
A REMARK ON THE a+ß THEOREM

LUTHER cheo

In [l],1 Mr. Benjamin Lepson proved the following theorem:

Given a>0,ß>0, whenever 1 ¡ta+ß, there exist sets A and B of posi-

tive integers such that the Schnirelmann densities of A, B, and

A+B are a, ß, and a+ß respectively. In this note we establish the

following stronger result:

Theorem. Given ot — 0, ß = 0, 7^0, whenever l—y^a+ß, there

exist sets A and B of positive integers such that d(A)=a, d(B)=ß,

and d(A+B)=y. The symbol d(A) denotes the Schnirelmann density

of A.

Proof. Let 7 — a = 8, y—ß = e. Then b^ß, e—a. For «^1, define

integers an, bn such that when n is even

a(n + 1)1 — anl ^ an < a(n + l)\ — anl + 1,

b(n + 1)1 - ônl = bn < h(n + l)\ - ônl + 1,

and when n is odd

t(n + 1)1 - tnl ^ an < t(n + 1)1 - ml + 1,

ß(n + 1)1 - ßn\ g bn < ß(n + 1)1 - ßn\ + 1.

Thus in general

a(n + 1)! — anl ^ an á (n + 1)! — «!,

ß(n + 1)! - ßnl g b„ g (n + 1)! - nl,

and

y(n + 1) ! - ynl g an + bn < y(n + 1) ! - ynl + 2.

Moreover, lim inf an/(n + l)l=a, lim inf bn/(n + l)\=ß.

Construct A to be the set consisting of the number 1 and all

numbers nl + l, nl + 2, • ■ ■ , nl+an for all integers n = l. Construct

B in a similar way using b„ in place of a„. Since

an-i + (n - 1)1 è A(nl) = I + ai + a2 + • • ■ + an-i

n-l

= ! + «Z(0'+ !)! -iO = 1 - « + oinl ̂  anl,
)=i
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1 Numbers in brackets refer to the references cited at the end of the paper.
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we have

n\        n ni

The lower limit of the left member as n goes to infinity is a, there-

fore

lim inf-= a,    so that    d(A) g a.
n\

Let x be any number, and let n be the number such that (n — 1)!

<xgw!. If x is in A, then (« — l)!<x^(w — l)!+a„_i, so

A(x) _ A((n- 1)!)+ x - (»- 1)1      ¿((n- 1)1)

x (»- 1)|+x- (»- 1)1 (»-1)1

If x is not in A, then (» —l)!+a„_i<xgre!, and we have

¿(x)       A(n\)      A(nl)

xx»!

Together with the fact that i(»!)/«!|a for all n, we have ¿(^4) è«,

and hence ¿(.4) =a. Similarly d(B) =ß.

Let C = A+B, so that C consists of all numbers a, b, and a+b

with a in j4 and è in B. If a is in A and agw!, then a^(n — 1)!

+a„_i. If ¿» is in 5 and b^nl, then ô g (m — 1 ) ! + bn-i- This implies that

C(«!) ^2(w — l)!+a„_i+ôn-i. Divide by n! and take the limit, and

since an-i+bn-i<yn\— yin—1)! + 2, we have Iim inf C(«!)/w!á7-

Hence ¿(C) glim inf C(x)/x£y. Let x be any positive integer.

Either C(x) =x^yx or C(x) <x. In the latter case, by Mann's strong

proposition [2 or 3] there exists an integer z%x, z not in C, such

that

C(x) > Ajz) + Bjz)

X z

Now if y is defined by

(y-l)!<zgy!,

we have since z is not in A or in B,

Ajz) + Bjz) ^A(yl) + Bjy\)

z y!
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Since

My\) + B(y\) = 1 +  £ a, + 1 + £ b, = 2 + £ (a, + *,)
)=i î=i ¡=i

= 2 + y£ [0' + 1)! - i!] = 2 + 7y! - 7 > 73-!,
j=i

we have C(x)/x^y. Then ¿(C) ^7 so that d(C) =7, and the theorem

is proved.

It should be noted that the theorem will still be true if we replace

the Schnirelmann density by the asymptotic density, which of A, for

example, is defined to be lim inf ^4(x)/x as x goes to infinity. Each

of the sets A, B, C of the above proof has the same asymptotic

density as Schnirelmann density.
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