A SUFFICIENT CONDITION FOR A REGULAR MATRIX
TO SUM A BOUNDED DIVERGENT SEQUENCE

A. MARY TROPPER

If a matrix 4 transforms a sequence {z.} into the sequence {7},
ie., if Op= D sn1 @na2, and if ¢,—2 as n— o whenever z,—z, 4 is
said to be regular. The well known necessary and sufficient conditions
for A to be regular are!

(@) X la,‘,kl < M for every positive integer n>n,,

(b) limg.q @sx=0 for every fixed &,

(© i1 @ui=A4,—1asn—w.

It is known? that if a regular matrix sums a bounded divergent se-
quence, then it also sums some unbounded sequence. The converse
is, however, false.® It is consequently of interest to find sufficient
conditions for a regular matrix to sum a bounded divergent sequence.
Many authors have considered summability of bounded sequences.t
R. P. Agnew has given a simple sufficient condition that a regular
matrix shall sum a bounded divergent sequence. He has proved®
that if A4 is a regular matrix such that limg . @a,: =0, then some di-
vergent sequences of 0’s and 1’s are summable-A4. There are, how-
ever, very many simple regular matrices which do not satisfy this
condition, but which are known to sum a bounded divergent se-
quence. For example, the matrix 4 obtained by replacing every third
row of the Cesaro matrix (C, 1) by the corresponding row of the unit
matrix, given by

Gangp = ES3n—2), —tp = E<3n—1),
b =gy FEWSD Gmamg (=S
aan,k=63n,h an,k=0 (k>n) (n'k=1’ 2,...)'
sums the sequence {0, 2,1,0,2,1,0,-- - } to the limit 1. This

matrix does, however, satisfy the conditions which will be given in
Theorem I1.
I first show that I need consider only normal matrices, i.e., lower-
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1 See R. G. Cooke [1, pp. 64-65].

* Stated without proof by S. Mazur and W. Orlicz [2]; a proof is given by V. M.
Darevsky [3]. See also J. D. Hill [4]; A. Wilansky [5]; K. Zeller [6].

3 See R. G. Cooke [1, p. 178, Examples 7, no. 10].

4 See, e.g., G. G. Lorentz [7; 8]; R. P. Agnew [9]; A. Wilansky [10; 11].

5 R. P. Agnew [12, pp. 128-132]; this is a special case of G. G. Lorentz [7, p. 181,
Theorem 8 and footnote].
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semi-matrices with no zero element in the leading diagonal. A normal
matrix has a unique right-hand reciprocal which is also normal, and
which is also a left-hand reciprocal.® If a matrix B is such that ”B”
=sups D & |bai| = », then, by a method now classical, we can con-
struct a null sequence whose B-transform is unbounded. It is not, in
general, possible to construct a null sequence whose B-transform is
bounded and divergent. This can be done, however, if B is normal
and its columns form null sequences. This is the main result of this
paper and its interest lies in its sufficiency that B—!=4 shall sum a
bounded divergent sequence.

The following theorem is due to A. Brudno.” Brudno’s proof, how-
ever, is somewhat complicated, and I give here a simpler proof.

THEOREM 1. If A is a general (square) regular matrix, there exists a
normal regular matrix A*, such that A and A* are mutually consistent?
for bounded sequences.

Proor. Let {e,} be any null sequence with €,>0 for each . Since
A is regular, by (a) we can choose a monotonic increasing sequence
of positive integers { p,.} (n=1, 2, - - - ) such that

L)
2 | d»,kl < eé for every n.

k=ps+1

Let the matrix A* be given by

Gmk = Q1 I=k<n<p),

* a1,n (al.n #= O)}

n,a — < }
‘ {1/n (a1,0 = 0) (<)
a:.k = apx r=n<punlz1,1=2k<n),

* ar,n (al.n > 0)}

Apn = = < ’ =1 ’
{1/n (a1 = 0) (71 %7 < u 12D

*

A,k = 0 (k > ﬂ)

Let 0 =A(2.) = D s-1 Gn a2t pr=A*(2) = D2y ampze. If prSn<puys,
O1—Pn= D tent1 @142+ (@1, —0a%n)2.. Hence, if {2,} is a bounded se-
quence for which |z,| < M for every n,

®R. G. Cooke [1, pp. 19, 22].

7 A. Brudno [13].

8 I.e., A* sums, to the same limit, every bounded sequence which is summable-4
and vice versa.
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® M
loi—pa| =M X || +—

k=pt1 n
1
<M(e,+—)—->0 as | — =,
n

since # and / tend to « together.

Thus A(z,) and A*(2,) either both converge to the same limit, or
neither converges, and 4* is normal.

I now prove the main theorems.

THEOREM I1. In order that the regular normal mairix A shall sum a
bounded divergent sequence 1t is sufficient that its unique two-sided re-
esprocal B shall not be regular, and that all the columns of B shall form
bounded sequences.

THEOREM II1. In order that the regular normal matrix A shall sum a
bounded divergent sequence it is sufficient that

(a) 1ts unique reciprocal B shall not be regular, and

(b) there exists a normal matrix Q with ||Q|| < », whose columns are

ﬁll lTull sequences, such that the matrix C=BQ has bounded columns and
Cl| = o.

ProoF oF THEOREM III. If A4 (2,) =0,, then
B(a,) = B[A(zn)] = (BA)(2a) = (2a),

the alteration in the order of summation being justified, since only
finite sums are involved.

If B is regular, {z,} converges whenever {0} converges, so that 4
sums only convergent sequences. If B is not regular, there exists a
convergent sequence {¢,} such that {z.} is divergent. Thus, in order
that 4 shall be stronger than convergence it is necessary and suffi-
cient that B shall not be regular.

Since B and Q are normal, C=BQ is also normal, and hence

AC = A(BQ) = (4B)Q = 0,

so that, assuming condition (b), A transforms each column of C into
a null sequence. Since 4 is regular, it follows that each column of
C is either a divergent or a null sequence. If at least one column of C
is divergent, the result is proved. There remains to be considered only
the case in which all the columns of C form null sequences. Thus
cni—0 as n— oo for every fixed k, and if M,= ) 2., lc,.,kl , the se-
quence { M.} is unbounded, by hypothesis, and therefore has a sub-
sequence which tends to infinity.
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If Z=re¥, let sgn Z=e"%*(Z0), sgn 0=0.
Choose a positive integer 7, such that M,, > M, for all n <n,. Put

X = 3525’:;&) (k = m).

If C(xn) =1,

1 o
Zl c"ltkl = 1‘

nl
Yuy = 2 Oy b8k =
k=1 ny kel

Let ¢>0 be fixed and arbitrarily small. We can choose ns>n, such
that

n1 1
Dl enp]| <—e for every n = ns
k=1 2
and
M,>M, for every n < n,.
Put
SgN (Cny, k)
= - — m < kS n).
k ., (m1 2)
Then
M P2 Cppk SEN (Cag k)
m=2%m—2-ii4i
k=1 km=nj+1 Mﬁ’
ny 1 ng
= E Cnq,k SEN (cnl.k) - Z l Cn,,kl-
ny kel Mn kmmnyt1

We now choose 73>, such that

i | ek ] <—l-e for every n = ns,
k= +1 2?
and
M,>M, for every n < n,.
Put
x;,=f§n—£c—”2’i)- (n: < k < ny).

Mn.
Then
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1 n
Iy = E Cag,k SED (Cny,2) — Z Cna.k SEN (Cny, k)
ny kel M. ien1
1
+ E Cng  k
Mna kmngt1 I ) |
Continue in this way; thus
sgn (Ca,,
2 = (—1)71 sgn (cnya) (p1 < k < 1y).
M.,

For any integer 2,

1 ..,
1— > el = 7 {Zlc..,,k|+ Z | cap| + -+

Mn, ke=ngy 141 km=ny+1
np—1
+ o |}
k=np_g+1
< ! { + €+ + ! }
——e — o o o e
M., 271
< —0 as p— o,
"p
and is arbitrarily small for p=1, 2, 3, - - - . If p is odd,
SR SR P
Yo, — Cny k
’ Mn, kmnportl
np—1
< Ic”,k|+ Z Ic"yll+ +M Z lc"pvbi
ny kml n’ k=nj+1 o) kmnp_gtl
1 1 1 1 1
< —e+ —et -

. . + . e
M,, 2 M,., 2? M., , 27!
< 1 (1 " 1 n n 1 )
M., \2 " 2 201
€
’
M,
which is arbitrarily small. The last two inequalities together show that

<

¥a,—1 can be made arbitrarily small when p is odd.

Similarly ya,=+1 can be made arbitrarily small when p is even. Thus
the sequence {y,.} is divergent. Moreover, if 7, <n=n.4,
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1 n1 1 ng
Iyn|§ Elcn.kl+ Z Icn,k|+"'
ny k=1 Mng kmnj+1
t— B Jaslt o 3 ol
an kmng_y+1 Mnﬂ.! k=ng+1
< 1 {1 n 1 n N 1 } " M,
.. 2 € Py € 2 € ..
<— + 1, since M, < M,,,,.

ny

Thus { yn} is a bounded divergent sequence, and y,=C(x,), where
{x.} is a null sequence.

Hence B[Q(x.) ] = (BQ)(xs) = C(xa) =y.. Let Q(x.) =£.. Now since
”Q” < o and ¢n,x—0 as n— o for every fixed k, it follows® that Q
transforms every null sequence into a null sequence. Thus {E,,} is a
null sequence and B(¢,)=y.. Hence A(y,)=&,, and 4 sums the
bounded divergent sequence {y,.} to the limit zero.

The theorem is now proved.

For Q=1, Theorem 11 follows. For, in this case, M,= Z:-x [b,.,;,l .
It is obvious that the sequence { M, } is unbounded; for if M, <M for
every n, B would transform every convergent sequence into a
bounded sequence. This would imply that all the divergent sequences
which are summable-4 are bounded. This is impossible, as already
mentioned.

CoRrOLLARY. The theorem still holds if all but a finite number of the
columns of C form bounded sequences.

If all but the first N columns are bounded, we put x:=0 (k= N).
Define {M,.} by the equation M,= Y royi1 lc,,,;,l (n>N), and with
slight modifications the proof proceeds as before.

ExampLEs. The matrix A4, already quoted, obtained by modifying
the (C, 1) matrix, has reciprocal B given by

ba».s» = 1) bs»—l,Sn—l =3n — 1, 63"_1'3”_2 = — (3" — 2)’
bsn—2,5n-2 = 3n — 2, bsn—2,80-3 = — 1,
bsn-2,34 = — (3n — 4), ba,x = 0 otherwise,

B is not regular, and every column of B tends to zero. The conditions
of Theorem II are satisfied.

9 See, e.g., R. G. Cooke [1, p. 64].
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P. Vermes has suggested the following example of a matrix which.
satisfies the conditions of Theorem III.

Let U be the matrix for which #%,y3,»=1, %, =0 otherwise. Take
A =2-7(I4U)?, p being a positive integer =2; then 4 is regular, and
sums the sequence {1, 0,1,0,1,0,- .- } to1/2. B=2?(I+U)? is
not regular and its columns are not bounded. Take Q= (14 U)*!;
then ”Q” =271 and Q has zero column limits. Thus C=B(Q
=27(I+ U)~!, which has bounded columns, and ||C|| = .

I am unable to prove that the conditions of Theorem III are also

necessary.
In conclusion I should like to thank Dr. R. G. Cooke and Dr. P.
Vermes, who read the manuscript, for their helpful suggestions.
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