COMMUTATOR CALCULUS AND LINK INVARIANTS
K. T. CHEN

1. Introduction. Let G be a finitely presented group such that the
abelianized group G/[G, G] has a basis of 7 elements, which may
possibly include elements of finite order. Let G have a presentation
of n+k generators and k+¢ relations. (Necessarily, ¢=0.) Then, for
each integer d>0, a group ® presented by » generators and ¢ rela-
tions may be constructed such that @/®; is isomorphic with G/Gq,
where @, and G, are the dth lower central commutator subgroups of
® and G respectively. In the case that G is the group of a link L con-
sisting of # components, ® is a group presented by 7 generators and
n relations. This is quite a helpful reduction in the number of gen-
erators and relations in the presentation of G/G4, which determines
the finitely generated abelian factor groups G;/Giy1, 1=1,2, - - -, d
—1, and thus yjelds numerical invariants. This result is applied in
§4 to obtain a geometrical interpretation of the factor group G/G;
of the group G of a link L; G/G; is completely determined by the
number of components of L and the linking numbers of the dif-
ferent pairs of components. In §5 two examples are given. In one
of them, it is shown that the torsion numbers of G3/G4 are sufficient
to distinguish between a certain sequence of links, each of which has
vanishing linking number for each pair of its three components. In the
other example, it is shown that the torsion numbers of G4/Gs may be
used to distinguish between another sequence of links of two com-
ponents with vanishing linking number. However, for the group G of a
knot, the factor group G/G, is finite cyclic for every d = 2. The author
is obliged for the valuable suggestions of R. H. Fox and R. C. Lyn-
don.

2. Terminology and preliminary. For any group G, denote by
la, 5] the commutator aba—1b~, a, bEG, and by [4, B] the subgroup
generated by all [a, b], a €4, bEB. Define inductively [a:]=a4, and
for d=1, [a, az, - - -, @aap]=[[a1, as, - - -, aal, aan1], aiEG. Fur-
thermore, set G, =G and, for d=1, Gapn= [Gd, G]. The group G is
called the dth lower central commutator subgroup of G and is the
normal subgroup generated by all [ay, a,, - - -, a4, a:EG.

Let M be a normal subgroup of G. Then we write a=b mod M if
and only if eb~'€ M. Without ambiguity, we shall denote the cosets
oM, a;M, - - -by ay, a3 ---mod M. For any homomorphism
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¢: G—G', ¢$(Gs)CG4d, and, consequently, a=b mod G4 implies
¢(a) =¢(b) mod G4 .

It is known [5]' that #E€G., vEG, implies [%, v] EG,4. By re-
peated use of this fact together with the identities

[ab, ¢] = a[b, c]a]a, €],
[¢, ab] = [c, a]a[c, bla,
we obtain the following lemma.

LemMmA 1. If a,a’ €G,, b, b' EG,, a=a' mod G441, and b=b" mod Gy,
then

)]

[a, b] = [a’, b,] mod G‘+‘+l-
3. The main theorem.

MaIN THEOREM. Let G be a finitely presented group such that the
abelianized group G/G, has a basis of n elements. Suppose that G s
presented by n-+k generators and k--q relations. (It is implied that
k=0 and ¢=0.) Then, for each d =0, there is a group ® presented by n
generators and q relations such that

G/Ga=G/Ga.

The case ¢=0 of this theorem has been proved by W. Magnus [6].
This section is devoted to a complete proof of this theorem, which
will be restated later in a more constructive form (Theorem 1).

Let G have a presentation

Gx{a,i=1,2---,n+k/Fi=12---,k+g},

that is, G is obtained from the free group F generated by
a;, 1=1, 2, - - -, n+k, by introducing relations #i(di, - + +, @nys)
=e¢, 1=1, 2, - - -, k+¢. The elements d; also represent a set of
generators of the abelianized group G/Gs, which has a basis of # ele-
ments. We apply to the array {dl, cee, ci,.+k} the following opera-
tion:

(A) @; and g; are interchanged,

(B) a; is replaced by &d}, 177, e= +1;
and to the array {1’1, SN ikﬂ} the following operations:

(C) #; and #; are interchanged,

(D) #;is replaced by 7}, 1%, e= £ 1.
Under these operations @, « « +, du4r and #, « + -, Fryq will con-
tinue to be generators and relations for G as well as for the abelian-

! Numbers in brackets refer to the bibliography at the end of the paper.
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ized group G/G:. Let r;=[[1F ¢ mod F, i=1, 2, - - -, k+q. To
the operations (A), (B), (C), (D) there correspond elementary trans-
formations on the matrix ||m.{|. From the classical theory of matrices,
it follows that, after a finite number of operations (A), (B), (C), (D),

the arrays {a, - - -+, @y} and {#, - - -, #aye} will become such
that

(i) @, - - -, @, form a basis of G/G,,

(i) #;=x.3;} mod F, i=1, 2,---,k x; being a word in
a, -+ -, 4, alone,

(iii) #x4i=e mod F,, 2=1,2, - - -, q.

Thus we are led to the following lemma.

LEMMA 2. Let G be defined as in the main theorem. Then G has a pres-
entation Gg{al, ey @uy by by Rk, e, rq} such
that the relations h;=e and r;=e are in the following forms:

() ki=uxdi', w,EF, x:EF,

(il) »f,'EFz,
where F denotes the free group generated by a., 1=1, 2, - - -, n, and
biy t=1, 2, -+, k, and § denotes the free group generated by a,,
1=1,2, - -, n,alone.

We may assume hereafter in this section that G has its presenta-
tion as given in this lemma. Observe that a;, - - +, @, form a basis
in the abelianized group G/G,. For simplicity, write the presentation
of Gas G~{a, b / b, r}. Let H be the normal subgroup generated by
hiy =1, 2, - .-, k, and R the normal subgroup generated by 7,
+=1,2,-:.,q Then G=F/H-R.

Denote by ¢/(w) the word obtained from w by replacing each
bs; by ux;, and ¢(w) the word obtained from w by replacing each
b; by x;,4=1, 2, - - -, k. Then the substitution y: F—F is an endo-
morphism of F, and the substitution ¢: F— is a homomorphism of
F onto . Both ¢ and ¢ leave § elementwise fixed, and ¢2=yp =¢.
Moreover h;=y(b;)d;!, and therefore ¥(w)=w mod H, wEF. We
observe that, in the presentation G{a, b / h, 7}, to replace r; by
¥(r;) is a Tietze operation [8], and thus, by repeated use of ¥,

(2) G {a, b/ h 21}, dz2

The notation y4-%(r) stands for the array y42%(r,), - - -, ¥%2%(r,), and
obvious notations of abbreviation similar to this will be often used. It
will be an important technique in this paper to use the substitution
¥ as a Tietze operation on generators and relations of G.

LeEMMA 3. If w,E F,, then
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Vi(w,) = oW1 (wy) mod Fayy, ' d=1.

Proor. For the generators a; and b; of F, we have Y(a:) =a;=¢(a:)
and ¥(b;) =ux;=¢(b;) mod F,. It is thus true that, for wEF, ¢(w)
=¢(w) mod F,. We prove the lemma for d=1 by induction on ¢.
Assuming that the lemma holds for t—1, {2 2, it follows from Lemma
1 that ‘P([wt—l, w]) = [‘P(‘wt—l)y 'P(w)]E [¢(‘wt—1)» q&(-w)] mod Fip
=¢([ws, w]) mod Fet, wEF, w1 E Fy_y. Since each element of F;
is a product of commutators of the form [’Zlh_l, w], we conclude that,
for w.EF,, Y(w:) =¢(w;) mod Fuy1. The lemma now holds for d=1.
Proceeding by induction on d, we assume that it holds for d—1 and
any t=1. Then ¢+ Y w,)=¢y¢2(w;) mod Fayeq, that is,
Vi1 (w,) [p¥?—2(w:) | '€ Fayea. By the validity of the lemma for d=1,
Y@ (we) [$y -2 (wh) ) = (o~ (wi) [p¥*~2(w) |!) mod Fays. Since
Yo=¢*=¢, we have Yi(w:)[dyo2(w:) [ =i (w:) [$yo-2(w) ]

mod Fg,: Hence
V(i) = ¢¥**(wy) mod Faye

THEOREM 1. Let a group G have a presentation as given in Lemma 2:
G={a, b/ h,r}. Then the group ®={a / ¢¢"‘3(r)} has the property

®/0.=G/G4, . dz3.
REMARK. In the presentation of @~ {a / dPi3(r) }, eachr; belongs
to Fy, 1=1, 2, - - -, ¢. If, for some ¢, r; belongs to Fy, 25t<d—1,

then we may replace the corresponding ¢y4-3(r;) by ¢ye-1-4r,) in
the presentation of ©.

ProoF oF THE THEOREM. It follows from Lemma 3 that ¢4 2%(r;)
=¢y43(r;) mod Fq4, and from (2) that

G/Ga= {a, b/ h,y*%r), Fa};
consequently,
G/Ga= {a, b/ h, ¢yi3(r), Fa}.

Notice that each ¢y9-3(r;) belongs to §. Let h! =¢y¢2(b;)b; " and
B ={hi,hi, -, h}. Since Y(w)=wmod H, wE F, we have y¢-1(b)
=b; mod H and, using Lemma 3, k! =¢y2(b:)b; ‘=4 1(b,)b; !
mod Fs=e mod H- F,. Therefore by Tietze operations we may intro-
duce new relations %/ =e into the presentation of G/Ga:

G/Gdg {d, b/ hr h’: d"l/d_s(r)de}-

Now ¢y?-2 is the substitution which replaces every b; in a word by
¢Y4%(b;), and, due to the definition of A/, we may replace k by
¢y ~2(k) in this presentation of G/Gg:
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G/Ga= {a, b/ ¢*2(h), K, $¥*%(r), Fa}.

Observe that, due to Lemma 3, ¢4 1(b;) =dy42(b;) mod Fg4, and
a2 (hs) =2 (P (ba)bi ") = [Y 91 (5:) @Y 2(b:) | =e mod Fa. Again,
by Tietze operations,

G/Ga= {a, b/ W, ¢¥*(r), Fa},

and, using k{ =e, that is, b;=¢y4~2(b,), as the defining relation of each
b;, we have

G/Ga= {a [ ¥*3(r), §a}.
Let ®={a / ¢¢*=%(r)}. Then

O/6i= {a/ e¥*(r), T},
and hence the theorem is proved.

4. Application to link groups. A link is the union of #» mutually
disjoint, oriented, simple closed curves L, - - -, L, in Euclidean
3-space E. L;is called the sth component of L. If each L;is a polygon,
then L is said to be polygonal. The fundamental group G of the
complement E—L is called the group of the link L.

Through the well known Wirtinger method [7], we may read off
a presentation of the group G of a polygonal link L through its regular
projection. Let G2~ {a; / ri} G=1,2,---,m;j=1,2,-- -, k) be
such a presentation, where to each crossmg pomt Q;; of the projection
corresponds a relation r;;=e, r,,-b.,a.,b“ agi = [b, a.,]a.,a,,+1 with
bii=apsan (a(s, j) and B(4, j) are given by the segment of L
which crosses over at Qyj, and €;;= +1 is the signature of crossing.)
aa, @i, -+ -, @i, are the Wirtinger generators corresponding to the
segments (in their natural order) of the component L;. The index j
on agj, byj, - - +, and so on, is to be taken modulo k..

Define a;=aa, %= [6i, @il ri=vapa - - - va, wa=e, i=1, 2,

c,m, j=1, 2, , ki Let uij=vij19ij—2 + + - 04, 1=1, 2, - - -,
n;7=2,3,---, k.-. Deﬁne hij=uijaag’. It may be straightforwardly
verified that

Gg{dij/hii,fe}, i=1,2,---,mj=12,--, k.

Each r; belongs to Fy. Define ®{a; / ¢y?-3(ry)},i=1,2, - -, n,
where d 23, ¥(as;) =uias and ¢(a;;) =a;. Then, due to Theorem 1,
we have G/Ga~0®/®..

In the case d =3, we have @~{a./¢(r.)} 1=1,2,---,n Let §
be the free group generated by ai, =1, 2, ---,n; then §/G;

={a; / ¢(r:), Fs}. Define ¥ = [I}-1, 60 [a,~, ai]mi, i=1,2, -+, n,
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where ug; is the linking number of L; and L;. Then ¢(r;) = [¢(ba,),
d(any)] - - - [d(ba), dlaa)]=[adkhy, ai] - - - [ahy), ai] =rf mod §s
and ®/®; ={a;/ r{, §:}. Thus we have shown the following theo-
rem.

THEOREM 2. Let L=L,\J . - - \UL, be a polygonal link, and G its
group. Let u;; be the linking number of L; and L;, 1%j. Define @*
={a:;/rf}, wherei=1,2, - - -, n, and r§= [Ty s [0, as]#5i. Then
©*/®F is isomorphic with G/Gs. :

F1G. 1

COROLLARY 1. G/|[G, G] is free abelian of rank n.

CoRrOLLARY 2. [G, G]/[[G, G], G](=G:/Gs) is isomorphic with an
additive group generated by xi;, 15j, 1, j=1, 2, - - -, n, with relations

(a) Tiit =0, § 5 j, Gj=1,2--,n,
(b) Z Mii%i; = 0, i=1,2--,m
jm=1, i3

ProoF. Let ®* be the normal subgroup generated by all rf,



50 K. T. CHEN [February

1=1,2, .-, n,in § We have R*C.. It is straightforward that

Ga/Gs = ®) /@5 = Fo/RFa =2 (Fo/To)/ (K- To/T).

§2/Ts is a free abelian group having as a basis the elements [a;, a;]
mod §s, 1>7, ¢, j=1, 2, - - -, n. R*-Fs/Fs is a subgroup of Fn/Fs
and is generated by elements ]}, ,« [aj, a:]# mod §s Write the
group §2/§s additively, and replace [a;, a;] mod §; by ;. Thus the -
corollary follows immediately.

COROLLARY 3. If L=L,\JL,, then [G, G]/[[G, G, G] is cyclic of
order | u|.

K. Reidemeister [7, p. 45] remarked that, for L=L;,\UL,, [a1, a.],
taken as an element of G/Gs, is of order |,u12|. This result may be
regarded as a corollary of Theorem 2.

5. Examples. Let L =L,\UL,\JL; be a link as given in Fig. 1, and G
its group. The link L has three components, each pair of which has
vanishing linking number. We shall therefore overlook the factor
group Gs/Gs, which does not yield interesting invariants. In order to
compute G3/Gs, let F be the free group generated by ay;, 1=1, 2, 3;
j=1,2, - - -, ki ki=ka=2m, ks=4m. Write, for j=1,2, -, m,

-1

by 2j—1 = @3 4j-3, bh 25 = @3 44,

b2 251 = 0-3-14,‘_4, b2 2; = a3 4j-1;
b3 4j—3 = 01 2j, - bs 4j—2 = Q22§
b 4j1 = dflzf, b3 4j = a?zm-

Write v;; = [bj, a:;] and 7,;=v;;a.ja; ;1. Then G is presented by gen-
erators a¢;;and relationsr;;, 1=1, 2, 3;j=1,2, - - -, k. Define a;=a;;
Ui =€, Ue;=V; j1 Vi ja - - - Va, j#1; Bij=ui0:a5% 75=0; 'k; Vs kim
- - - 9. As given in the preceding section, G may be presented by
generators ¢;; and relations k;; and 7, 1=1, 2, 3; j=1,2, - - -, k.
Let O~ {al, az, az [ Y (r), dY(rs), oY (rs) } Then G/G:=®/®,, which
implies G3/G®;/ ..

As before, §§ denotes the free group generated by a,, @, as. The
following congruence identities may be verified straightforwardly:
For any u, 4/, v, wEF,

[u', v, w] = [u, v, w][#, v, w] mod Fs,
[41, 9, w] = [, v, w]"  mod F,
[wt, v] = [v, w, u][%, 9] mod e
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First we have

#¥(a1 2j-1) = a1 mod Fs,
¢¥(a12;) = [as, a1)a; mod s,

(a2 2i-1) = a2 mod §s,
V(a2 2;) = [as, a2]'a; mod Fs,

#¥(as 4;-3) = azmod §s,

¢¥(as 4;-2) = [a1, as]as mod s,

$¥(as 45-1) = [as, as][a1, as]as mod §s,
&¥(as 4j) = [as, as]as mod Fs.

Using the above identities, we have

¢¥(v121) = [$(as 4i=5), $(a1211)] = [as, a1] mod G,
V(01 27) = [6(0s 47), #(a129)]
= [([as, as]as), [as, 61]a1] mod s
= [ay, a5, a1]"[as, 0:]" mod G,
V(2 2j-1) = [a2, a3, 0s][as, as, a2][as, a;]~ mod s,
¢Y(v2 25) = [as, a5, a2][01, as, a2][as, @z, a5][as, az] mod §,
¢V (vs 4j-1) = [as, 01, as][a1, as] mod 4,
WY(v3 45-2) = [as, a3, 3] [0y, a3, a2][a,, @3] mod Fs,
¢Y(vs 4i-1) = [as, a1, as]"[as, a3, a1][a1, @] mod s,
$¥(v3 45) = [as, a2, as][as, @3] mod F,
for j=1, 2, - - -, m. It follows that
W (r1) = (¢¥(v1 291 25-1)) ™ mod Fs
= [dz, as, 01]“"' mod s,
®(r2) = ($¥(v2 202 25-1)) ™ mod s
= [as, @3, a;]™ mod .,
and
¢W(rs) = ($Y¥(v2 403 4i—195 4j-293 4i-3)) ™ mod F,
= [0z, a3, 1] ™[04, 03, 32]-™ mod §,
= (¢¥(r1)) " (¢¥(r2))~! mod Fa.
Now ®2={a;, as, as / ¢¥(r1), $¥(ra), $¥(rs) }, and
O/®4 = {0, a3, as / $¥(r1), $¥(rs), $¥(rs), §a}.
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Thus, by Tietze operations,
/0= {dl, a, a3/ [dz, as, 01]"'. [01, as, az] ™, %d}-

Define ®*=2{a,, as, as / [a2, a3, a1]™, [a1, @3, a2]™}. Let R* be the normal

t Y

F1G. 2

subgroup generated by [a,, a3, a:]™ and [a4, a3, a;]™ in §. Then /G
=Fs/R* Fo=(Ts/T)/ R*-F+/Ts). The group Fs/Fu is free abelian of
rank 8 [2; 4; 9]. We may choose as a basis for §3/F1 the elements
[01, a2, a1, [a1, as, a2], [a1, @z, @3], [04, a5, @1], [04, a3, @2], a4, a3, as],
[az, as, as], [a2, @3, @] mod F.. The group R*-Fu/Fu is free abelian
with [as, as, a1]™, [a1, @s, az]™ mod §u as basis. Hence Gs3/G is iso-
morphic to a direct product J, X J» X Bs where J, is a cyclic group of
order m, and B is a free abelian group of rank 6.

Consider another link L=L,\JL, (Fig. 2) which has a vanishing
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linking number. In order to avoid the extensive use of double indices,
we write the group G of L in the presentation:

G {xlp X2, vy Xomy Y1y y2/’ln 72, * * * y 2my S1y 52}

where

iy = [xzm—:', xi]xixc‘—-:b i % m, 2m,
T = (31 Tm]GmEmpr,
-1 ) —1
Tom = [yl ’ xzm]x2mx1 ’
-1 -1
S1 = [xzm. y1]y1yz ’
st = [Tmers y2]9031 -
Let F be the free group generated by %1, %3, * ) Xemy Y1, Y2,
and denote x=x;, y=9, r= [y}, xz,,.](H.. [xi *2m—i]) [y1, %m]
(IImat [xs %emes]), 5= [%me1, 32] [x52, 1]. Define the substitutions
¥ and ¢ such that ¢(x;) =x, Y(Xip1) =rxepxs Y(xs), 1=1, 2,

2m—1,¥(y1) =3,%(¥2) = [xm, ¥y, $(x:) =x, ¢>(y.) =49. Then, accordmg
to Theorem 1,

G/G5 = {xv y / ¢\l’2(’)v ¢¢2(S), %5}

where § is the free group generated by x and y. We are going to show
that ¢y2(r) =[x, y, %, y]* ! mod s and ¢u[/’(s) [x, 5, z, y]~™* mod s,
which will imply that

G/Gs = {x' y/ [xv ¥ %, y]m—lr %5}°

From [, av] = [u, a]a[u, v]a—! it follows that, if *EF., vEFs, aEF,,
then [«, av]= [4, a][u, v] mod §,4 ¢4, The above congruence identity
will be used frequently in this example.

It is immediate that x=¢¥ (%) =¢¢¥(x2)= - - - =¢¢¥(xn) and
[y, x]x = (xms1) = - - - =@Y(%2m). It follows that, for s=1, 2, - - -,
m—1,

W([2ams, :]) = [[y, 22, 2] = [5, 2, x] mod §,,
and, for t=m-+1, - - -, 2m—1,
¥([xem—s, 2:]) = [y, %, ]~ mod Fe.
By the definition of ¥,
m—1
d’(xm) = ( H [xm+s‘y xm—i])x
i1

and
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m—1

Wore) = (1L [0 2] 3 2ot

t=1
Thus we have
V¥ (2m) = [y, %, ]z mod T4
and
V2 (x2m) = [9, %, x]7 ™[y, ¢¥(xm) ][5, %, 2]™ 12 = [y, ]2 mod Fe.
Since Y([xam—s, #:]) EF; and ¥([y1, xm]) EF,

m—1

v = W([y1 ) #2m)) (":I:Ii [, xzm—s]) ([, xm])'l’( IT [ xz"'_"]>_l

i=1
= ¥([y™, %2 )¥([y, #n]) mod Fs.
Consequently

SWAr) = [y, W2 (x2m) ][y, S92 (xm) ]
= [y_lr [yr x]x] [yv [yv x, x]m_lx]
= [x, y][x 3 % y]™ [y, 2] = [x, 3, %, y]™ mod Fs.

On the other hand, ¥/(32) = [%5, ¥ ]y, $¥2(32) = [#¥(xzm), ¥ ]y =[57%, 3]y
mod §s, where z=[y, x]x. Moreover ¥(*ms1) = [y, %mJ¥(*=), and

Y (Xmi1) = [y, S (xa) [$¥2(xm) =]y, 2][y, %, x]" =]y, &, x] 2
mod & Thus

#vi(s) = [[y, =, 2], [, y]y][=, 5]
= [[yr x, x]m—lv y] [zv [z_l' y]y] [z_lr y]
= [y, %, %, y]™ [y, 2] [z, ]
= [%, 5 %y mod Fs.

Therefore G/Gs>{x,y / [x, 5, %, y]™1,$s}. The factor group Fu/Fsis a
free abelian group of rank 3. As its basis, we may choose [x, ¥, #, ],
[x, v, x, ¥], [x, ¥, 9, ¥] mod §s [4]. The factor group G4/G;s is hence
abelian and isomorphic with a direct product J,_1XB; where Jn_

is the cyclic group of order m—1, and B, is a free abelian group of
rank 2, and the integer m—1 is a numerical invariant of the link.
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