ON THE PROPERTIES OF CERTAIN CONTINUED FRACTIONS
EVELYN FRANK

1. Introduction. This paper is concerned with a development of
the properties of a new class of continued fractions

k0(1 - 70’70)2 1 kl(l — 1712 1
Yoz - kb + Y13 — kvt

in which the k, and v,, p=0, 1, - - -, are constants and ['y,l #1,
A special class of (1.1) are the continued fractions

(1.1) koyo +

(1 = vo¥0)z i (1 = 171z _1_
Yoz -—nt+ Y3 —yat e

where |v,| #1. These were first discussed by Schur [6]! with
|v»| <1 in connection with functions bounded in the unit circle.

In §2 it is shown that to an arbitrary power series there correspond
continued fractions (1.1), and, conversely, to every such continued
fraction there corresponds a power series which agrees with the
power series for the 2pth and (2p+1)th approximants of the con-
tinued fraction up to and including the terms involving 2? and 271,
respectively. An important new feature which is given in §3 is the
simple algorithm for the expansion of a power series into a continued
fraction (1.1), and, conversely, for the computation of the cor-
responding power series from the continued fraction. Heretofore this
computation has been exceedingly cumbersome.

In §4 conditions under which these continued fractions converge to
the corresponding power series are considered, in particular, if the
generating function is meromorphic. In §5 convergence regions for
the expansions (1.1) are found, and in §6 convergence regions for the
continued fraction whose approximants are the even and odd ap-

proximants of (1.1). In §7 certain transformations of (1.1) are dis-
cussed.

(1.2) Yo +

2. Continued fraction expansions for arbitrary power series. Let
the function fy(2) be expanded into a power series

(2.1) fO(Z)N500+Colz+cozz2+ el L2

The functions fi(2), fz(2), - - -, are found by the recurrence rela-
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1 Numbers in brackets refer to the bibliography at the end of the paper.
2 ~ denotes a formal expansion.

921



922 EVELYN FRANK [December

tions
Yo — fo Yo = 3fpt1

=7 p= ) » = f5(0),
20 =Tl t—afo SO

P=0,1,°°',

f
(2.2) ik

and are formally expanded in power series
(2.3) fo(2) ~ Cpo + €1z + Cpos® + - - -, p=12---.

The infinite continued fraction expansion (1.2) can then be con-
structed provided nome of the numbers |‘Yo| , |'yl| , + 15 equal to
unity. The case where ['y"] =1 implies that | f,.(z)] =1, and in this
case the continued fraction expansion (1.2) is finite. Here it may be
shown by a method analogous to that in [2] that fo(2) 4s a rational
function of the form

e2"P(2)
P*a)

where P*(2) is any polynomial of degree n which does not vanish on the
unit circle or is everywhere equal to 1.

The numbers v,, which are rational functions of ce, co1, * - +, can
be computed from the recurrence formulas for the approximants
A,(2)/By(z) of the continued fraction (1.2) and the determinant
formula

lel=1, P*e) = P(z),

(2.9) fo@) =

(2.5) Azpra(s) Ban(s) — Asy(®)Bapia(@) = (= )?vpae I (1 — veFs),

=0

by equating coefficients of 27*! in

P
(2.6)  fo(2) Bap(a) — A2p(3) = — vprzrt [J (1 —v¥) + - -+,
1=0
p=0,1,---.
Thus one finds

—Co1

Yo = Coo, Y= T——
1 — cooCoo

(2.7

2
co2(1 — ¢ooCoo) + CooCor

N = — .
1- €o0Co0)2 — Corco1

None of these denominators is zero if none of the numbers |v,| is
equal to 1. Conversely, the co, can be computed as rational functions
of the v,:
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2.8) o =7 cu= — vl — v¥o),
) oz = v2(1 — vo¥o)(1 — V1) — 70712(1 — Yo¥o) - - - .
From (2.6) and the determinant formula

A2p+3(2) Bapt1(2) — A2p41(3) Baprs(s) = ("1)"‘7p+lz”+2f1 1= ya49

=0

or

fo(2) B2p41(2) — Azp1a(z) = — Z"“ﬁ A=vH)+ -,

=0
P=0v11""

it is seen that the developments in power series of the approximants
Azg(Z)/sz(Z), »=0, 1,---,and A2p+1(2)/sz+1(Z), p=1 2,---,
coincide with the power series (2.1) up to and including the terms
involving z? and 271, respectively. Furthermore, two finite or infinite
continued fractions

(1 — vi¥o)z 1 (1 = y17)z 1

Yo+ ~ — - —

Yoz -7+ 712 -yt
- Q1—9v)z 1 (A—7i{7)s 1
vt = —— =

Y3z =i+ Wz =y

have the same corresponding power series (2.1) if and only if v,=v,,
p=0, 1, - - -, Consequently, there is a unigue correspondence be-
tween the continued fraction (1.2) and the power series (2.1), as
stated in the following theorem.

THEOREM 2.1. If numbers v, with moduls different from one are
found from the coefficients of a power series (2.1), then there exists a
uniquely determined infinite continued fraction of the form (1.2) which
corresponds to the power series (2.1). Conversely, to every infinite con-
tinued fraction (1.2) in which |7,,| #1, p=0, 1, .- -, there cor-
responds a unique power series (2.1). The power series expansions for
Azp(Z)/sz(Z), P=0’ 1., and A2P+1(z)/Bzr+l(z)7 P=1) 2,---,
the 2pth and (2p+1)th approximants of (1.2), agree with the power
series (2.1) up to and including the terms involving z° and 21, respec-
tively. The continued fraction (1.2) s finite when I'y,.l =1, and in this
case il represents the rational function (2.4).

If, in the recurrent process for finding the numbers v,, one finds
that I'y,,.l =1, then v, can be computed for the function f,/k., and
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S/ b formally expanded in a power series

fm Cmo Cm1% Cmgzz
2.9 —_—~—
(2.9) km kn + km + km

+ oy | Ba| # 1, k=0

One continues the process for the computation of the numbers v, as
outlined above, until another value of v, namely v,, with modulus 1
is reached. Then, as in (2.9), the formal power series for f,/k,,
[kq] #1, is formed, v, for f,/k, computed, and the usual process for
the computation of the numbers v, continued. In this way, one
constructs the infinite continued fraction expansion (1.1) where

Coo
Yo = —

ko

_ [—601]/[1 000500]
Y1 Eiko k: ) .

For this expansion, one obtains the following theorem by a method
analogous to that for Theorem 2.1.

THEOREM 2.2. Corresponding to every power series (2.1) there exist
infinite continued fractions of the form (1.1), and, conversely, to every
infinite continued fraction (1.1) there corresponds a power series (2.1).
The power series expansions for A:p(3)/B2p(z), p=0, 1, .- -, and
A2p11(2)/Bepi(2), p=1, 2, - + -, the 2pth and (2p+1)th approximants
of (1.1), agree with the power series (2.1) up to and including the terms
involving 2P and zP~}, respectively.

3. Algorithm for the expansion of a power series into the con-
tinued fraction (1.1). Since the actual computation of the numbers
v, in the continued fractions (1.1) and (1.2) is somewhat lengthy, it
is desirable that one have a simple algorithm for obtaining these
numbers. The following theorem may be used to find easily the con-
tinued fraction (1.1) corresponding to an arbitrary power series
(2.1), and, conversely, to expand a continued fraction of the form
(1.1) into its corresponding power series.

TuEOREM 3.1. Let fo(2) (2.1) denote an arbitrary power series. De-

termine polynomials Bay(z) =P +B2+p52+ - . . and numbers
Yo(kp), p=0,1, - - - | such that ]'y,] #1 by a proper choice of numbers

k,, by means of the recurrence formulas
Bo(z) = 1, Bi(2) = Yoz, B:p(3) = kpYpB2p-1(3) — Bsp-s(2),

3.1
( ) B2p+l(z) = ‘szsz(Z) + kp(l - 7?‘71’)2321)—1(3)1 P = 1: 2, tety
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Yo = ¢o/ ko,

(2p)
Bo

(2p)
2p) z -
(3-2) (c,.H, Cpy Cp—1y * * * ) B Pl=— kp+1‘Yp+xH k.'(l - 'ym),

=0

p=0,1,---.

Then (1.1) is a continued fraction corresponding to fo(z). The poly-
nomials B,(3) are the denominators of the approximants of (1.1). The
numerators of the approximants are A,(2) =8P +6Pz+ - - -, where

2p) _(2p) _(2p)

(60 161 ;62 9"')
Coy C1y C2y * * * 161" 0) ¢

@) _(2p) _(2p) 0, co, €1, + 4 €p-1,0, -+
=(60 y B, B )"')

Ov Ov Coy, * ** yCp2, 0: ‘

...........

3.3)

and

(2p+1) _@2p+1) _(2p+1)
(50 ) 0y ’ 2 y " )

00161)c2y°")cp+l»0"°°

@p+D) _(2p+D) _(2p+D) 0, co, €1+ ,€Cp 0,---

=(ﬁ0 y B1 » B2 a"')

O’ 0’ co’...’cp_!’o,...

P
+(0,0»'°‘.0Hki(1 —‘Yﬁi):o’ov'°°)) ?=0, 1""

=0
(where there are p-+1 zeros preceding the product). The expansion
(1.1) s finite when fo(2) is of the form (2.4), and k=1, p=0,1, - - -,

One proves this theorem by showing by induction that the con-
tinued fraction (1.1) determined by (3.2) satisfies the relation

fo(2) Bap(z) — Asp(z) = — kp+17p+15"+lﬁ Bl —ya)+ -,
(3.4) im0

p=0,1,.--.



926 EVELYN FRANK [December

Formulas (3.3) for the coefficients 8® of A,(2) are found if one
equates corresponding powers of z in (3.4) and in

fo(2) Baps1(3) — A2p1a(2) = — z"“fg Bl —vd)+---,

p=01,---.
The A,(2) are also given by the recurrence formulas
Ao(2) = kovo,  Ai(2) = koz,
A2p(2) = kyypdap1(z) — A2pa(3),
A2pr1(2) = Tp2A2y(2) + kp(l — 7575)242p-1(3), p=12---.

Conversely, the relations (3.2) serve to determine fo(2) (2.1) when
(1.1) is given.
As an illustration of the algorithm, let

(3.5) fo(z)=1+z+z=+zs+...(= 1 )

1 -3/
Let ky=2. Then vo=1/2, Bo(3) =1, and
(1)'(1) = — koki(1 — voYo)v1 = — 2-3kim1/4.
Letky=2,v1=—1/3, By(z) = —2/3—1,and
-1
1,1 = — 4-3-8kyys/4-9.
an( ) v/

For ks=2, v2=1/4. By a continuation of this process with all k,=2,
then y,=(—1)?/(p+2), p=0, 1, - - -, and the continued fraction
corresponding to (3.5) is, after some transformations,

@ -1 Zm (3 -1z Zm

) - -
T I i

(3.6)
(4’—1)2: E:n
+ oz A+ 14

4. Convergence to the corresponding power series. The condi-
tions under which the continued fractions (1.1) and (1.2), correspond-
ing to the power series (2.1), converge to the value of the power
series will now be considered.

THEOREM 4.1. If the infinite continued fraction (1.1) or (1.2) con-
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verges uniformly in a closed region T which contains the origin in its
interior, the corresponding power series converges to the same function
in and on the boundary of every circle K which lies wholly within T and
which has its center at the origin.

The proof is omitted since it is analogous to that given by Perron
[5, p. 342] for Stieltjes-type continued fractions.

The results of Weierstrass [10; 11], and Mittag-Leffler [3; 4],
concerning general infinite product and infinite series developments
for meromorphic functions, would lead one to conjecture that it
might be possible to find general continued fraction expansions for
such functions. To this end, let (2.1) be a power series expansion of

a meromorphic function Fo(z). The points 7y, e, + + -, 7m are taken as
the poles of Fo(z) which are in the finite plane, where 1= |r1| =< l "2|
< -+ - £|rm|. It is assumed that the poles on |z| =1 are at most

simple poles, since Fo(z) can always be made to satisfy this condi-
tion by a linear transformation. Then the coefficients ¢y, (2.1) of
the power series expansion of Fy(z) are bounded. Consequently,
given such a function Fy(z), one may expand it into the continued
fraction (1.2) provided the numbers v, (2.2) have moduli different
from one, and (1.2) converges to Fo(z) according to the following
theorem.

THEOREM 4.2. A meromorphic function Fo(3) can be uniquely ex-
panded into and represented in the closed domain

“.1) : Co: |z|§r<l

by the continued fraction (1.2) if the numbers v, (2.2) have moduli dif-
ferent from one and if the coefficients of the power series expansions for
the 2\th approximants (2\> N) of (1.2) are bounded.

ProoF. By equating coefficients of 2? in the recurrence formulas
(2.2), one obtains

p—1
cop = (1 = 7o¥0)¢1,p-1 — Fo Z Co\C1,p—1-\
(4.2) -
p—1
= v I (1 = v + K,
A=0
where K depends only on g, %o, * - -, ¥p—1, ¥p—1. If one puts v\ equal
to a number of absolute value 1, then ¢y, no longer depends on
Yat1, Tasly * ¢ ¢, Yoo In this case ¢, is the coefficient of 27 in the de-

velopment of
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(I=v¥)z 1 (A—-vi)s 1

Yo+ - — - —
(4.3) Yoz —-mn+ Y13 —v2+ -
' (1=mnrhs 1
+—‘_—"1—‘)‘—‘1“ —=dnot+ duz+ g+ -+ = i
Yr-12 e 4}

But the first (A+1) terms of this expansion are the same as the first
(A\+1) terms of the power series expansion (2.1) for Fy(z). Conse-
quently,

‘Fo(Z) - ¢7\l = Z (601: - d)\v)zv = Z (601’ — d)‘,,)z”
(4.4) v veh
© f)‘+l
< X (low| +]dn|)r =€+ D) )
v=X+1 1 it 4
where

max | coo| = C, max | dro| = D, X\ > N, an arbitrarily large number,

for z in Cp (4.1). Since the right-hand expression of (4.4) converges
to zero with increasing A, the functions ¢, converge uniformly to
Fo(z) in C,.

The following theorem may be proved in an analogous manner.

THEOREM 4.3. A meromorphic function F(z) can be represented in
Co (4.1) by a continued fraction (1.1) provided the coefficients of the
power series expansions for the 2\th approximants (2N>N) of (1.1)
are bounded.

Since Fy(2) is analytic in Cy (4.1), Theorems 4.2 and 4.3 extend the
work of Schur beyond analytic functions which have moduli less
than one in the unit circle.

It is also noted that if the function Fy(2) satisfies the condition
| Fo(z)| <M throughout the region C,, then Fy(s)/M <1. Hence
Fo(2)/ M is an analytic function of modulus less than one throughout
this region and satisfies the conditions of Schur’s continued fraction
for analytic functions bounded in the unit circle. The continued frac-
tion which represents Fy(z) in Cy is therefore

MA—v%)z 1 (A —v7)z 1

Myt+——"7—" — —— — Tp| <1,
Yoz -mn+ 712 "’Yz+"°’| pl

P ] 0, 1’ e,
If one puts y,=v, p=0,1, - - -, in (1.2), the following theorem on

a periodic continued fraction is obtained for convergence to the value
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of the power series and its analytic continuation.
THEOREM 4.4.2 The periodic continued fraction
- 1 (A-99z 1
(4.5) Tt——m = —— —
v -+ v -yt

converges uniformly* to the value of the power series and furnishes the
analytic continuation in the cut z-plane. In the cut plane, the function

42— (142 + 2= dias
29z

is regular and is equal to the continued fraction. For || <1, the cut is
along the arc of the unit circle which contains the point z=1 between the
points 2yy—1+2i(yy(1 —vy))V2. For I'yl >1, the cut is along the
real axis between the points 2yy —1F 2(yy(yy—1))V2.

ProoF. By a theorem of Perron [5, p. 276], the continued
fraction (4.5) converges for all z with the exception of those values
which satisfy the condition |')7zx1—1| = Iizx2—1| , X17#xs, where
x; and x; are the roots of the equation ¥zx2—(142)x+v=0.
Thus (4.5) diverges when |z—1+(1+zz+(2—-4'y'7)z)”2[ =lz—1
—(1422+(2—4v7¥)2)"?|, where 143224 (2—4y7)250. Then

(2= 14+ 1+ 22+ (2 — 4y¥)2)" )¢
=(3—1— 04224 (2 — 4y9)2)VD)eie, a 5% 0, real,
or
(z—1Disina+ (14224 (2 — 4y¥)2)Y2cos a = 0,

whence
1
24+ —=2[v¥ — (1 — vy)t], —1=2t<1.
2

The theorem follows immediately.

5. Convergence of the continued fractions (1.1) and (1.2). Since
the development of the continued fractions from an arbitrary power
series described in §2 and §3 is a purely formal process, the question
of the convergence of these continued fractions will be further dis-
cussed.

3 This theorem and proof are due to Professor Oskar Perron, who communicated
them to the author.

4 Here the approximants Asp41/Bspsr are considered with the common factor z
removed.
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The following theorems give convergence regions for large values of
|z| and for regions which do not include the origin. They are im-
mediate consequences of the Pringsheim convergence criteria (cf.
Perron [5, pp. 254-262;7]).

THEOREM 5.1. The continued fmcti'on (1.1) converges uniformly
over every bounded closed region for which the conditions
| capiTp12| Z | kp1(l — Ypmi¥p—1)Cap-s62pz| + 1,
IcﬁPkP'Ypl = I 62P—162p| + 17 Co = 1: p= lv 21 Tty
hold simultaneously. The numbers ¢, are arbitrary constants different
from zero, or functions bounded in the region.

The following convergence regions for the continued fraction (1.1)
are obtained by various choices of the numbers ¢, in the above
theorem. The choice c,=1 gives Theorem 5.2. If one writes ¢,

=(r—1)/Cn, cp=r1,/bp, p=1, 2, - - -, where the b, are the partial
denominators of (1.1), Theorem 5.3 is obtained (cf. [5, p. 262]).
The choice 7,=2, p=1, 2, - - -, yields Theorem 5.4.

THEOREM 5.2. If |v,| 22/| ksl |¥oot| > | Bpa(1 —Ypi¥p)|, the
continued fraction (1.1) converges uniformly over every bounded closed
region for which

1

I 'Yp—ll - I kp1(1 = ¥p-1¥p-1) I ’

THEOREM 5.3. The continued fraction (1.1) converges uniformly over
every bounded closed region for which simultaneously

2] 2

p=12--

_ 1-— 7% Topt1 — 1
| Bo(1 — vo¥0) | = C ol } et )
YoYp T2p72p+1
1 r2p — 1
. < , p=1,2,---,
kY o172 72p—172p

where C is an arbitrary constant and the r, are any numbers such that
rp>1.

THEOREM 5.4. The continued fraction (1.1) converges uniformly
over every bounded closed region such that simultaneously Iz[
=22(5Y2)/| kevo| and |z 25/|k;|, where k; denotes the number k, of
smallest modulus, and 2/5V2 < |v,| £2/312, |v,] #1, p=1,2, - - -.

By an equivalence transformation the continued fraction (1.1) may
be written in the form
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1 1 1/kyy 1 2 -1
Eoyo + ko‘Yo( 1)[ / 1Y0Y12 /i ‘Yll

61 Ivwr /JLt- 1 4+ 1
' Yk 1] 7alP =1 ]
- 1 + 1 S
provided |'y,l #0,1,p=0, 1, - - - . The following convergence region

for this expansion is obtained by the parabola theorem [7].

THEOREM 5.5. For values of v, such that 0<|y,| 2/3'2, |v,| 1,
the continued fraction (5.1) converges uniformly for all z=re"® in every
bounded closed region such that r=2/|kyy;¥o| [1+R[EsV Yo
(cos 0—1 sin 0))/| kyYsTp| |, provided > |d,| diverges, where di=1,
Cp=1/88p11, Crp1= —1/kyY5Vp12, C2p= I/I'Ypl 2-1,p=1,2,---.

The conditions of the preceding theorem are, for example, satisfied
for k=1, v,=10/9, p=0, 1, - - -, in the periodic continued frac-
tion. In this case, (5.1) converges uniformly over every bounded
closed region exterior to the cardioid r=1.62 (1+4cos 6). By an ap-
plication of the theorem of Worpitzky [12] to the expansion (5.1),
one obtains the same convergence region as stated in Theorem 5.4.
Furthermore, the theorem of Worpitzky states that the moduli
of the values of (5.1) and of its approximants do not exceed [ko'yol
+]2ko/‘7o—ko'Yol-

6. The even and odd parts of the expansion (1.1). The even part
(cf. [5, p. 201]) of (1.1) is

v [ Eyvi(1 — v6¥o)z  keya(1 — vi71)z
Yo — _
L — Fokviz+1 + — kyyszs+ 1

6.1)
kays(1 — vyav2)1iz ]
+ —keysz e +
or
kryi(1 — vo¥o) kaya(1 — v1¥1)
ko/‘w YoW —
6.2) — vokryi/w + w4+ — kya/w + 1w

kays(l — y2¥2)m ]
+ = kvy/wt ot L
where w=1/z1/2,

Expansion-(6.1) is of the same form first considered by Euler [1],
who derived it from a given power series, but the convergence of this
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expansion does not seem to have been studied. The convergence
theorems of §4 and §5 are applicable to (6.1) since the approximants
of (6.1) are the even approximants of (1.1). In addition, conditions
which insure the convergence of (6.1) in the neighborhood of the
origin will now be found.

THEOREM 6.1. If 0<m=|ky| <1, 0<m=|v,| <1, p=0, 1, - - -,
the continued fraction (6.1) converges uniformly over every bounded
closed region within

m2
L+ (L mme
It also converges for all z in the region
1
(1 +mie = 1)

and uniformly in every bounded closed region interior to this region.

(6.3) |2 <

(6.4) |2 2

Proor. By the hypotheses on the k, and +,, for Iw] =7,
|kva(1 —vi7)| 1, [voa(l = YoiTod)ls¥s| S1, p=3, 4, -+ -,
| —Eg¥o/wtvpaw| Z = [ kpyp/w| +|vpw| 2 —1/r+mr22, p=2,
3,---, provided r=1(14+({1+m)"®)/m or Izl =m?/(14+m)\?)2,
Also, for the first partial denominator of (6.1), |-—'yOk1'yl/'w-I-w[
=2r—1/r=2 provided r=1+42Y2 or [z[ =<1/(1+2v%)2 The region
(6.3) is contained in this region. Consequently by the Pringsheim
convergence criteria, (6.1) converges uniformly over every bounded
closed region within (6.3).

Similarly, one obtains the convergence region (6.4), since | —kyyo/w

'+"Yp-—l‘w| ;_I‘Yp—lwl+]kp’YP/w] 2_7+m2/f’§2:P=2,3s ++*,pro-
vided r=—14+{1+m?)V2 or [zl =1/(14+m»)V2—1)2. For the
first partial denominator of (6.1), [—‘yokl'yl/w+w| = —r+mé/r

=2, provided |z[ =1/(1+m*)V2—1)2, Here 1/((14+m?)V2—1)2
=1/((14+m?)Vz—1)2,

Since in the expansion of a power series (2.1) into a continued
fraction (1.1), it is always possible to choose the numbers &, such
that 1<|'yp] =N, =0, 1, - - -, where N is an arbitrary positive
constant, the following theorem insures the uniform convergence of
the even part of such a continued fraction in the interior of a circular
region about the origin.

THEOREM 6.2. If 0<|kyy,| S M, [1—v,7,| SK, 1<|v,| =N,
p=0,1, .-, where M, K, and N are arbitrary positive constants such
that K = (N —1)/4, (6.1) converges uniformly over every bounded closed
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region within
1
2MN(1 + 2K)

PRrOOF. For |w| =7,| kpsrYpr1(1 —V4¥p)Vp1| S MKN < (r*—2MN) /4
= [I Rp11Y p+1%5Y 5/ w2| + I’Yp')’p—lw2l - l kp+17p+17p—1| - I kp'szl ]/
= l (= kpsrYprr/wtv,w) (— kpyp/w +'Yp—1w)|/4v =2, 3, ---.
Hence by the Pringsheim convergence criteria, (6.1) con-
verges uniformly over the region |w| 2=r222MN+4MKN, or
|z| =<1/2MN(1+2K), provided K=(N—1)/4. The latter condition
is necessitated by a slight irregularity at the beginning of the con-
tinued fraction. Here, for the Pringsheim criteria to hold,
| Bava(1 —v171) | S MK < (12— M — MN?) /A < [| yokryvikays/w?| + | viwe?|
— | kove| — | keyo3| 1/4 = | (—vokrvr/w+w) (—eye/w+viw) | /4, s0
that 7224 MK+M(1+N?), or |z| <1/[4MK+M(1+N?)]. The
circular region (6.5) is contained in or coincides with this region if

(6.5) |z] <

K=2(N-1)/4.

As an illustration of this theorem, consider the expansion of the
function (3.5) with vy,=2, p=0, 1, - - - . By the algorithm (§3),
ko=1/2, k,=(—1)?*1/37, p=1, 2, - ... Then, for M=1, K=3,

N =2, the continued fraction (6.1) converges for |z| =<1/28.
If 0< l‘y,,[ <N, lélk,,'y,,l =< M, the following theorem gives con-
vergence for large values of |z|.

TuEOREM 6.3. If 1=|kyy,| SM, |1—7,7, SK, 0<]|v,| =N,

»=0,1, - - -, where M, K, and N are arbitrary positive constants such
that N=1/v,, (6.1) converges for all z in the region
(6.6) |2] = 2MN(1 + 2K)

and uniformly in every bounded closed region interior to this region.

PROOF. For| | =7, | ks 1V p11(1=7575)¥p1| S MKNZ(1/r>—2 M N) /4
= [l Epi1V o1k o/ 'w2l + I 'Yp'Yp—l'wzl - l kp+1'Yzw+l'Yp—-l| - l kp'Yzzrl ]/ 4
= | (= Epsr¥pr1/w+7,w) (— Egyp/w+v,w)| /4. Hence (6.1) con-
verges for 7r2<1/2MN(1+42K) or ]z[ =2MN(1+4+2K). By a
method analogous to that used in Theorem 6.2, for the Pringsheim
criteria to hold for the irregularity at the beginning of (6.1), it can
be shown that lzl = [4MK+ M1+ Nvo)]/vo. This region lies in-
terior to or coincides with (6.6) provided N=1/,.

The even part of (1.1) is similar in form to the expansion

Z

4
6.7 1+ 4
(©.7 e e e+ Tt du -



934 EVELYN FRANK [December

discussed by Thron [8]. For
kovo = 1, do = an arbitrary finite number,
= kokivi(1 — vo¥0) = 1,  di = — Foki1y,
kavn(l = Ya-i¥n1) — Ea¥n

1, d,=
Yn-1 Yn-1

(6.8)

s om=2,3.,

the expansions (6.1) and (6.7) are identical in form. For an arbi-
trary power series 1-4(1+4do)z+ca22+c33*+ - - - the &k, and 7,
p=0,1, - - -, may be found by (3.2) and (6.8) such that the even
part of the resulting continued fraction (1.1) will be of exactly the
same form as (6.7). However, since the law of formation of the coefh-
cients d, for the expansion (6.7) (cf. [8]) is different from that used
in the algorithm of §3 and in the formulas (6.8), the coefficients d,
in the continued fractions (6.7) corresponding to the same power
series, but found by the two different methods, are in general dif-
ferent.
The odd part (cf. [5, p. 201]) of (1.1) is

EYoz  ko(l — vo¥o) V1 k(1 — vi¥1)¥oVez
Yz + — Tt k¥ +  — T2t ke
k(1 — vo¥2) 71758
+ =Vt kY -

By methods similar to those for the even part (6.1) of (1.1), one may
find convergence regions for the odd part (6.9). Such regions depend
on the conditions which the numbers k&, and v, satisfy, as, for in-
stance, in the following theorem.

THEOREM 6.4. If 0<|k|SM, |[1—7v,9,] <K, 1<]|v,| =N,
p=0,1, -, where M, K, and N are positive constants, such that
1=216KM2N‘>1—(1—-N/(1+2K))?, (6.9) converges uniformly over
every bounded closed region in the annulus

8KMN 1
Y P[P ———
1 — (1 — 16KM2N412 2MN(1 + 2K)
7. Transformations of the continued fraction (1.1). For the mero-

morphic function

(7.1) F(z)

(6.9)

80+ 2Fo(2)
B 8 — ZFo(Z) ’

where F(z) has no poles in ]z] <1, § is a constant different from zero,
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and Fy(z) is a meromorphic function, with the use of the functions
o — fr

)
ox + 2fs

as in [2], the following continued fraction is obtained (where the
right-half plane has been mapped on the unit circle).

ho(z) =

THEOREM 7.1. The infinite continued fraction

142 2200 —vd) (@14 vd)0 — i)z
1—24+ & —8iz + o0 — 092

(7.2) e ,
(B2 + ¥{)(@® — v{)z
+ 8 — 8z + .-
where
6?, _717, 0 Yo
703 8 = 8’=_ ,=— _—_0’1’...,
(7.3) opn 1_5;’71’,’ » k,,, LE k,, ?

and where the k, are chosen so that [‘y,] #1, 6, #v, , converges uni-
formly over every bounded closed domain in Co (4.1) to the meromorphic
function F(z) (7.1), provided the coefficients of the power series expan-
sion for the 2\th approximants of (1.2) remain bounded, for N suffi-
ctently large. The expansion (1.2) is finite when the v, form a finite
sequence. :

By the transformation

4rz 14 wr2—-1
==r

A+ w2+t
which maps the interior of ]zl =7 on the w-plane exterior to the cut

from —1 to — o, where 7 is defined by (4.1), one obtains the con-
vergence to the function F of the continued fraction

A=n+A+r(1+w)1/? 2(8¢ —vd )rw
(7.4 A4+ A=A+ w)V2 4 (8§ +017)+ (8¢ —8:1r) (14 w)1/?
' Gv9) (3 —v{ )rw
+ (3 +8n)+6f —8er) 1+ w) 2 - - -
provided the coefficients of the power series expansions for the 2\th

approximants of this continued fraction remain bounded for \ suffi-
ciently large. The continued fraction converges uniformly over every

T -2
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bounded closed region which lies in the w-plane exterior to the cut
along the real axis from —1 to — .

In (7.4), let 6,=1, |6,,| =1, kpa=1, p=1, 2, - - .. One thus ob-
tains an extension of the theorem in [9]: If ¢ is @ nonzero constant,
—o<Lg, <o, g,,#l, a,,_1=1+1's,,_1, bp—l=1—1:5p_l, — 0 <sp 1< 0,
p=1,2, - - -, the continued fraction

(1 =7+ A+ A+ w)re]
(a0 + dor) + (a0 — ber)(1 + w)1/2

4girw
+ (a1 + b1r) + (61 — bir)(1 + w)1/2
4(1 — g)gerw
+ (as + bor) + (a2 — bar)(1 + w)i/?
4(1 — go)gsrw
+ (as + bar) + (a3 — bsr)(1 + w)/% + - - -
converges uniformly over every bounded closed domain in the w-plane
exterior to the cut along the real axis from —1to — o to the meromorphic
Sfunction F(z), provided the coefficients of the series expansions of the 2\th

approximants of the continued fraction are bounded for N sufficiently
large.
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ARBITRARY MAPPINGS
H. D. BLOCK AND BUCHANAN CARGAL

The results of this paper generalize some results of H. Blumberg.!

Let X be a set of elements and let 9N be a collection of nonempty
subsets of X. We assume that there is, in 9N, a countable subcollec-
tion: N, N2, - - - | N* . . . with the property that, for each N of N
and each x of N, there is an integer k, such that x€N* and N*CN.
In the remainder of this paper the letter N with a superscript will
always denote a member of the set N, N2, . . ., N*, . . . The letter
N with or without subscripts will always denote a member of N,
and the letter x will denote an element of X. The symbol N(x) de-
notes a set NV which contains x.

Let the statements of the preceding paragraph be repeated, re-
placing X by ¥, t by I\, N by M, x by y.

Let a correspondence, f, be given which to each x assigns a non-
empty subset (denoted by f(x)) of V. If VCV, then f~1(V) denotes
the set of all x such that f(x)- V0.

DEFINITIONS. Let S be a subset of X. Then S is nowhere dense if,
for each N, there is an NiCN with N;-S=0. A set is exhaustible if
it is the union of a countable collection of nowhere dense sets. A set
is residual if it is the complement (with respect to X) of an ex-
haustible set. A set is inexhaustible if it is not exhaustible. The point
x is said to be a point of exhaustible f-approach if there is a y in f(x),
an M(y), and an N(x) such that [f}(M(y))]-N(x) is exhaustible.
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! New properties of all real functions, Trans. Amer. Math. Soc. vol. 24 (1922) pp.
113-128. Also Arbitrary point transformations, Duke Math. J. vol. 11 (1944) pp. 671-
685. The definition of f-approach and A approach that we use here are essentially
those introduced by Blumberg.



