NOTE ON A THEOREM OF GELFAND AND SILOV
FULTON KOEHLER

The purpose of this note is to give a simplified proof of a theorem
of Gelfand and Silov in the theory of normed, commutative rings.

Let K be a complex Banach space which is also a commutative ring
with unit element e, the norm being subject to the conditions ||e|| =1
and ||xy|| ||«|| ||3]| for all x and y in K. Let 9 be the space of maxi-
mal ideals of K. Then, for each element x€K, and each maximal
ideal M &9, there is a unique complex number x(M) defined by

xz = 2(M)e (mod M)

and having the following properties:

1) (M) = 1,
(2) (z + (M) = (M) + y(M),
3) : (29) (M) = =(M)y(M),
) (ax)(M) = ax(M),

(3) | w(M) | < |||,

for all x and y in K and any complex number & [1].!
Gelfand [1] introduces a topology in 9 by defining a neighbor-
hood U of M, as follows:

U= {M;|z(M) — x:(Mo)| < ai;0: EKjai >0;5=1,2,---,k};

and he proves that in this topology, A is a compact Hausdorff space,
and that this is the unique topology in which all functions x(M),
xEK, are continuous and N is compact.

If the ring K also has the property that, for every x € K, there exists
an x¥*€K such that x(M) and x*(M) are complex conjugates for
all M, then the functions x(M) are dense in the set of all continuous
functions on M. This result is proved by Gelfand and Silov [2] by
a method depending on two other topologies in the space 2. We
give here a simpler and more direct proof of this theorem, making
use of only the one topology defined above.

LeMMmA. If F, and F, are any two disjoint closed sets in M, and
0<e <1, 0<e<1, there exists an xS K such that
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0= (M) £ 1, M En,

O§x(M)§e1, MEFI’

1'—62§x(M)§1, MEF:.

ProoF. Let M,EF. Let U={M; Ix;(ﬂl)—xg(Mo)l <a; 1
=1,2, - - k} be a neighborhood of M, which does not intersect F.
Let x! =x;—x;(Mo)e, v/ = D _t, x! (x!)*. Then y’(M) is non-negative

for all M, is zero for M = M,, and has a positive lower bound «?2 for
MEF, Let y=v'/||y||, 26=a?/||3'|| =1; then

0= yM) =1, M e M,
y(Mo) = 0,
0<2 < yM) <1, M EF,

With each M,E F, we associate a y with the properties just given
and a neighborhood of My:U={M; y(M)<3}. From these neigh-
borhoods we select a finite covering of Fy, denoted by Uy, Us, - - -,
Un, and we let the y and 8 associated with U, be denoted by y; and
0r. Now let z,=e—(e—yp)", where n and m are positive integers.
We then have

0 = z(M) £ 1, M e,
0SzM)<1—(1—6p", M e U,
1L— (1 —=2")" £ 2(M) £ 1, M EF,.

If, for each value of #, we now choose m as the integer nearest
(2/36k)", then, as n—x, m log (1 —68%)—0 and ml log (1 -—2"6;')] — o
hence (1—26;)"—1 and (1—2"6;)"—0. This follows from the in-
equality < |log (1 —h)l <2h for 0<hk=1/2. We can therefore
choose 7 so large that

0 = 2:(M) < e, Mec U,
(1 - ez)llN é Zk(M) § 1, M EFz
The function x =22, - - - 2y will then satisfy the conditions of the

lemma.

THEOREM. For any complex-valued function f(M), continuous on
M, and any €>0, there exists an xEK such that If(Jl/.f) -—x(]l[)| <e for
all M.

Proor. We first prove the theorem for a real-valued continuous
function f(M). Let Kg be the set {x} where x €K and x(M) is real-
valued, and let
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a= inf sup |f(M) — =(M)].
*€Kp MENM
Let us assume @ >0. Then there exists an xo& Kz such that

;égnlf(M) — %(M)| < 1.1a.

Let g(M) =f(M) —xo(M), and let
Fi= {M;gM) = .5a},
G={M; | g < .5a},
= {M;g(M) < — .5a}.
By the preceding lemma we can find x;EKg, ¥;E Kg such that

0= x(M) = 4a, 0= x(M) S .4¢, MEN,
0< x(M) <. < m(M) £ 4a, M € F,,
.30 £ (M) £ Aa, < %(M) £ . M € F,.
If x=x0+x,—x,, then xEKg and
| f(M) — 2(M)| < .9, for all M € 9.

This is a contradiction; hence a =0 for any real-valued continuous
f(M).

If f(M) is complex-valued, we can apply the result just proved to
the real and imaginary parts of f(M) separately.
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