RECURRENCE AND INCOMPRESSIBILITY
CHARLES W. WILLIAMS

1. Introduction. A classical dynamical system as defined by a
system of ordinary differential equations may be considered as a one-
parameter transformation group acting on a topological space. Ex-
tensive results concerning such systems have been obtained by
various authors (see, for example, G. D. Birkhoff [1]?).

In this paper a generalized dynamical system is considered, such a
system being defined as a topological group of transformations acting
on a topological space. Basic results for such systems have been ob-
tained by Gottschalk and Hedlund [2], and the fundamental con-
cepts in their paper are adopted here.

The problem of characterizing by an incompressibility property
the properties of pointwise periodicity and recurrence in the case of
a topological space has been considered by G. T. Whyburn [4]. It
would seem of interest to obtain analogous results in the generalized
dynamical system. This is the objective of the present paper.

The definitions of periodicity, recurrence, regional recurrence, and
stability are stated in the generalized dynamical system so that they
reduce to the classical ones in case the group is the group of reals.

2. Definitions. Let X be a separable metric space and let T be a
multiplicative abelian topological group with identity element e.
Let T act as a transformation group on X in the sense that to each
pair (x, t) where x€X and t&T, there is assigned a point of X de-
noted by xt such that xe=x, (xt)s=x(ts) for x€X and ¢t and s in T,
and such that the function x¢ defined on the topological product
X X T defines a continuous transformation of X X T into X.

In the topological group T, we assume that there exists a compact
neighborhood U of e which generates T, that is, T=U,., U A
subset SCT is said to be a semigroup provided that SSCS.

The following definitions were introduced by Gottschalk and
Hedlund [2].

(2.1) DEerFINITION. A semigroup SCT is said to be a replete semi-
group provided that S contains some translate of each compact sub-
set of T.

(2.2) DEFINITION. A subset ACT is said to be an extensive set
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provided that A intersects every replete semigroup in T.
(2.3) DEFINITION. A subset DCT is said to be relatively dense pro-
vided that T=DK for some compact subset KCT.

3. Periodicity and incompressibility.

(3.1) DEeFINITION. A point xEX is said to be periodic under T,
provided that there exists a relatively dense subgroup GCT, such
that xG=x [2].

The set of all points of X which are periodic under T will be de-
noted by P.

We note the following equivalent characterization of a periodic
point.

(3.2) LEMMA. In order that a point xEX be a periodic point under
T, 1t is necessary and sufficient that xExS for every replete semigroup
SCT.

The proof of this lemma follows immediately from the fact that
G is a relatively dense subgroup provided that G is an extensive sub-
group [2, Lemmas 10 and 14].

It is easily proved that the set of periodic points of X is an in-
variant set.

(3.3) DEeFINITION. The transformation group T is said to be point-
wise periodic provided that every point of X is periodic under T.

The following generalization of a theorem due to G. T. Whyburn
[4] has been proved by Gottschalk and Hedlund [2, Theorem 8].

(3.4) THEOREM. In order that T be pointwise periodic, it is necessary
and sufficient that if M be a subset of X and S a replete semigroup in T
such that MSC M, then M—MS=(.

The following theorem yields a characterization of a property of
the set of periodic points of X in terms of an incompressibility
property.

(3.5) THEOREM. In order that the periodic points of X form a residual
set in X, it is necessary and sufficient that if M is a subset of X and S
is a replete semigroup in T such that MSCM, then M — MS is a set
of the first category.

Before proceeding to the proof of the theorem several lemmas will
be proved.

(3.6) LEMMA. Let S be a replete semigroup in T. Let A be the set of
all x€X such that x&ExS. There exists a subset D CX such that ACD
\UDS\UDS™!, and the three sets D, DS, and DS are mutually disjoint.
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Proor. With respect to the replete semigroup S, we say that the
subset B has the property P provided that BN\BS= . It is easily
verified that the property P has finite character. It follows from
Zorn’s lemma that if 4 = ¢, there exists a set D containing x which
is maximal with respect to property P. _

Since D has property P, DNDS = ¢, and thus also DN\DS-!= ¢.
Now suppose that DSNDS—1 ¥, that is that there exist d;, d;ED,
and s;, s2ES, such that disi=d,s;'. Then dysis:=ds and dy§ED. We
conclude that D, DS, and DS-! are mutually disjoint.

Suppose that there exists a point x €4 such that x D\UDSUDS-1
Let D*=DUx. If D*N\D*S> &, then there exist df¥, df&D* and
sES, such that d¥=ds. If d*, d*ED, then DN\DS &, which is
impossible. If d*&ED and dsf =x, then di*=xs, or x=d*s"1EDSL
This again is impossible. If di* =x and d& €D, we infer that xEDS,
which is impossible. Finally, if d* =d*=x, that is, that x =xs, then
x€& A4, which is a contradiction. Thus we conclude that D* has prop-
erty P, and D is not maximal with respect to property P. We con-
clude that ACD\UDSUDS-. If A = we define D=¢. This com-
pletes the proof of the lemma.

A set D, the existence of which is assured by the lemma, will be
denoted by D(S). '

(3.7) LEMMA. If M is a subset of X and S 1s a replete semigroup in T
such that MSC M implies that M — M.S s a set of the first category, then
if D is a set D(S), 1t follows that D is a set of the first category.

ProoF. Let E=D\UDS. Then ES=DSCE, and by hypothesis
E—ES is a set of the first category. Since DNN\DS = ¢, we infer that
DCE-ES, thus D is also of the first category, and the proof of the
lemma is completed.

(3.8) LEMMA. Let S be a replete semigroup in T and let D be a set
D(S). Then if for every subset M of X and replete semigroup S* in T it
1s true that M — M S* is a set of the first category when MS*C M, it fol-
lows that the sets DS and DS! are of the first category.

PRrOOF. Let V be a symmetric compact neighborhood of e T. De-
fine S*=N,cy2Sv. Then S* is a replete semigroup in T [2, Lemma 4].
Define Q=DV. Suppose that QM QS*#~ &. Then there exist dy, dsED,
v1, 12E V, and s*ES* such that dyv; = davss* or dy =dywevy 's*. However,
v; '0;E V2, and we infer that s* € Sv; 'y, or dy =d,s, where s€S. This
is impossible since DNN\DS = ¢, and thus we conclude that QMQS*

Let R=QUQS*. Surely RS*=QS*CR, and since QNQS* = it
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follows that QC R— RS*. Since R— RS* is a set of the first category,
we infer that Q is likewise of the first category.

There exists a countable sequence s;, ss, - - - in S such that
SCU2,Vs,i. Since DS=D(U2,Vs;) CUZ,DVs;=U;2,0s; and Q is a
set of the first category, each of the sets Qs; is of the first category
for =1, 2, - - -, we infer that DS is also of the first category. By a
similar argument it follows that DS—! is of the first category, and the
proof of the lemma is completed.

(3.9) CoroOLLARY. Let S be a replete semigroup in T and let A be the
set of all xEX such that x&xS. If for every subset M of X and re-
plete semigroup S* in T satisfying MS*C M 1t is true that M — MS*
is a set of the first category in X, then the set A is of the first category.

Proor. The proof follows from Lemmas 3.6, 3.7, and 3.8.

We now proceed with the proof of Theorem 3.5.

Proor. We first establish the necessity of the condition. Let M be
a subset of X and S a replete semigroup in T such that MSCM. If
xE M and «x is a periodic point.in X, then x€xSCMS. It follows
that M — MSCX — P, where P denotes the set of periodic points of X,
and we conclude that M — MS is of the first category which estab-
lishes the necessity of the condition.

If the group T is compact, the single element e €T is itself a rela-
tively dense subgroup in T, and it follows that each point of X is a
periodic point.

If T is not a compact group, corresponding to a given symmetric
compact neighborhood V of e, there exists a basis 53, S, - - - for the
replete semigroups of T, such that SNV=¢, ¢=1, 2, - - -, and
such that for any replete semigroup S, there exists an integer # such
that S,CS [2, Lemmas 9 and 10].

For each positive integer 7, let 4; be the set of all x&€X such that
x&xS;. We show that X —PCU;,4;. For suppose that xEX —P.
Then there exists a replete semigroup SCT, such that x&«xS. There
exists a positive integer 7, such that S;CS, and therefore x&xS;, or
xEA.

But from Corollary 3.9, each A4, is a set of the first category,
1=1, 2, - - -, and we infer that X — P is a set of the first category.
We conclude that P is residual in X and the condition is sufficient.

4, Recurrence and incompressibility.

(4.1) DEeFInITION (cf. [2]). A point xEX is said to be recurrent
under T provided that to each neighborhood U of x there cor-
responds an extensive set A CT such that xA CU.
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The set of all points of X which are recurrent under T we denote
by R. We note also the following equivalent characterization of a
recurrent point.

We adopt the following convention throughout the remainder of
the paper. For YCX and HCT, [VH] denotes the closure of the
set YH.

(4.2) LEMMA. In order that a point xE X be recurrent under T it is
necessary and sufficient that x < [xS] for every replete semigroup SCT.

It is easily proved that the set of recurrent points of X is an in-
variant set.

(4.3) DEFINITION. The transformation group T is said to be point-
wise recurrent provided that each point of X is recurrent under 7.

The following theorem [2, Theorem 7] states a characterization of
pointwise recurrence in terms of an incompressibility property.

(4.4) THEOREM. In order that T be pointwise recurrent it is necessary
and sufficient that if M be a closed subset of X and S a replete semigroup
in T such that MSCM, then MS= M.

In general, the transformation group is not pointwise recurrent.
However, it is still possible to characterize the set R in terms of an
incompressibility property.

(4.5) LeEMMA. If M is a closed subset of X and S is a replete semi-
group in T such that MSCM, then there exists a replete semigroup
S*C.S, such that for all x& M — MS, x& [xS*].

Proor. Let K be the closure of a compact neighborhood of e which
generates T. Since S is a replete semigroup in T there exists an ele-
ment ¢& T such that KtC.S. Define H=Kt. H is then also a compact
set and S*=U,._ H" is a replete semigroup which is contained in S.
Since HCS, and by hypothesis MSC M, we infer that MHC MSC M,
and hence by induction that MH*CMH for n=1, 2, - - - . Thus
MS*CMH. Now suppose that x€ [xS*], and that x€ M. Then
xE [xS*]C[MS*]C[MH])=MHCMS. Thus for all xEM—MS,
x € [xS*]. From this we also conclude that x€X —R.

(4.6) DEeFINITION (cf. [2]). The transformation group T is said
to be regionally recurrent provided that to each open set UCX there
corresponds an extensive set 4 CT such that for each ac4, UNUa
=J.

The following theorem states the desired incompressibility prop-
erty which characterizes a property of the set R.

(4.7) TaHEOREM. If X s a complete metric space, in order that the
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recurrent points of X form a residual set in X, it is necessary and
sufficient that if M 1is a closed subset of X and S a replete semigroup in
T such that MSC M, then M — MS is a set of the first category.

Proor. The necessity of the condition follows directly from Lemma
4.5, for M—MSCX—R which is a set of the first category by
hypothesis.

In order to show the sufficiency of the condition, it is enough to
show that T is regionally recurrent [2, Theorem 3]. If this were not
the situation, there would exist an open set UCX and a replete semi-
group SCT, such that UNUS=. Now let Z be the closure of a
sphere of positive radius which is contained wholly in U. Surely
UNZS= &, from which we infer that UN[ZS]=, and also that
ZN[ZS|=d&. .

We define M =Z\U[ZS], which is a closed set. Certainly MSC M,
and thus by hypothesis M — M. is a set of the first category. But since
ZCM—MS, we infer that Z is also of the first category. This, how-
ever, is impossible in a complete metric space, and we infer that T
must be regionally recurrent. Finally then R is a residual set, and
the proof of the theorem is completed.

(4.8) DEFINITION. A point xEX is said to be wandering under T
provided that there exists a neighborhood U of x and a replete semi-
group SCT, such that UNUS=g.

It is easy to see that the definition stated here reduces to the cor-
responding classical one if the group T is the real axis. We denote
the set of all wandering points of X by W.

(4.9) DEFINITION. The transformation group T is said to be point-
wise nonwandering provided that each point of X is not a wandering
point under T.

Clearly the properties that T be regional recurrent and that T be
pointwise nonwandering are equivalent.

We shall now show that if a properly chosen set of the first cate-
gory is excluded, the space X can be decomposed into two invariant
sets such that every point of the first is a recurrent point and every
point of the second is a wandering point.

(4.10) THEOREM. Let X be a complete metric space. The set RJW
s a residual set in X.

Proor. Since both R and W are invariant sets, it follows readily
that RUW is a closed invariant set. The set ¥ =X — (RUW) is then
an open invariant set.

It is easily proved that no point of Y is a wandering point in the
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set ¥ and no point of ¥ is a wandering point in the set Y.

Define K =7, and let Rx denote the set of all points of K which
are recurrent in K. Since every point of K is nonwandering in K, T
is regionally recurrent in K, and therefore Rg is dense in K [2,
Theorem 3, Corollary 2].

Certainly RxCR, and therefore YCK=RxgCR. But YCX—R,
and we conclude that Y= . Thus we infer that X =RUW.

The set W— W is nowhere dense in X and since R is a residual
set in R, R—R is a set of the first category in R and hence also in the
space X. Finally then X—(RUW)=(R—R)J(W—W) is a set of
the first category and we infer that R\UW is a residual set in X. This
completes the proof of the theorem.

5. Stability and incompressibility.

(5.1) DEerFINITION. If S is a replete semigroup in T, the set ACS is
said to be extensive in S provided that ANS*= & for every replete
semigroup S* of T which is contained in S.

(5.2) DEFINITION. If S is a replete semigroup in T, a point xEX is
said to be recurrent under S provided that corresponding to every
neighborhood U of x, there exists a set 4, extensive in S, such that
xACU.

We denote the set of all points of X which are recurrent under S
by R(S).

(5.3) DeFINITION. The point x € X is said to be stable with respect to
S, a replete semigroup in T, provided that [xS] is a compact set.

We denote the set of all x&€X which are stable with respect to S
by Z(S), and the complementary set X —2(S) by U(S), that is, the
set of points of X which are unstable with respect to S.

(5.4) LEMMA. If M is a compact subset of X and S* is a replete semi-
group in T such that MS*C M, then for all x€ M — MS*, xE U(S*)
UR(S*).

ProoF. By Lemma 4.5 there exists a replete semigroup S'CS*,
such that for all x€ M — MS*, x& [xS’]. Thus we infer that x ER(S*).
Also xS*C MS*CM. Therefore [xS*] is a compact set so that
xE U(S*). This completes the proof of the lemma.

(5.5) THEOREM. In order that X =U(S)\JUR(S) for every replete
semigroup SCT, 1t is necessary and sufficient that if M is a compact
subset in X and S* is a replete semigroup in T such that MS*CM,
then M— MS*=(.

Proor. The necessity of the condition follows directly from
Lemma 5.4.
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Now suppose that the condition is satisfied and that there exists a
point x&E U(S)UR(S) for some replete semigroup SCT. In par-
ticular x ER(S), so that there exists a replete semigroup S*C.S such
that x & [xS*]. Let M =x\U [xS*]. Then x& M — MS*. Since x & U(S),
[xS] is a compact set, and since M =x\U[xS*]Cx\U [xS] it follows
that M is also a compact set. We have MS*C [xS*]C M, and there-
fore by hypothesis M — MS* = which contradicts the conclusion
that x&E M — MS*. We infer that X= U(S)\JR(S), which completes
the proof of the sufficiency of the condition.

(5.6) DEFINITION. The point xEX is said to be stable provided
that [xT] is a compact set.

The set of all x&€X which are not stable will be denoted by U.

(5.7) DEeFINITION. The point xEX is said to be diffuse provided
that x& U(S) for every replete semigroup SCT.

The set of all x€X which are diffuse will be denoted by D.

(5.8) CoroLLARY. If X=R\UD, and if M is a compact subset in X
and S is a replete semigroup in T such that MSC M, then M— MS=¢.

Proor. For every replete semigroup SCT, RCR(S) and DCU(S).
Thus X=RUDCR(S)VU(S)CX, and therefore X =R(S)\JU(S).
The corollary now follows from Theorem §5.5.

(5.9) CoroLLARY. If for every compact set MCX and for every
replete semigroup SCT for which MSCM, M—MS=, then X
=RUU.

Proor. From Theorem 5.5, X = R(S)\J U(S) for every replete semi-
group SCT. In particular the group T itself is such a replete semi-
group and we infer that X =R(T)JU(T)=RUU.

(5.10) THEOREM. If the set R\UD is a residual setin X, and if M isa
compact subset of X and S is a replete semigroup in T such that MSC M,
then M — MS is a set of the first category.

Proor. From Lemma 5.4, M—MSCZ(S)N[X-R(S)]C(X-D)
MN(X —R). This last set however is of the first category by hypothesis.
Thus we infer that M — MS is of the first category, which completes
the proof of the theorem.

(5.11) THEOREM. Let X be a locally compact, complete, separable
metric space. If, for every compact subset MCX and for every replete
semigroup SCT for which MSCM, M — MS is a set of the first cate-
gory, then the set RJ U is a residual set in X.

Proor. Since the space X is locally compact and separable, there
exists a monotone sequence of compact subsets of X: X;CX,C - - -
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with the property that if M is a compact subset of X, MCX, for
some positive integer n. Let Sy, Ss, - - - be a countable basis for the
replete semigroups in T.

For positive integers m and n, we say that the point xEX is in
the set E(n, m) provided that the distance d(x, [xS.]) 21/m. The set
E(n, m) is then a closed set. '

For positive integers m and #, let G(n, m) denote the set of all
x€X such that x€E(n, m) and xS,CXn. Then G(n, m) is also a
closed set. _

We show that (X —U)N(X—R)CU;..G(n, m). Let x€(X —R)
M (X — U). Since xR, there exists a replete semigroup SCT such
that x € [xS]. There exists a positive integer # such that S,C.S, and
we infer that x& [xS.]. There exists a positive integer g, such that
for all integers i2¢q, d(x, [xS.])=1/i. Thus we conclude that x
€E(n, 1) for all i=q. Now since x€EX — U, [xT] is a compact set
and therefore [xS,] is compact. Hence there exists a positive integer
k such that [xS,]CXy, and thus for all positive integers p=k,
[xS.]CX,. Let us now choose an integer m such that m>p-+k. We
then have x€E(n, m) and [xS,]CXn, from which we infer that
xEG(n, m). Thus (X—U)N(X —R)CUjp-,G(n, m).

Suppose that the set G(n, m) is not nowhere dense. There exists
an open set VCG(n, m) of diameter less than 1/m and such that
V is a compact set. Let M=V\J[VS,]. Since VS,CXn, [VS.] isa
compact set and therefore M is also compact. But M.S,C M, so that,
by hypothesis, M —MS, is a set of the first category. Since V
CE(n, m), and since the diameter of V is less than 1/m, we infer
that VN[VS,]=&. But MS,C[VS.], and therefore VC M — MS,,
which is impossible in a complete metric space. Thus G(n, m) is a
nowhere dense set and we conclude that (X— U)N\(X —R) is a set
of the first category. Therefore U\UR is a residual set in X and the
proof of the theorem is completed.
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