknrn—9 p=1,2,3--.,1=0,1,2, - --,n—1,
has been studied [6;2]; the order in either case may attain its upper
bound N\. We consider here the case in which |7,:| Sk#** and the set
is algebraic.

Multiplying both sides of (2.1) by II”=P—™", we get

(4.1) I —moJl 4+ m, 0% — -« 4 (—1)»II™ = 0,

so that the statement that the simple monic set {p.(z)} is algebraic
of degree m means both equations (P—I)*=0and (II—I)»=0.}
By a treatment similar to that in Theorem 1 and using the equation

P=m I — m,l + m, 2% — ... 4 (—1)» "

obtained from (4.1) to determine the coefficients p;;, we obtain the
following results.

THEOREM 2. If { pn(2) } 1s an algebraic simple monic set of degree m
in which

(4.2) |wui| S kb k21, n=1,2,3,---;i=0,1,2,---,n—1,

then
{ pa(2) }* is of order at most (m~+v—1)\, 1Sv<m—1,
{p,.(z) » 1s of order at most 2(m— 1)\, v=2m—1.

The upper bound may be attained in all cases.

5. The construction of an example to show that {p.(2) }» may
actually be of order (m+4v—1)\, for a given value of m and any as-
signed value of v, 1 =y =<m—1, may seem to be of some difficulty.
We give here one and the same example for the values m=3 and
v=1, »=2. A detailed study of the example will make it clear that we
can actually construct an example for any value of m and any value
of », provided that we have enough time and plenty of paper.

Consider the set {pa(3)} defined by:

pen(z) = z%
Poni1(3) = 4u(h)z + g1

ponsa(z) = Ou(h)gthtt - goht?

Densa(s) = 3u(h)zttt + gohts

pona(s) = — 2u(h)g™t2 + Gu(h)gthts 4 gthtt

Denis(z) = Ou (k)54 + g8,

where u(h) = (6h+1)2¢4+D h >0,

3 It follows also that if {pn(2)} is an algebraic simple monic set then its reciprocal
set {Pa(s)} [3] satisfies the same algebraic equation.
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The reduced characteristic equation of the square matrix

1 0 0 0 0 (U
4u 1 0 0 0 0
4= 0 % 1 0 0 0
0 3u 0 1 0 0
0 0 -2 6u 1 0
L0 0 0 0 6u 1.

is easily verified to be (4 —I)3=0. Since the matrix P of coefficients
of the set {pa(3)} consists of blocks of the type A, the method of
partitionization gives the corresponding equation (P —I)*=0, so that
the set {pa(z)} is algebraic of degree 3.

(An algebraic semi-lower matrix does not need to consist of such
blocks, for example, the infinite matrix

-1 -
po 1
0 0 1
pa O P2 1
0 0 0 0 1
poo O P2 O 2N 1

is algebraic of degree 2. But every semi-lower matrix which consists
of such blocks of s rows and s columns is algebraic of degree s at
most.)

From the relation 4*—34%4+34 —I=0 we have

A1 =3I — 34 + A
It can be easily verified that

- 1 0 0 0 0 0]
8u 1 0 0 0 0
At = 36u? 18u 1 0 0 0
12p*  6p 0 1 0 0
0 0 —4u 12 1 0
L 0 0 —12u2 36u2 12u 1.

and
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-1 0 0 0 0 0]
—4u 1 0 0 0 0
A=t = 36u? —9u 1} 0 0 0
' 12p? —3u 0 1 0 0
0 0 2u —6u 1 0
() 0 —12u% 36u* —6u 1_]

so that

38 = — 12u%(h) pent2(2) + 364(k) pen+a(s)
— 6u(h)perta(z) + pents(3),
wents(R) > 36p%(h) - Aenss(R)
> 36u2(h) -3;.c(h)R°’”"‘.
Therefore
. log wents(R)
lim =
how (6h + 5) log (61 + 5)
By Theorem 1, the set {p.(z)} is of order 3\.

The reciprocal set, {$.(2) } , of the above set is one satisfying (4.2).
For this set we have

g4 = — 2u(h) Pente(2) + 6u(h)Pents(z) + Ponta(2),
@enta(R) > 2u(h) - Aenya(R)
> 2u(k) - 36u%(k) R,

so that @ =23\, by Theorem 2.
It can also be verified that

- 1 0

0 0 0 07
—8u 1 0 0 .0 0
At = 34— 344 = 108u? —18u 1 0 0 0 ’
36u? —6u 0 1 0 0
0 0 - 4u —12u 1 0
0 0 —36p* 108y —12p 1|

so that

2™ = — 364" (W) perra(2) + 1084 (K) pansa(s) — 12u(h)pema(s)
2)

+ perss(2),
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werys(R) > 36;» (k) AeHz(R)

> 36/4 (h)-36y (h)R s
so that w® =4\, by Theorem 1.
For the reciprocal set { Bn(2) } we have

6h+6
H

= — 124" (W) Berra(s) + 364" () Bems(z) + 12u(h)Pana(z)
+ féi’+5<z>,
Geonrs(R) > 36u () Zéilsue)
> 36p (h)'36,u (h)R ,
so that o® =4\, by Theorem 2.

6. If {p,.(z)} is a simple set in which the zeros of p,(2) all lie in
| 2] <kn* then [4] {pa(2)} represents every integral function of order
less than 1/(A+41) but may not represent an integral function of
order 1/(A\+1). When we consider algebraic sets we get the following
result.

THEOREM 3. If { pa(2)} s an algebraic simple monic set in which the
2eros of Pa(2) all lie in the circle |z| <kn*, then {p.(z) } represents every
integral function of order less than 1/\.

We have
pﬂ(z) = (z - anl)(z - d,.z) e (Z - ann) = Z Pm’z"v
i=0
therefore
' Pm‘l S Bk in (=) L 2nprmigh(n—i),

Proceeding as in Theorem 1,

p,(:)l < Z 2n n—jg X(n—-)) x Ziki-ii)\(j-—i) < 22nkn—~t( + 1) X(n—;)
)Bt
In general
|p,(,:)l < kau s( + l)n—l )\(n—t)’
therefore

m—1
| Tni| S 2 e,y | i | < 27 20m=nfr=i( - 1) metyh o,
y=1

Also
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AiR) < 3 2ik-ipG=DRI < 2ERI(E + 1)-44, R > 1.

=0
Therefore
w(R) < 2(mtlingnRn(y 4 1) m—lpdn,
Therefore the set is of order at most A, and hence the result.

7. If {pa(2)} and {g.(z)} are two simple monic sets, then the
sum set {u,.(z)} = [a{p,.(z)}-!-ﬁ{q,,(z)}]/(a+6), a+pB7#0, is also a
simple monic set. It is quite remarkable that the two sets {p,.(z)}
and {g,.(z)} may be of finite order, A say, and the set {u,,(z)} is of
infinite order. Thus if

po(z) = 1, Palz) = 2-mgm1 4 g7, n=1,
and
¢0()=1, gu(z)=2" nodd, ¢.(z)=(—2-2*42-n")z"143% n even,

then {pa(2)} and {g.(2)} are both of order N, while {u,(2) } = [{£.(3) }
+{ga(2) } 1/2, defined by,

uo(z)=1,  %,(2)=n*3""142% nodd, w.(z)=n"2""142"  n even,

is of infinite order.

It is clear that the set {u.(3)} is not algebraic. When we assume
that the sum set {u.(z)} is algebraic, we obtain the following inter-
esting result.

THEOREM 4. If {pi(2)}, v=1, 2, 3, - - -, 5, are simple monic sets
of order \ each, then the sum set
1 1 s
{“n(z)} = atast -+ [al{?n(z)} +-- 4+ at{Pn(z)”’

Z a, # 0,
if algebraic of degree m, is of order at most m\.

For any fixed value of R, say R>1,
wa(R) < k,nw, =0, N>\
therefore

| poi | RS AUR) S 0i(R) < ko' ",

therefore
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| poi | < ko™, E, = max (ks ka, - - -, k),

therefore

| s | < ki ", b=k lal/] T al

Since {u.(z)} is an algebraic simple monic set, then, by Theorem 1,
it is of order at most m\’. Since N’ is arbitrary, greater than\, {u.(s)}
is of order at most m\.

The fact that the order m\ may be attained is illustrated by the
following example:

ponr1(z) = 8u(h)z® + 24+,
beonra(z) = — 4u(h)zt+2 + 12u(h)z84+3 4 Z6h+e
pa(3) = 2™, n = 6h, 6+ 2,6k + 3,6k + 5,

12(2) = 18u(h)z®4+1 - z64+2
onra(3) = 6u(h)z®hHt + 58443,
Gon+5(2) = 12u(h)z8h+4 + 58445,
ga(2) = 3™, n = 6k, 6k + 1, 61 + 4,

where
w(h) = (6h + MO, =

Each of the sets { p,.(z)} and {q,,(z)} is of order \. The sum set
{#(2)} = [{£a(3) } +{ga(2) } ]/2 is the set given in §5. Thus the sum
set is algebraic of degree 3 and of order 3A.
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