
ON A QUESTION RAISED BY GARRETT BIRKHOFF

E. T. PARKER

Birkhoff1 proposes the problem: Determine the largest integer, k,

such that each group whose order is the product of k primes (not

necessarily distinct) has subgroup lattice of length k. The condition

is satisfied by a group, G, if and only if G contains a sequence of

subgroups,

G, Gi, Gt, • • • , Gh — identity,

each a subgroup of prime index in the preceding. He outlines a proof2

that each group with k ^4 has this property. An example will now be

given of a group, with k = 5, which does not satisfy the condition,

since it has no subgroup of prime index.

There exists a simple group,3 G, of order 22-3■ 7• 13.

G has no subgroup of index 2, for such a subgroup would be

normal4 in G, in contradiction to the fact that G is simple.

G has 2-3-13 Sylow subgroups6 of order 7, for no other divisor

(>1) of 22-3• 13 is =l(mod 7); and the normalized in G of each

Sylow subgroup of order 7 is of order 2 • 7. A subgroup, H, of index

3 or 13 in G could have only one Sylow subgroup of order 7, neces-

sarily normal in H of order respectively 22■ 7-13 or 22-3• 7, both of

which are larger than 2 • 7. Hence, G has no subgroup of index 3 or 13.

G has 2-7 Sylow subgroups of order 13; the normalizer in G of

each is of order 2-3-13. A subgroup, M, of index 7 in G could have

only one Sylow subgroup of order 13, normal in M of order 22-3-13

> 2 - 3 • 13. And G has no subgroup of index 7.

In the direct product of G above and any solvable group, each sub-

group of prime index must contain G. Hence, for each integer w = 5,

there exists a group with n factors in its order not satisfying the

condition.
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