CONVERGENCE OF A METHOD OF SOLVING
LINEAR PROBLEMS!

W. KARUSH

1. Introduction. We are concerned with the solution of two prob-
lems associated with a linear operator A. First, the characteristic
value problem

1) Ay =DMy

for the determination of the characteristic values X and the character-
istic vectors y; second, the linear equation problem

) (A4 — Nz = b, b5 0,

for the determination of x, given the number \ and the vector b (I is
the identity operator). Lanczos [3]? has described an interesting
iterative method for the solution of these problems which appears to
be effective for numerical calculation. It is our purpose to consider
the convergence and rate of convergence of the method, in the Hil-
bert space sense, for a bounded self-adjoint operator.

The procedure for obtaining the solution may be described as
follows. Let 570 be a given initial vector, arbitrary for problem (1),
equal to the right side of (2) for problem (2). Let

©) 3 = (b, 4b, - - -, A*1),

i.e., the linear subspace spanned by the indicated vectors. Let 3¢ be
the invariant subspace which is the closure of the linear subspace
spanned by all non-negative powers 4b; symbolically

4) 3 = (b, Ab, - - -, Aib, -+ . ).

Let m; be the projection operator onto 3¢;. Then to solve (1) and (2)
we replace the operator 4 by the operator 7;4 on 3¢, solve the cor-
responding finite-dimensional problem, and allow ¢ to approach «.
That is, (1) and (2) are approximated respectively by

(5) midy = Ny on 3¢;
and )
(6) (md = NDx =10 on JC;.
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We shall establish the convergence of the solutions of (5) to a solu-
tion of (1) for isolated characteristic values; the convergence
to the characteristic value is monotonic. This result applies only to
solutions of (1) lying in 3¢, of course. To prove the convergence of
the solutions of (6) to the solution of (2) we make the assumption
that A is completely continuous. Under this latter hypothesis we
are also able to show that the rate of convergence to the solution
for each of the problems (1) and (2) is faster than any geometric
progression.

One of the advantages of solving (1) and (2) by means of (5) and
(6) is the simple algebraic form that the successive approximations
take. For full details, as well as numerical examples, see the paper of
Lanczos where self-adjointness is not necessarily assumed. Our de-
scription of the method in the preceding paragraph is somewhat
different from Lanczos’ formulation. The equivalence of the two
procedures is shown in the final section of this paper.

Some additional remarks are in order. First, the present method
should be contrasted with a procedure studied by the author in an
earlier paper [2] in which only the characteristic value problem (1)
was considered. In that paper a sequence of subspaces of fixed finite
dimension was employed, each subspace depending upon the previous
one, instead of the sequence of subspaces 3¢; of increasing dimension
described in (3). Further, the method of [2] is not immediately ap-
plicable to the linear equation problem (2). The second remark is
that the present paper is related to the work of Rellich [4] in that we
deal with successive approximations w4 to A. However it appears
that the direct use here of his results would lead to no essential
simplification. Finally, attention should be drawn to a paper of
R. C. T. Smith [5] concerned with the calculation of characteristic
values of infinite matrices. The matrix is approximated by its finite
segments, that is, (1) is approximated by equation (5) with 3C;
=(ey, €, - * * , €;), ¢; being the sequence with 1 in the jth place and
zeros elsewhere. Explicit error estimates for the characteristic values
are given.

2. Assumptions. In this section we shall specify the notation and
assumptions which are to remain in force in the remainder of the
paper.

We are given a bounded self-adjoint linear operator 4 on a (not
necessarily separable) real Hilbert space R of infinite dimension.
With a given vector b we form the subspaces (3) and (4). Since our
method of solution never leads us out of the invariant closed (sep-
arable) space 3¢, we henceforth understand by A4 an operator on 3¢
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(i.e., from 3C to 3C), unless otherwise stated. Thus we obtain only
the characteristic solutions of (1) which belong to 3¢; further solu-
tions would be obtained by varying b. The hypotheses we shall
make on A will be hypotheses holding for 4 as on 3C; this is only a
matter of convenience since it would be a simple matter to impose
the conditions on 4 as on R and add a mild condition on b to guaran-
tee the satisfaction of the hypotheses of the theorems.

We understand always by 7;4 an operator on the subspace 3¢;. As
such ;4 is self-adjoint; for, with x and y in 3¢;, (m;4x, y) =(4x, ¥)
=(x, 4y) =(x, m:4y).

We shall make use of the Rayleigh quotient, which is defined by

(x, Ax)
(1) Coux) = ——
(%, x)

For x in 3C; we have (x, m;4x)/(x, x) =(x, Ax)/(x, x), so that the
Rayleigh quotient for the finite-dimensional operator m;4 has the
form (7) independent of 7, provided x is restricted to 3C;. As is well
known the characteristic vectors of (5) are the minimax points for
the function p on 3¢; [1, pp. 27-29]. Certain other standard proper-
ties of u will be taken as known.

Finally we assume as a matter of convenience that

x #0.

dimension (3¢;) = 1.

That is, we assume that 3C is not finite-dimensional. If the contrary
held, then, for some k, 3¢ =3¢ and the method would terminate with
an exact solution at the kth step.

3. The characteristic value problem. It is easy to show that the
vector b has a non-null projection on every characteristic manifold
of 4, and that every such manifold has dimension one, i.e., every
characteristic number is simple [2]. A similar statement holds for
the operator m;4, whose 7 characteristic values we denote by

(8) Ae > Neg > -0 > Ny,
and whose corresponding characteristic vectors we denote by
Viiy Yair s Vi
and which are taken to satisfy the conditions
) lyul =1, G, 9 >0,  j=1,2---,i

For the next theorem we shall require the following assumption on
the (real) spectrum S of 4.
(10) S is the union of disjoint sets S1, S» where S, consists of a
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finite number of isolated characteristic values
)\1>x2>"’>)‘my m—Z.ly

and S, is a closed set lying below \,.
This partitioning may be possible in many ways. The character-
istic vectors of A corresponding to the values in §; we denote by

Yy, Y2y * "y Ym
where
(11) lyil =1, (& 9) >0, j=1,2,+-,m.
THEOREM 1. Let the spectrum of A satisfy condition (10). For each

Jyj=1, 2, - -, m, determine the infinite sequence {y;;} as above.
Then {\;;} is a monotonic increasing sequence, and

lim y5; = yj, lim \j; = \;, ji=12---,m.

Lnded oo

An entirely analogous result holds if the finite set S; lies below,
instead of above, the remainder S of the spectrum.

To make the proof we suppose first that the conclusion has been
established for j=1, 2, - --,k—1, 25k <m; we show its validity
for j=k. Observe that Ai;=p(y::) is a nondecreasing sequence, as
follows from the minimax principle just referred to for character-
istic values in finite-dimensional spaces. Further, the sequence is
bounded by A, since

A1 = max u(x), x# 0, x € 3.

Let X be the limit of the sequence; we wish to show that A =\;.
Since ¥, €3¢, it follows from the definition of 3¢ that there is a
sequence of vectors x;, x;E€3C;, such that x;—y: as i—o. We may
write
k—1

%= D Buyiu+ri, 1€ 5, (ri, yi) = 0.
=1

Take the inner product of each side of this equation with y;; and
allow 7 to tend to «. Then using the assumed limit relations and
the orthogonality between characteristic vectors we find that 3;;—0.
Thus r; tends to y:, since x; does. Hence u(r;)—u(y:) =N But
p(r:) p(yms) since yx; maximizes p(x) for xE€3¢; and x orthogonal to
i, j=1,2, -+, k—1. Thus

e S A

A
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To prove the reverse inequality we write

k
(12) Vii = Z apiyi + Zsy 2: € 3c, (ﬂi, yi) = 0.

i=1

From (9) and (11)

k 2 2
(13) 1= au+|al.

j=1
We also note the relation
(14) Ne — p(z) 2 v >0,

which follows from the fact that the least upper bound of the comple-
ment in § of the finite set (A1, Ag, * « +, A\¢) is the maximum of u(x)
for x€3¢, (x, ¥;) =0, j=1, 2, - - -, k. We take the inner product of
each side of (12) with (y.:),#=1,2, - - -, B—1, and find that a,;—0
as 1— o, From (12) and the definition (7) of u(x) we find that

12

L 2
pyr) = 20 ajw(y) + uz) | =

’

i=1 .
that is,

LJ 2 2
(15) Mi= 2 ki + ua) | @l .

j=1

Substituting for | 2| ? from (13) we obtain
k
2

Agi = (N — (3 i

” b= 2 a0 = w(sd) + wte)
= u(z) < M
Thus
X é )‘kv

which completes the proof of X =)\;.
To show the convergence of the vectors write (16) in the form

2 1 1,

as = 1+ ————( (s = M) — 2 ai(hi — u(z) ).
Ne — u(zi) j=1

Taking the limit and using (14) we obtain of—1. From (13), 2,—0.

The sequence oy cannot have the limit point —1. If it did, a subse-

quence (denoted by the same subscript 7) would converge to —1.

The corresponding subsequence yx; by (12) would converge to —yx,
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hence (b, yx:)— — (b, y:) <0 by (11), contrary to (9). Thus the original
sequence oy; tends to 1 and, by (12), yri—ys.

The proof will be complete if we justify the conclusion of the theo-
rem for j=1. This justification is a duplication of the above proof
with obvious simplifications. We omit the details.

4. Rate of convergence. In order to prove the convergence theorem
for the solution of problem (2) we shall require some information on
the rate of the convergence established in Theorem 1. This informa-
tion is of independent interest as well. We now suppose that 4 is
completely continuous, although the results of this section could be
formulated somewhat more generally. We shall show that the con-
vergence to the solution of problem (1) is geometric with arbitrarily
small ratio.

With 4 completely continuous the spectrum of 4 (omitting 0) con-
sists of two sequences of characteristics values

AM> N>, A >0,
M<N< - \i <0,
not both of which are finite or vacuous. Either infinite sequence has
the limit 0. In the sequel we shall speak as if both sequences are in-
finite. If one is finite or vacuous, then certain obvious notational
changes should be made. Every characteristic value is simple and we
denote corresponding characteristic vectors by
Y1, Y2y * 00,
’ ’
yly er Ct
normalized in length and direction by (11).
For problem (5) it will be convenient to denote the characteristic
values (8) arranged in reverse order by
)\;i<)\£i< <)\z{i;
with a similar notation for characteristic vectors. By Theorem 1 and
the remark following it we have, for every positive integer j,
! ! ’ !
Yii = ¥ Nii = Niy ¥ii = ¥Yiy Nis > N

THEOREM 2. Suppose that A is completely continuous. Let & be an
arbitrary number with 0 <8<1. Then for each characteristic number
N (\J) there is a constant K (K’) independent of 1 such that

|\ — A | < K& (| M = M| < K'89).
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We give the proof for a positive value \; for a negative value we
need only notice that the proof is entirely analogous or alternatively
we may transform to the operator —A4.

We choose positive integers m, m’ so that

A Ao’
an max (—i: |—ﬂ) < é.
Nk Nk
We write
(18) b= apyi+2 ayits
i=1 i=1

with z orthogonal to the subspace

-C= (yh"',ymyy{)°°')yr,n)'
By (11) we have

(19) a;>0, a;>O0.

Also
k—1

(20) b= awyi+ 2, € 5K, (2 yi)=0.
=1

Let g(A) be an arbitrary polynomial of degree i—1. From (18)

(1) = q(A)b = 2 aigN\)yi + 2 ag(\)yi + ¢(d)s, % € .
i=1 i=1

Now g¢(A4)b=g(w:A)b. Hence, from (20), x;= > }=1 ajg(mid)y;

+g(w:A)z;, so that

F—1
(22) 2= D ajigNi)yii + % % € 3, (2, yii) = 0.
=1
We choose
m m' k—1
g =n JI a=2ITa =TT -2,
i=1, j#k i=1 i=1

s=i—m—m — k+ 1.

For ¢ sufficiently large ¢ is well-defined and g(\x) 0. By (22), we
have x;=2%;. Hence

(23) p(x:) = i,



846 W. KARUSH [December

since Ay =max u(x) for x&3C;, x7#0 orthogonal to y;;, j=1, 2, - - -,
k—1. By (21)

X = akq(kk)yk + 7 ri = q(A)z°

Thus
sy = SO+ wed | ref
' a2g®(\y) + | 7:?
Ao — u(rs i |2 i |2
) xk—u(x.-)=(“ s |l _ |l

2P0 + | nl T e

To estimate the last ratio we use the fact that z is orthogonal to
L. From the spectral resolution of 4,

Am+1
ri= j:s JOVIEM)z = fm dNVAEMN)z.

Hence
Am-H
[l = [ @092 Bl S @@ sl News S X S s
Mn' 4

Utilizing the definition of ¢(A) and (17) we obtain from the preceding
inequality, for ¢ sufficiently large,

5 2 2 X xz s
e LD §K2(—~) < K
a*(\) 7*(\x) A2
Combining this with (24) yields

)\k —_ u(xi) é Kﬁi.

Finally, from (23), s —Ms SN —pu(x;). The conclusion of the theorem
now follows from the fact that A\s; approaches A\ monotonically from
below.

For the convergence of the characteristic vectors a similar estimate
holds. We state the result without proof, for we shall not require it in
the sequel. The proof is made by re-doing the proof of Theorem 1
with the added result in Theorem 2.

THEOREM 3. Under the hypotheses of Theorem 2 there is for each
characteristic vector yr (yi) a constant K (K') independent of i such
that

|96 — yus| S K& (| % — yis| < K'89).
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5. The linear equation problem. We turn now to the solution of
problem (2), where the given number \ is assumed to be in the re-
solvent set of 4 and the given vector b is, of course, to be used in the
construction of the spaces (3) and (4). Then a unique solution

(25) %o = (4 — M)

in JC exists. As an aside we remark that if 4 is regarded as an oper-
ator on the original space R, then the assumption that A is in the
resolvent set of 4 as on R implies that \ is in the resolvent set of 4
as on 3¢. But the reverse implication does not hold; for example, b
may be orthogonal to a particular characteristic manifold of 4 as on
R. Thus, imposing our condition on 4 as on JC represents a weaker
assumption.

As in the preceding section we suppose that A is completely con-
tinuous, for we shall require the results of Theorem 2. Since \ is in
the resolvent set of 4, we have

AFEO

and by Theorem 1 it follows that for ¢ sufficiently large the number A
is not characteristic for ;4. Thus equation (5) has a unique solution
x4, 1.€.,

: (26) 1r.-(A - )\I)x.- = b, x; € 3Ci.

We shall establish the convergence of x; to the solution (25) of equa-
tion (2), and estimate the rate of convergence.
Let

i) =N+ 4 by = [T =)
j=1
be the characteristic polynomial of w;4 (for simplicity we do not
indicate the dependence of the coefficients v on the index 7). We have
0=¢;mA)b=mAb+y A"+ - - - +vd=0¢:(A)b— (Ab—m:AD).
Thus ¢:(4)b=Ab—m;Ab, so that if we let

(27) & = ¢:(4)),

then £,E3C;41 and w&;=0. From (27)

(28) A =t — 7 A7 — - - — b,
If we represent the solution x; in the form

(29) % = Bob + Brdb + - - - + Biad ¥,

then Lanczos [3] has given the solution
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By = — o A1
YN = (0 ’
N2y A3 e i
30 Br=— )
(30) 1 e
By = — M+ YN e v
’ é:(\)

To verify this, we substitute (29) into b— (4 —\I)x;, using (30) for
the values of 8 and replacing A% by the expression on the right of
(28). The result is

b— (4 — N)x: = E/p:(N).

Since :£;=0, this equation tells us that x; is the solution of (26);
further

$:(4)b

(31) r: = b — (A -_ )\I)x.- = 4)‘()‘)

We now state the convergence theorem.

THEOREM 4. Suppose that A is completely continuous. Let N0 be
noncharacteristic for A, and let x, be the unique solution in 3C of equa-
tion (2). Let & be an arbitrary number with 0<8<1. Then for suffi-
ciently large 1 equation (6) has a unique solution x; in 3C;, and there
exists a constant K independent of © such that

(32) | % — 0| = Ko'.
In particular, lim;.., x;==%xo.
We have already remarked that there exists a unique x; for suffi-
ciently large 4. To establish (32) we first choose >0 so that
2a

RV

(33) a<|r| and <.

Using the notation of the preceding section choose the indices 7 and
m' so that Amyy and Ny, lie in the closed interval [—a, a]. We ex-
press b in the form (18) and consider the remainder r; of (31). We
have

G _ o b S L) alyl g B
o:(\) i1 i\ i el Y0 RGP V¢ )

(34) r; =
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Let
¢=2"min [N\=»|>0, M=2max|»|>0 forr€ES.
Choose 8, 0 <8, <1, so that
OWM/s < .

We now consider the coefficient ¢;(\;) /@:(\) in (34). Apply Theorem 2
to \; for the value §; to obtain an appropriate constant K;. Then for
sufficiently large 7 we obtain, by writing ¢; in factored form,
ey M~ K, (M

M §|)\j—)\ii| —,—'é—-l—(l

éi(N) ol M
Similarly, we obtain the same inequality for \/.

Finally we treat the last term on the right of (34). We have

) =< Ko'.

[

$i(4)z 1 f . ¢:(N) -
= ¢:(V)dE@W)z| < —‘ z[, Ain|—a, a.
®:i(\) o\ J é:i(\) 2] [ ]
For ¢ sufficiently large all roots A, B=m4+1, m+2, - - -, and
Ny k=m'+1, m'+2, - - -, lie in [—a, a]. Hence, writing ¢;(\) in

factored form, we find

; X M\ mtm' 2 i—(mt+m’)
SN <_) <_“_> < Ko
a

oM\~ \«¢ A -
by (33). From the preceding inequalities and equation (34),
| | < K&,

From (31) x;=B(b—r;)=x¢—Br; where B=(A-\X)"! is a
bounded operator. Thus
| #: — x0| < | Bri| < K&°
for an appropriate constant K. This completes the proof.

6. Equivalence with procedure of Lanczos. In order to show that
our method is identical with that of Lanczos we shall reproduce some
of his formulas here (see [3, §§VII and X]). His notation has been
modified slightly to conform with ours; in particular, his u=1/X be-
comes our \. Beginning with the initial vector b =by, constants «;, §;,
polynomials p;(A), and vectors b; are defined recursively by

a;j=p®), Bi= |bi|¥ |0,
poN) =1, p1(N) = N —aq, pir1(N) = N — @) pi(N) — Bi-apia(N),
bi= pi(A)be, b; E K1

(35)
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These quantities are defined in the order b;, aj, Bi—1, pi+1(N), bjpr.
Let us show first that the polynomial p;(\) is the characteristic poly-
nomial of the operator 74 on 3¢;. Lanczos shows (pp. 266-267) that
b; is that vector of the form Aib—z, z&3C;, which has minimum
length. Clearly this vector must be given by

b,' = Aibo - 71’,'14. ibo.

Now let ¢;(\) be the characteristic function of w;4. Then 0 =¢(m:A4)b,
= —A%bo+m:Abe+¢i(A)bo= —b;+di(4)bo. Hence, by the last equa-
tion (35), ¢:(4)bo=7pi(A)bo, so that ¢:(N) = pi(N), since 3¢; has di-
mension 4. Thus Lanczos’ approximation to the characteristic num-
bers of 4, namely the roots of p;(\), is identical with our approxi-
mation.

His approximation to the jth characteristic vector (see his equation
(107)) is

=1 p(N))
§|M2

where \; is the jth root of p;(\) =0. We need to verify that this vector
is the jth characteristic vector of 74, i.e., that

37 mAdy = Niy;.

To this end we rewrite the recursion formula for the polynomials
p(\) in the form

M) = prrrN) + arpe(N) + Br—1pea(N), p—1(\) = 0.
Replacing N by 4 and operating on b, leads to
Abo = bl + aObO’
(38) Aby, = bryr + abi + Br—1bi—y, k=1,2,---,1—2,
miAbiy = ai_ibi_y + Biebia.
Substituting the value of ¥ in (36) into the left side of (37) and re-
ducing the resulting expression to a linear combination of the b:’s by
means of (38) leads to the right side of (37). The required verification
is thereby accomplished.
Finally, we need to show that his approximation to the solution of

equation (2) is the solution of equation (6). With appropriate nota-
tional changes his approximation is (see his equation (102))

(36)

ky

39 = - —F ick—1(N) by
(39) x ﬂméﬁ ey
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where
PV =1, Pi(A) =N — aiy,
Pe(N) = (N — i) Pr—1(N) — BizkPr—2(N).

Again, direct substitution of the value of x in (39) into the left side
of (6) and use of (38) and the recursion relation for the polynomials
$(\) leads to the right side of (6), establishing the desired result.
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