THE SOLUTION OF A DIOPHANTINE EQUATION
CHARLES P. BENNER

Solutions of the diophantine equation!

4 3

II X aiimi= f(yn - - - 4 3a)

fm] fuml
have been given. We generalize the equation by solving the equation

on  on—]
)] II X aixi = 1),

tm=1  je=l
in which we suppose that f(y)=f(y, + - -, ¥) is a homogeneous
polynomial, with integral coefficients, of degree m, where m is of the
form 27(2¢+1), ¢ being a non-negative integer, p is one of the
integers 0,1, - - -, #—1, and thus m#0 (mod 2"). We suppose further
that the rank of the matrix of the forms ) ju;' ayx; (i=1, - - -, 2%
is 2»—1 and thus we may choose the notation such that A4, the
determinant of the first 2*—1 forms, does not vanish. Let 4;; be the
cofactor of a;; in A.

THEOREM. Every integral solution x;, yi of (1) for which the left-hand
member does not vanish is equivalent (in a sense to be defined) to a
solution given by

on—1 m—1
x; = Am—lsm[t > adsits D a,A,,-] G=1,---,20=1),
(2) a1 ra-ly]

Vi = A2"s2""“l’t2"‘1"?ﬁk’
where s and ¢ are given by
n—1 om—1 2771
s = I:H a.'] 2 2 amiord.,
fo=] =1  roml
(3) 2n—1 M1 2"
t=f®) =[] | T T ormdus

i=1 ja=1 re2t—l41
the o's and B's being arbitrary integers. -

ProoF. If we set
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an—1
> aijx; = Amagsigett (i=1,.---,271),
i=1

) 21
Z a;i%; = A™a;stH1e (=214 1,...,2%—1),
dm=1

and solve the system of equations for x;, we have

on—-1 2n—1
x,~=Am—ls«t«[zZa,A,,-+s > a,.A,i] G=1,-++,20 = 1),
r=1

r=2n-lp]

and hence
on—1 on-y on~l
Z apix; = A™ sy [t Z Z aprjoed.,;
5 fe=1 jm=1 ==l
(%) m—y 9
+ s Z E a2"iarAri:|o
] pe=gn-lil
If
(6) Yo = Aznszn—l-ptgn—L‘P ks
then from (4), (5), and (6) equation (1) becomes
an_y
AP QerD-1g T ek D-1 2 T Gt (P 4 0s) H a
) =1
= ATt T Grt T et f(B)

where

M-y on—l

P = E Z agmjardyj,

j=1 r=l

® P ey
Q= E Z apmjordyj
je=1 re=2t—ly]

Now (7) is satisfied identically in the ’s and 8's if s and ¢ are given
by (3). Hence a solution of (1) is given by (2) if the left-hand mem-
ber does not vanish. The solution x;, y: is integral if the parameters
are integral. v

We now define the concept of equivalent solutions. Suppose that
X;=pj, Ye="7% is a solution of the equation

f(®yy oo vy %0) = g(yx. tt yb)v

where f and g are homogeneous polynomials with integral coefficients,
of degrees n and m respectively. If there are no integers s>1, p/, v¥
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such that pj=p/s*, vi=7ys*, where N and u are positive integers
such that Mn=um, then x;=p;, y+="7: is defined to be a primitive
solution of the given equation. If x;=p;, yx=1v: is a primitive solu-
tion of the given equation and if N and u are positive integers such
that Mz =um, then x;=p,*, y;,=+t*, where ¢ is a nonzero integer, is
also a solution and is said to be dertved from this primitive solution.
Two solutions are said to be equivalent if they may be derived from
the same primitive solution.

It remains to be shown that given any solution of (1) which does
not cause the left-hand member to vanish, we may choose the param-
eters in (2) so as to obtain a solution equivalent to the given one.
Suppose that x;=p;,, y: =7z is any such solution of (1). If we choose
a;= > o7 aip; and Bi=7x then from (1) and (3) we have

om—1 on—1 on_] on—1 9n—]
s=1=[TL T am] T T X orndn
h=1

755 A § j=1 r=l
A §

- A[n > ,,]
=1 j=1

2n—1 2n—1 2n—1 2"—1 -1 2%—1
= [ II X at‘ipi] [ 2ani 2 2 andei— A3 aznfpf]
h=1 re=]

=1 =1 j=1 fl
m—1 on—1 2"—1 -1
= I:H 2 aiipi] [A 2 amipi— A Y awpi] =0
te=l  Je=l =1 J=1
and therefore s=¢. Thus (2) becomes .
x;= A2’(2q+1)szq+lp’., Ve = Aznszﬂ‘n,yk

which is equivalent to the solution x;=p;, y»=%:. Hence we may
choose the parameters so as to get a solution equivalent to the given
solution x;=pj;, ¥ =7, provided that the left member of (1) is not
zero.

We may also find integers, not all zero, which will cause the left-
hand member of (1) to vanish and these together with y,=0 will
afford additional solutions of (1).
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