ON THE INTEGRATION OF DIFFUSION
EQUATIONS IN RIEMANNIAN SPACES

KOSAKU YOSIDA

1. Introduction. Let R be a connected domain of an infinitely dif-
ferentiable, orientable, m-dimensional (m = 2) Riemannian space with
the metric ds?=g;;(x)dx'dx’. Under a certain “continuity condition”
of Lindeberg’s type, the temporally homogeneous stochastic process
in R is governed by a pair of equations:!
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These are called the “backward diffusion equation” and the “forward
diffusion equation” respectively, the latter being sometimes called
the Fokker-Planck’s equation. In these equations, the symmetric
contravariant tensor % (x) is assumed to be such that the quadratic
form bii(x)£E; is, for s £>0, greater than 0 in R and ai(x) is as-
sumed to obey, in the coordinate change x—%, the transformation rule
254

(1.3) 3(&) = -,, ak(x) +
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Hence the two elliptic differential operators on the right-hand sides
of (1.1) and (1.2) are formally adjoint to each other and they have a
meaning independent of the local coordinates (x%, - - -, x™). We as-
sume that the coefficients g;;(x), a®(x), and b%(x) are infinitely dif-
ferentiable functions of the local coordinates (x!, « - -, x™).

The purpose of the present note is to prove the following three
theorems.

THEOREM 1. Let R be a compact Riemannian space. Then, to any
Sfunction f(x), infinitely differentiable in R, there corresponds a uniquely
determined solution f(x, t) of (1.1) satisfying the conditions:
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1 A. Kolmogoroff, Zur Theorie der stetigen zufilligen Prozesse, Math. Ann. vol.
108 (1933) pp. 149-160. W. Feller, Zur Theorie der stochastischen Prozesse, Math.
Ann. vol. 113 (1937) pp. 113-160.
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(1.4) li}n f(x, 8) = f(x) uniformly in x,
tlo
(1.5) min f(x) < f(x, t) < max f(x), and

max f(x, t) = max f(x) when f(x) is non-negative.
z z

THEOREM 2. Let R be a compact Riemannian space. Then, to any
Sfunction h(x), infinitely differentiable in R, there corresponds a uniquely
determined solution h(x, t) of (1.2) satisfying the conditions:

(1.6) lim,,ofglh(x, t)—h(x)]dx=0, where dx = (g(x))V2dx! - - - dx™,
g(x) =det (g:;(x)),

(1.7) Jo|h(x, t)| dx < [=| h(x)| dx,
and h(x, t) is non-negative with [rh(x, t)dx = [rh(x)dx when h(x) is
non-negative.

If R is a connected domain with the smooth boundary dR, Theorem
2 is extended to the following theorem.

TuEOREM 2'. Let D be the totality of infinitely differentiable functions
h(x) in R with compact carriers (supports in the terminology of L.
Schwartz) satisfying the boundary condition on dR:

dk
(g(x))1/?b%(x) oo cos (n, x7)

xt

(1.8) "
9(g(x))!/%%(x) .
L G a—— (g(x))'/*ai(x) ) cos (n, ) h(x) = O,
x‘l

(n denotes the outer normal). Then, to every h(x) ED, there corresponds a
uniquely determined solution h(x, t) of (1.2) satisfying the conditions

(1.6)—(1.7) of and only if the following hypothesis is satisfied:

THE HYPOTHESIS. Let {R.} be a monotone increasing sequence of
connected domains TR such that the boundary dR; tends smoothly, as
k— o0, to the boundary OR. Then, for any m>0, the equation

0%f(x) of(x)

ai(x
dx'9x? + o) dxt

(1.9) b¥i(x) = mf(x)
does not admit a bounded solution f(x)#0 satisfying the boundary con-
dition
. of .
(1.10) lim (g(x)V2%%(x) k(%) — cos (n, x7)dS = 0
o JoRry axt

for all h(x) € D,
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dS denoting the hypersurface element of ORy.

These theorems may be proved by refining, with the aid of para-
metrix considerations, the operator-theoretical integration of the dif-
fusion equations given in the preceding notes.? It is to be remarked
that our construction of the parametrix for the general diffusion
equation is carried out by an elementary calculation without ap-
pealing to the theory of integral equations nor to the power series
expansion. It is an extension of the construction due to S. Minakshi-
sundaram and A. Pleijel.?

2. The construction of the parametrix. Let e(x) be an infinitely
differentiable function and let

2

(2.1) A=4,= bii(x)

0
+ a¥(%) — + ().
ax?

0x*dx’

Let I'=T(P, Q) =r(P, Q)2 be the square of the smallest distance of
two points P and Q of R according to the new metric dr? =b;;(x)dx’dx’,
where (b;;(x)) =(b%(x))~!. We have then the lemma.

LEMMA 1. For any positive integer k, we may construct the paramelrix
H k(P y O, 8 — 1')

(2.2) (P, Q)

= (t — 7)~™%2exp (— m) Zo (P, Q)¢ — 1) t> 7,

such that

(2.3) ui(P, Q) (=0, 1, - - -, k) are infinitely differentiable in the
vicinity of Q=P and u,(P, P) =1,

(-2 - ad) w001

2.4
@4 I'(P, Q)

= (¢ — 7)* "2 exp <— Z(t——_r—)) cx(P, Q),

where cx(P, Q) s infinitely differentiable in the vicinity of Q=P.

® K. Yosida, Integration of Fokker-Planck's equation in a compact Riemannian
space, Arkiv. for Matematik vol. 1 (1949) pp. 71-75 (to be referred to as [I]). K.
Yosida, Integration of Fokker-Planck's equation with a boundary condition, Journal of
the Mathematical Society of Japan vol. 3 (1951) pp. 69-73 (to be referred to as [I1]).
K. Yosida, Integrability of the backward diffusion equation in a compact Riemannian
space, Nagoya Math. J. vol. 3 (1951) pp. 14 (to be referred to as [III]).

3 Some properties of the eigenfunctions of the Laplace operator on Riemannian mani-
folds, Canadian Journal of Mathematics vol. 1 (1949) pp. 242-256.
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Proor. We introduce the normal coordinates y° of Q=(x!, « « -, x™)
in the vicinity of P:
dx’
(2.5) y = a@.or(S) .
dr /o-pr
Let
(2.6) dr* = Bi(y)dy'dy’.
We have the well known formulae
(2.7 (P, Q) = B:i(0)y'y',  Bii(9)y! = B:ii(0)y'.

By virtue of (2.7), the operator
62

2.9) A= y=550) o

)
+ ai(y) o + (),

B%(9)) = By,

when applied to the function f(T', ¥), where I is considered as a func-
tion of y, may be written as follows: .

(2.9) af=ar e oy ¥ N,
or? oray” aTr
where
M = gi afr PRV 0(),
dy'dyl dy
. 0 _of
N(f) = B Py + a‘a—y—‘- + ¢f.

The differentiations in 4,f and N(f) are to be performed as if I and
y are independent variables. Hence we have

A= é - % (¢ = )=/ exp (" 4(¢P_ ﬁ)
cRumree ()
M
+ y u; — N(ui—l)}
+ (¢t — 7)¥m/% exp (— G — 1-)) N (%),
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where #_;=0 and hence N(#_;) =0. Therefore, since

J H zk: (t ) 1-m/2 ( r )
_—— = p— t—1l—m ex —
or y =0 K P 4t — 1)

(G +i+5=)
“\2 T T —a)

we obtain Lemma 1 if the u; are successively so chosen that

(2.10) a“"+(_’"+'+M) N(wios)

. — — )wi = N(ui),
Yoy U2 TP '

u;(P, Q) being infinitely differentiable in the vicinity of Q=P with

u_1=0 and #o(P, P) =1. Such %; may be determined, in view of the

order relation

(2.11) M = 2m + O(y).

For this purpose, put ¥°=9°s and transform (2.10) into ordinary dif-
ferential equations in s containing the parameters 7. The equations
are integrated by

w(P, Q) = exp (— f 's—l(_z’” + %)ds,

ui(P, Q) = uos™ f sTuTIN (wey)ds (E=1,-++, k).

0

(2.12)

REMARK. By (2.9) and (2.10), we have
Aquo(P, Q)T(P, Q)™ = N(uo(P, Q))T(P, Q)F™"% m = 3,
Aquo(P, Q) log T(P, Q) = N(us(P, Q) log T'(P,Q), m = 2.

We have thus obtained the parametrix for the elliptic differential
operator 4.

(2.13)

3. The proof of Theorem 2’. Let e=0 in the operator 4 and let

2

(4'h)(x) =

G amamt (EENHHE)

9
(e(x))'* ox

be the formally adjoint operator of 4. Let L;(R) be the Banach space
of the totality of the functions k(x) integrable with respect to dx in

3.1)

+ (—(8())!1a(%) b(x))
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R, metrized by the norm ||A|| = f&| k(x)| dx. D is a dense linear subset
of Li(R). We take the operator 4’ to be an additive operator defined
on DCL,(R) into L;(R), and let A’ be the smallest closed extension
of the operator 4’. Then! there exists a uniquely determined one-
parameter semi-group® of linear operators T; on L;(R) into Ly(R)
satisfying the conditions

T:Ts = T (4, 5) = 0), To = the identity,
strong lim Tk = Tk for h € Li(R),

=t
(Th)(x) is non-negative and || T:h|| = || 4|| when A(x) is

3.2) .
non-negative,

Tivsh — Tk

5 = A'T:h for k in the domain

9.T:h = strong lim
8-0

D’ of the operator 4,

if and only if the hypothesis of Theorem 2’ is satisfied.

We thus have to show that the function k(x, t) = (T'k)(x) is equiva-
lent (in the sense to be explained below) to a function which is con-
tinuously differentiable once in ¢ and twice in x.

For this purpose we prepare two lemmas.

LEMMA 2. Let f(x, t) be an infinitely differentiable function which
vanishes outside a compact coordinate neighborhood of P. Then

fR W0y, Df(y, Dy
3.3 = f 1(3, 0f(y, 0)dy
¢ af(yr 7)
+[ ] ) {afh<y, D3, 7) + B, 1) —a——} &y.

Proor. By (3.2), k(y, 1) is strongly differentiable in 7 with the dif-
ferential quotient 4, k(y, 7). Hence k(y, 7)f(y, 7) is weakly differ-

4 See [I1]. Cf. also [I]. The hypothesis is surely satisfied when R is a connected
domain in m-dimensional Euclidean space whose boundary lies entirely in the com-
pact part of the space and when, moreover, the operator 4 is the usual Laplacian.
See K. Yosida, 4 theorem of Liouville's type for meson equation, Proc. Imp. Acad.
Tokyo vol. 27 (1951) pp. 214-215.

S E. Hille, Functional analysis and semi-groups, New York, 1948. Cf. also K.
Yosida, On the differentiability and the representation of one-parameter semi-group of
linear operators, Journal of the Mathematical Society of Japan vol. 1 (1948) pp. 15-21.
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entiable in 7 with the differential quotient

f(y, 7)

f(y’ "')/I'h(y, T) + h(}'» 7’)

which is strongly continuous in 7. Thus, by integration, we obtain
(3.3).

LEMMA 3. We have
[ w0103, 03y = [ 13 0105, 0003
R R

- fo dr fR {h(y, ) (af (a";’) + 4,1(y, ))} dy

Proor. The right-hand side is, by (3.2) and (3.3), equal to

~ [ [ {0 (- L2 - g05,m)

— (3, )@.h(y, 7) — ALh(s, r))} dy

3.4

=[ [ 10210 |,

¥ f dr fg{h@, DA, 1) = f(3, DAy, 7)}dy

That the second integral on the right-hand side is equal to zero may
be seen by the following argument. Let {%«(y, 7)} CD be such that
strong limg. k(y, 7) =h(y, 7), strong lims., 4, l(y, 7) =4, h(y, 7).
The existence of such a sequence {hk(y, T) } is assured by the fact that
k(y, ) =(T.h)(y) is in the domain D’ of the operator A’ which is the
smallest closed extension of the operator 4’ with the domain D. We
have thus

J (40, D100, = 100, Dk, )y

koo

= lim R{hk(y. 1 Auf(3, 7) — f(3, ) Aghi(y, 7) } dy

The right-hand integrals are equal to zero as may be seen by Green's
integral theorem and the fact that f(y, r) vanishes outside a compact
coordinate neighborhood of P.
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After these preliminaries, we may give:
Proor oF THE THEOREM 2’. We shall apply (3.4) to the case when
(35) f(yv T) = f(Q» 7) = Hk(Pv Qr t+e— T)B(P’ Q)&(.Po, P)-

Here P, is an arbitrary point of R, fixed in the following argument,
€ is a positive constant, and

(3.6) 8(P, Q) = a(r(P, Q)),
where a(r) denotes an infinitely differentiable function of 7 satisfying
1 for r < 271y,
a(r) = |between O and 1 for 273 <7r <9,
0 for r=1.

We assume that the positive constant 7 is chosen so small that

(3.7) the points Q satisfying 8(P,, P)6(P, Q) >0 are contained in
a compact coordinate neighborhood of P,.

We have thus

f HQ, OHL(P, 0, 98(Po, PP, Q)dy
(3.9) - f 1(Q, OV Hy(P, 0, ¢ + 93(Po, P)3(P, 0)dy

- — j; ar L 1(Q, VEx(P, 0, t+ € — 7)dy,

where
Ku(P,Q,t+e—1)

3.9 9
(3.9) = (_ Pl AQ) (Hu(P, Q, t + € — 7)8(Po, P)5(P, Q).

Let & be taken so large that
(3.10) %ﬁ +Ez2

Then, in view of Lemma 1, Ki(P, Q, t+e—7) is, for r(Py, P) <2-1y,
devoid of the singularity even if ({4+e—7)=0. We shall next show
that the first term on the left-hand side of (3.8) tends, as €0,
strongly to A(P, t) in the vicinity of Py. This may be proved as fol-
lows. We have, by (3.6) and (3.7),
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fRa(Po, P)dP

fR hQ, HH(P, Q, €)3(P, Q)dy

— WP, 1) f Hi(P, 0, 95(P, 0)dy

=C f ( f | Q. &) — (P, 9| dP)l Hy(P, 0, 9| dy
r(Po,Q)S2y r(Py,P)Sy

éle f(f | (s + 1%, 1) — h(z,t)ldz)
‘eXP<— Z (E‘)2) O

Here (2!, - + -, 2™) and (s'4%!, - - -, 2»+y™) are the coordinates of
the points P and Q respectively in the coordinate neighborhood of Py,
defined in (3.7), and C and C; denote suitable positive constants. The
inner integral on the right-hand side converges, when €| 0, to zero
boundedly by Lebesgue’s theorem.

Therefore, there exists a sequence {e;} with € | 0 such that

h(P, t) lim | Hi(P, Q, e)8(P, Q)dy
t-o Jp
(3.11) = L k(Q, 0)H (P, Q, 1)8(P, Q)dy

- fo “dr fR R(Q, ) Ki(P, Q, t — 7)dy

almost everywhere with respect to P in the vicinity of P,. Hence, by
(3.10)-(3.11), k(P, t) may be considered to be continuously dif-
ferentiable once in £>0 and twice in P in the vicinity of P, if

lim f Hy(P, Q, €)d(P, Q)dy is positive and twice continuously
(3 . 12) elo JR

differentiable in P in the vicinity of P.

The proof of (3.12) may be obtained as follows. We have

lim | Hu(P, Q, €)5(P, Q)dy
elo R

(P,
= lim e ™2 exp (— ( Q))dy
r(P.Q)S¢

elo 4e
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for any positive constant {. Hence, by putting
(3.13) ds? = vi;(y)dyidyi, y = €l/2g,

we obtain, in view of the arbitrariness of ¢,

lifr; Hu(P, Q, (P, Q)dy

(3'14)_' iti 2Jel . .. Jem
=tim [ f e (OGO
= =) HEO) 1 = wmHg(P) Y/ (B(P))
where

g(P) = det (g:5(P)) and b(P) = det (b:;(P)).

4. The proof of Theorem 1. Let C(R) be the Banach space of the
totality of continuous functions f(x) in R, metrized by the norm ” f “
=max, ] f(x)|. D is a dense linear subset of C(R). Let e=0 in the
operator A. We consider this 4 to be an additive operator defined on
DCC(R) into C(R), and define the smallest closed extension 4 of 4.
Then® there exists a uniquely determined one-parameter semi-group
of linear operators S; on C(R) into C(R) satisfying the conditions:

SSe=Ses (4,5 20), Sy = the identity I,
strong lim S.f =S,f for f&C(R),

Lnd

(S¢f)(x) is non-negative and max (S.f)(x) = max f(x) if f(x)
4.1 ‘ =

is non-negative

Sersf — Sof
]

8,Sf = strong lim = AS,f for f in the domain D of
-0

the operator 4.

Therefore, as in §3, we may prove that f(x, ) = (S:f)(x) may be con-
sidered to be continuously differentiable once in ¢ and twice in x.

NacGovA UNIVERSITY
¢ See [III].



