ABSOLUTE CONVERGENCE OF
CONTINUED FRACTIONS!

RALPH E. LANE

1. Introduction. Consider the continued fraction

a
(1.1) i+t —m—m
bl — Qa2
by — as
by — -+ -,
where f; is a number, {al, a, as, -+ - - } is a sequence of nonzero num-
bers, and {1, bz, b, - - - | is a sequence of numbers. We obtain condi-

tions necessary and sufficient for (1.1) to converge absolutely, and we
indicate their relationship to older sufficient conditions. We find a
new characterization of positive definite continued fractions, whose
importance is emphasized by the fact (Theorem 4.2) that if (1.1) con-
verges, then there is a positive definite continued fraction which is a
contraction of (1.1). We also obtain new sufficient conditions for
absolute convergence of positive definite continued fractions.

2. Continued fractions and sequences of linear fractional trans-
formations. In this paper, a subscript p denotes a positive integer.
By the generator of (1.1) we mean the sequence { t(u), t(u),
ts(u), - - - } of linear fractional transformations such that #(u)
=fi4ai/(b1—u) and tp1(%) =t,[aps1/(bp1—u)] for p=1. We denote
this sequence by ¢(u).

REMARK 2.1. For a sequence s(u#) of linear fractional transforma-
tions to be the generator of a continued fraction, it is necessary and
sufficient that s;(® ) © and 5,(0) =s,41(») for p=1.

By the sequence of approximants of (1.1) we mean the sequence
{f1s for for + - - } such that f,=t,(») for p=1. We denote this se-
quence by f.

REMARK 2.2. For a sequence x of points in the complex plane to be
the sequence of approximants of a continued fraction with nonzero
partial numerators, it is necessary and sufficient that x;7 « and x,
#Zx,4q for p=1.
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If f has the property that there exists a positive integer # such
that (1) the sequence {fa, fat1, fate - - - } is bounded and (2) either
n=1 or fu_1= 0, then by B; we mean the set of all sequences R such
that for p=1

(i) R, is a circle plus its interior,
(2.1) (i) RpDRp41, and
(iii) fp is in R, if p=n.

THEOREM 2.1. If f is bounded, then for R to be a member of B, it is
necessary and sufficient that

(i) Ri s a circle plus its interior,

(i) of p=1, then t;(R,) is a closed half-plane or a circle plus
its exterior, and

(iii) of p21, then £;'(Rp) Dt; ' (Rpi1)-

Moreover, if R is a sequence in By, and if p21, then t;'(R,) is a closed
half-plane if f, is a boundary point of R,, or is a circle plus its exterior
if fp 1S an interior point of R,.

(2.2)

ProoF. The theorem is a direct consequence of the definitions of f,
t(u), and By.

We denote by & the sequence {hi, hs, hs, - - - } of points in the
complex plane such that if p=1 then k,=¢;"( ). From the relations
t1(by) = © and tpy1(%) =tp[aps1/(bps1—u) ], it follows that

(2.3) by =101 and k1 = bpp1 — Gpii/ by forp = 1.
If p=1, then £,( ) =fp, £5(0) =fp11, and £p11(bpt1) =fp; so that
fp= o if and only if 4, = o,
(2.4) Jfo+1 = o if and only if %2, = 0, and
fo = o if and only if k41 = bpya.
If p=1, and if f,5 © and fp1157 =, then
halfors = J)
hy — u

If p=1, and if f# ©, fp417# ©, and fp425 ©, then

(2.5) to(u) = fo +

fp+1 - fp+2 _ bp+(l - hp+l _ Apt1 .
fo = forr hpt1 hyhpir
3. Conditions necessary and sufficient for absolute convergence.

If x is a sequence of points in the complex plane, the statement that
x converges absolutely means that there exists a positive integer »

(2.6)
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such that (1) if p=#, then 2, « and (2) > ., ]x,,—x,,+1| converges.
The statement that a continued fraction converges absolutely means
that its sequence of approximants converges absolutely.

THEOREM 3.1. For (1.1) to converge absolutely, it is necessary and
sufficient that there exist a positive integer n, a sequence s of numbers,
and a sequence q of numbers such that

(i) s,>0 and g,70 for p=n, and Y 5., s, converges,
(ii) there is a sequence R in By such that if p 2n, then t,'(R,) is
(3.1) the region defined by the inequality s,] ul = | u—q,l , and
(iii) there is a sequence R' in By such that if p=mn, then g, is
in t; (Ry).

Proor. A. Suppose that there exist such an integer » and such se-
quences s and ¢. Let m denote an integer such that if p =m, then
pZn and fp is in R,. Now R, is a circle plus its interior, « is not in
R,, and h,=t,(®) is not in £,;(R,); hence if p=m, then s,|h,|
>]h,,—q,,|, or s,> | (h,,—q,)/h,l. Moreover, if p=m, then by (2.4)
and (2.5),

I (fo+1 — fp)/[tp(%’) - fp] l = I (hy — QP)/hp| < $p.

By hypothesis, f, is in R, and £,(g,) is in R}, and consequently there
exists a number M such that if p=m, then ¢,(g,) —f» <M, so that
| for1—f»| < Ms,. Since I ., s, converges, (1.1) converges absolutely.

B. Suppose that (1.1) converges absolutely. Let # denote the posi-
tive integer such that if p =#, then f,> «© and such that either n=1
or f,_1= . Let R, be a circle plus its interior, with radius r and center
¢ such that if p=#, then 3r>4|f,,—c| >2r. Let R, be a circle plus
its interior with radius #’ and center ¢, such that R,/ DR, and such
that if p=#, then the inversion of f, in the boundary of R, is in
R, . For p=1, let R,=R, and R; =R,]. Then R is in B; and R’ is
in B/.

For p=mn, let t,(¢,) be the inversion of fy4;1 in the boundary
of R,. By construction, ¢,(g,) is in R, so that ¢, is in £'(R,).
Moreover, if p =n, then there exists a positive number s, such that
R, is the region defined by s, |u— f,,+1l = | u—t,,(q,,)l ; and since
3r>4[ f,,+1—c| >2r, there exist positive numbers D and s’ such that
lt,(q,) —f,,[ 2D and sy £s' for p2n. By (2.5), t;'(R,) is the region
defined by s,lul é,u—%%i where s,=s, l (le_fp)/[tp(Qp) _fp”
< | for1— f,,ls' /D. Hence ) ,., s, converges. This completes the
proof.

LEMMA 3.2a. If s is a sequence of positive numbers, then for D . s,
to converge it 1is necessary and sufficient that there exist a sequence d of
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positive numbers such that for p=1

Spt+1 < dp .
sp 14 dpn

Proor. Suppose that d is such a sequence. If p=1, then s,
+5p11dp11 = 5,d,; and by induction, if # is an integer greater than p,
then Y o i1 Sk+Sadn Sspdy, so that D ey s < D 2., si+5,d,. Hence

I=1 Sk converges.

Suppose that Y j.,s; converges. Let r be a sequence of non-nega-
tive real numbers such that D s, 7, converges, and for p=1, let d,
be the positive number such that s,d,= D 4,41 (r2+5i). Then s,d,
=rpt1FSpr1+Sp118p11 2 Spr1+Sp41dpa, S0 that spi1/5,<dp/ (1+d,,+1)
This completes the proof.

REMARK 3.1. From the above proof it follows that if in Lemma 3.2a
the statement sp41/5,=dp/(1+dp41) is replaced by either of the
statements

Spt1 < dp Spt1 dp
’ = )
Sp 1 + dp+1 Sp 1 + dp+1
then the resulting lemma is true.
ExaMpLE 3.1. Leta>—1,b>a+1, and d,=(a+p)/(b—a—1) for
p21. By Lemma 3.2a, the series
at+1l (e+1(@+2)
b+1 (+ 1)+ 2)

1+

converges.

LeMMA 3.2b. For f to converge absolutely, it is necessary and sufficient
that there exist a positive integer n and a sequence d of positive numbers
such that, for p=n,

(i) dp>1+dpsa of forn= o or if fy=Ffpia= and
(i) dp|fo—fort| >A+dpr) | forr—Fore| of
(3.2) (@) fpr15 © and
(b) fp5 © 0F fprast .

Proor. If f converges absolutely, then there exists a positive
integer # such that f,£ « if p=n; and by Remark 3.1 there exists a
sequence d of positive numbers such that (ii) holds for p=n.

Suppose that there exist a positive integer # and a sequence d of
positive numbers such that (3.2) holds for p=#. We first show that
if p=n+d,, then f, ©. Suppose that m is an integer, that m=n
+d., and that f,= . Then for p=m—1, the relation (i) holds by
hypothesis, and dn—>1+ds>1. Since fn= 0, it follows (Remark
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2.2) that fp15% . If f_s5% 0, therefore, (ii) must hold for p=m—2;
but this is impossible, since f., = «. Hence fn—s= «, and (i) holds for
p=m—2, so that dm_2>14dn1>2. If m>n+2, then (i) must hold
for p=m—3, and d,_3>3. If m>n+3, then fns=» and dn_s>4.
By induction, d,>m —n, so that m <n+d,. Hence the assumption
that f,,= « is false; and if p Zn-+d,, then f,# . By Lemma 3.2a, f
converges absolutely. This completes the proof.

THEOREM 3.2. For (1.1) to converge absolutely, it is necessary and
sufficient that there exist a positive integer n and a sequence d of positive
numbers such that, for p=mn,

(1) #of bpy1=0, then dy>1+4dys1, and
(3.3) (i) of bpy15%0 and if t;}1(Kpi1) is the region defined by d,,| ul
=(14dpp1) | u —b,,+1| , then K41 15 a circle plus its interior.

Proor. The conditions (3.2) of Lemma 3.2b can be written
(@) dp>1+dppr if fr=Fpsa,

(b) @,>1+dp1 if fr#fps2 and fru =,
(c) dz:lfp_fp+1| >(1 +dp+l)|fp+1_fp+2l if f#fpie and fpp5= .

Since fp=tp11(bp41), fore=tp41(0), and o« =t,11(kp41), the first two of
these conditions can be written

(a’) dp> 1 +d,,+1 if bp+1 =0,

(b/) dp> 1 +dp+1 if bp+1 #0 and hp+1= 0 §

as for the third, where b,4170 and k,15 «, similar consideration of
the two cases (1) kp1=0 and (2) hp41=>bp41, and use of (2.6) for the
case (3) hps1740, Bpr17# by, shows that (c) may be written

(") dp| hpya| > (1 +dp4r) | psr—bppa| if bpp15%0 and Bpys = oo.

Now if £;}(Kp41) is defined by dp|u| (1 +dpu)|u—bpra|, where
d,>0, dp31>0, and b,417#0, then for K, to be a circle plus its in-
terior, it is necessary and sufficient that the point k,41=¢,},(=) be
exterior to ¢,;(Kp41). Hence the conditions (a’), (b’), and (c’) are
equivalent to (3.3), and the theorem now follows from Lemma 3.2b.
This completes the proof.

REMARK 3.2. If a;=1and b,=1 and ap41 = —c, for p=1, then (1.1)
is the continued fraction

3.9 1
T+a
1+ ¢o
14---,
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where ¢ is a sequence of nonzero numbers. If, in the notation of
Theorem 3.2, 7,=d,/(1+dp41), then #,},(K,.1) is defined by the in-
equality r,,| u| §[u—-l| . The condition ¢, (K,) Dt; '(Kp41) gives the
inequalities (5.5), p. 376, of Lane and Wall [1]2 for p = 1. The condi-
tion £, (K1) Dt; (K p-1p41) gives, for p=2, the inequalities (13.) of
Scott and Wall [2].

4. A characterization of positive definite continued fractions. The
continued fraction (1.1) is said to be positive definite? if

(i) I(b1)>0 and I(b,)=0 for p>1, and
(ii) there exists a sequence g of numbers such that 0<g; =1
4.1) and, for p=1,0=g,11=1 and

I a?+1l —R(aps1) S21(bp) I(bpy1) (1 —gp)gp41-

If F is a continued fraction, the statement that F is equivalent to
(1.1) means that the sequence of approximants of F is the sequence
of approximants of (1.1).

REMARK 4.1. If F is a continued fraction, and if #'(«) is the gen-
erator of F, then for F to be equivalent to (1.1) it is necessary and
sufficient that there exist a sequence o of nonzero numbers such that
ty (u) =t,(u/o,) for p=1. If ¢ is such a sequence, then F is the con-
tinued fraction

fi+ o
0’1b1 — 010202
0'2b2 — 090303
o‘sba -

THEOREM 4.1. For (1.1) to be equivalent to a positive definite con-
tinued fraction, it is necessary and sufficient that there exist a sequence
R in By such that if p 2 1, then t;(R,) is a closed half-plane; i.e., if p=1,
then f, is a boundary point of R,.

ProoF. Let t~(R) be a sequence of closed half-planes. Then there
exist a sequence ¢ of nonzero numbers and a sequence & of real num-
bers such that if p=1, then ¢, '(R,) is defined by R(v,u) <k,. We show
first that for R to be in By it is necessary and sufficient that

(i) 0=k <R(01b1) and 0=k, = R(0,b,) for p>1, and
(4.2) (i) R(o'po'p+lap+l)+Io'zzo'p+lap+ll S2kyR(0p410p11—kppa) for
p=1.

2 Numbers in brackets refer to the bibliography at the end of the paper.

® This is an adaptation to (1.1) of the definition on pp. 67-71 of [3], where it is
assumed that g I(h)>0; e.g., in formula (17.3) of [3].
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For R, to be a circle plus its interior, it is necessary and sufficient that
the point #{*()=b; be exterior to #{'(Ry); i.e., that R(01b;)> ks,
If p=1, then » is a boundary point of #,'(R,), and f,=t,(») is a
boundary point of R,; similarly, fz41 is a boundary point of Ry If
R,D Ry, then the point £ ' (fp41) =0 is in £, (R,), or 0 = k,; moreover,
the point #},(fp) =bp41 is not an interior point of #},(Rp41), or
R(0p41bpt1) = Ekpi1. Hence for t~1(R) to be in By, the conditions (i) of
(4.2) are necessary.

Suppose that (i) of (4.2) holds. Then for p=1, ;' (Rp41) is defined
by

R(&,,+1¢i,,+1u) g 0 if R(o'p+1bp+l) = kp+1, or

Op+10p41 Opt+10p4+1
(4.3) u p+1%p < | + p+|

" 2R(0pibpir — kpir)| T 2R(opiibprs — Epi1)
if R(opr1dps1) > kpir

Hence if (i) of (4.2) holds, then (ii) is a condition necessary and suffi-
cient for the relations R, DR,41 to hold for p=1. We conclude that
+~1(R) is in By if and only if (4.2) holds.

If for p=1 we take 6,=—1 and k,=(1—g,)R(—1b,), where g, =1
if k,=0, the theorem now follows from (4.1) and Remark 4.1. This
completes the proof.

REMARK 4.2. By Theorem 4.1, a bounded increasing infinite se-
quence of real numbers is the sequence of approximants of a positive
definite continued fraction. More generally, if x is a sequence of
numbers, if x,7%,41 for p=1, and if there exists a number ¢ such
that Ix,—c| lepﬂ—cl for p=1, then x is the sequence of ap-
proximants of a positive definite continued fraction.

THEOREM 4.2. If (1.1) converges, then there exists a positive definite
continued fraction whose sequence of approximants is a subsequence of f.

ProoF. Let ¢ be the number such that f,—¢ as p— . Then there
exists an infinite subsequence, x, of f such that if p=1, then x,5 «
and |x,,—c| >]x,,+1—c| . By Remark 4.2, x is the sequence of ap-
proximants of a positive definite continued fraction. This completes
the proof.

5. Absolute convergence of positive definite continued fractions.
Throughout this section we suppose that (1.1) is equivalent to a posi-
tive definite continued fraction, and that % is a sequence of real num-
bers such that R is in By, where, for p=1, £,(R,) is the closed half-
plane R(u) =<k, The conditions (4.2) hold, therefore, with ¢,=1,
and £, '(R,41) is the region defined by (4.3), for p=1.
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THEOREM 5.1. If there exist a positive integer n and a positive number
M such that |apy1| S MEyR(bpi1—Epyr) for p2n, then (1.1) converges
absolutely.

Proor. Since, by hypothesis, (1.1) is equivalent to a positive defi-
nite continued fraction, its sequence of approximants is bounded;
and by (2.4), hy © and h,0 for p=1. Moreover, if p=n, then
t; (Rp41) is a circle plus its interior; let v, be the point of #,'(Rp+1)
farthest from %,. By (2.5),

fp+l - fp
t5(vp) — fp

Since the origin is a boundary point of #;*(Rp1), lv,,] is less than or
equal to the diameter of £, '(Rp41), or [v,,l = | a,+1| /R(bpi1—kp1);
hence lv,,l < MkE,. Since R, is a circle plus its interior, %, is not in the
closed half-plane R(u) <k,; so |h,,| = R(hy) >k, Finally, by (2.5),
tp(vp) is the point of R,;1 nearest f,; so |tp(‘v,,) - f,,l S2(rp—7p11),
where for p=1, r, is the radius of R,. We now conclude that if p =#,
then |fpr1—fo| <2(1+M)(rp—7p11). Since Dy (r5—7p41) is a con-
vergent positive-term series, (1.1) converges absolutely. This com-
pletes the proof.

by — vy
ky

Up

=14

b 4

COROLLARY 5.1a. If there exist a sequence g and a positive number M
such that, for p=1,

(i) 0<g,<1,

(ll) o] —R(cp) =2(1—gp)gp+1, and

(iii) |ep| <M(1—gp)gp+1,s

then the continued fraction (3.4) converges absolutely.

REMARK 5.1. The above corollary is a true generalization of the
convergence condition Ic,,] <(1—g,)gps1, p=1, of Pringsheim [4];
compare it with the condition ]c,,[ —R(c,) =2r(1 —gp)gp41, where
0<r<1, p=1, on pp. 142-143 of [3].

REMARK 5.2. It should be noted that in Theorem 5.1 and its corol-
lary we do not conclude that the common part of Ry, Re, R;, - - - isa
point. Actually there exists an absolutely convergent positive definite
continued fraction which has the property that if £~1(R) is a sequence
of closed half-planes such that R is in By, then the common part of
Ry, Ry, Ry, - - - is a circle plus its interior. We give the following
example. Let s be a decreasing sequence of positive numbers such
that ) ., s, converges. For p=1, let each of Ra—s, Rsp1, and Ry,
be the region defined by Iu—(s,,—l)l =1+s,, and let fips, fip-1,
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and f3, be boundary points of R;, such that arg f3,_2=0, arg fsp_1=1,
and arg f3, = —1. Then f is the sequence of approximants of an ab-
solutely convergent positive definite continued fraction. If R’ is a
sequence in By such that f, is a boundary point of R, for p=1, then
R3,_3DRspfor p=1, and hence the common part of R{, Ry, R{, - -
is a circle plus its interior.

THEOREM 5.2. Let e, = | ap1a| / [28,R(Dps1— Fpi1) — R(@psr) | for p=1.
If > o) (1—e,) diverges, then (1.1) converges. If there exists a sequence
d of positive numbers such that e,(2+2dp11—d,) Sdyfor p=1, then (1.1)
converges absolutely.

Proor. A. We show first that 7,.1/7,=<2e,/(1+e,) for p=1, where
7, is the radius of R,. If R(bp+1) =kp41, then by (4.2) apy1 <0 and hence
e, =1, so that the relation 7,11/7, < 2¢,/(1+¢;) holds. If R(bpi1) > kpi1,
then £, '(R,41) isa circle plus its interior; let v, be the point of £, ' (R,41)
farthest from k,, and let w, be the point of ¢, '(R,41) nearest k,. By
(2.5), tp(v,) is the point of R,,; nearest f,, and ¢,(w,) is the point of
R,y farthest from fp; 50 27,41 = | to(vp) —tp(wp) I and 2r,= ] to(Wp) —fol -
But by (2.9), [tp(vp) _tp(wp)]/[tﬂ(wp) _fp] = I (o —wp)/(ho—v5)| ;
hence 7,41/7, = I (vp—wp)/(hp—p) | . Since the diameter of ¢, '(R,41) is
Iv,,—'w,,l = I a,,+1l /R(bps1—kp11), and since the distance from &, to v,
is |hp—v,| >kpt+[| apss| —R(@p11) 1/2R(bp11—kp1a), it follows that

7 p+1 < 2 I dp+1l _ 26, .
7o 2k,R(bpir — kpi1) — R(ap41) + I ap+1| 1+e,

B. Suppose that Y =, (1 —e,) diverges. Now by definition and by
(4.2), 0<e,<1; so D ., (1—e;)/(1+e,) diverges. But 1—r,,1/7,
=21—-2¢,/(1+e,) =(1—ep)/(1+¢,). Hence if for p=1, s,=1
—7p41/7p, then D = s, is a divergent series whose terms are non-
negative real numbers. Since 7, =7 (1—s)(1—s2) - - - (1 —5p), it
follows that 7,—0 as p— =, and consequently (1.1) converges.

C. Suppose that there exists a sequence d of positive numbers
such that e,(2+2d,11—d,) =d, for p=1. Then for p=1, r,u/rp
<2e,/(1+e,) <d,/(1+dp41); and by Lemma 3.2a, D 5, 7, converges.
Since | Sor1— f,,l =<2r,, (1.1) converges absolutely. This completes the
proof of the theorem.

ExaMPLE 5.1. Let s be a positive number greater than 4. If 0<¢,
<p/sfor p=1, then the continued fraction (3.4) converges absolutely.
This can be seen by taking k,=1/2 and d,=4p/(s—4) in Theorem
5.2. In Corollary 6.1a, p. 380, of [1], it was required that an infinite
subsequence of ¢ be bounded.
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REMARK 5.3. If c,=p(p+x)/(14x)2 for p=1, it can be shown that
(3.4) converges absolutely for x >0; it was shown on p. 379 of [1] that
if x=0, then (3.4) converges but does not converge absolutely.
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