
ON A TAUBERIAN THEOREM BY O. SZASZ

AMNON JAKIMOVSKI

1. Renyi [l]1 has proved that if the real series Eo a» is summable

Abel to 5, that is

oo oo

(1.1) lhn   E a"Xn — um (f ~~ x) • E snXn = s (sn = a0 + ■ • • + a„)
itl       0 *tl 0

and

«i   + 2 \ a21 + • • • + n ■ | an |
lim   - = J < + oo,
n^» n + 1

then

00

(1.2) £<*„  =   *.
0

Later O. Szasz [3] has given the following generalization of

Renyi's theorem: From (1.1),

n

(1.3) EOT"( I  a<n |   —  am)   = 0(n),
m—0

and

(1.4) lim -   2-1  v-(\ a,\ — a,) = 0,->• 1, n > m,
m-»«    W +  1   »_m+l WI

or (1.1) and

11      " 1     ™ ")
lim   < —• 2~i,v(.\aA ~ a>)-E "■( I a" I — «»)?   = 0.
m->«     (. n      >_o WI     »-0 7

(1.4')
n

->• 1, « > wi,
WI

follow (1.2).

We shall see later that (1.3) is not necessary for the validity of the

last theorem, and that (1.4), (1.4') may be replaced by more general

conditions. We shall obtain a similar result for Borel's method of

summability.

Received by the editors, September 2, 1952 and, in revised form, May 1, 1953.

1 Numbers in brackets refer to bibliography at the end of this note.
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Our main result will be

Theorem 1. Necessary and sufficient conditions for the convergence

of the real series Eo° a» are (LI) and one of the conditions

1 -A n
(1.5) lim inf-2_     va* = 0>->l,n>m,

m-»«       m +  1     »=m+l w

( 1      " 1    A      ) n
(1.5') lim inf   <— Z^vav-2-, va»(  = 0, ——> 1, w > w.

m^»       (n    „_0 w    »-o      7 m

It is easy to see that (1.5) includes (1.4) and that (1.5') includes (1.4').

Proof of Theorem 1. First we shall prove that (1.1), (1.5), and

(1.5') are necessary. From (1.2) follows (1.1) and

So + Si + • ■ • + s„
ln =-> s, n —» OO .

n+ 1

Now

1       1       A
(1.6) t„ — ln-i =-l_,man, »^1,

n  n + 1   m_0

and

1      n

-E "0»   =   (M +   1) ■ (*„  —   /„_l)   =   S„   -   ln,
n    v_o

so that

1
lim   — yi va^ = 0.
n—♦»      W o

From this (1.5) and (1.5') follow immediately.

We shall prove now that from (1.1) and (1.5) or (1.1) and (1.5')

follows (1.2).

It was proved by O. Szasz [4] that from (1.1) follows

(1.7) lim (1 - x)- E'»-*n = s.
z T 1 n-0

By subtracting (1.7) from (1.1) we get

%    A «i + 2a2 + ■ ■ ■ + nan
(1.8) lim(l-x)E-x" = 0.

iTi i n + \

R. Schmidt has proved that if a real sequence  {bn}  is summable
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Abel and lim infm^„ (&„ — bm)^0, n/m^>\, n>m, then {&„} is con-

vergent. From (1.7), Schmidt's theorem applied to the sequence

{(l/»)- E"-o va,), and (1.5') it follows that

«i + 2#2 + ■ • • + nan
lim-= 0,
«-•» n + 1

and by Tauber's classical theorem, (1.2) follows from (1.1) and (1.5').

We have

A A    kak
Sn  —   Sm   =     2-1    ak  —     2-1      - '

k=m+l i— m+1       k

Abel's inequality yields

1 *
sn — sm ^-—-• min     E  va'

m +  1   m<t£n  p-m+i

and (1.5) leads to

n
lim inf (sn — sm) ^ 0, -► 1, n > m,

thus we see, by Schmidt's theorem, that (1.2) follows from (1.1) and

(1.5). Q.E.D.

2. A real series Eo° an is summable Borel to s if

°°    s
(2.1) lim e-*-E — xn = s, s„ = a0 + ax + ■ ■ ■ + an.

it« o    n\

It was proved by O. Szasz [5] that from (2.1) follows

00    t

(2.2) lim e~x ■ E — ■ x" = s.
it» o    »!

By substracting (2.2) from (2.1) we obtain

,„ ,. ,. A ai + 2a2 + ■ ■ ■ + nan xn
(2.3) hm <r*-E-= 0.

it» i n + 1 n\

Hardy and Littlewood have proved that if a series 2~lo c» is sum-

mable Borel and c„ = o(l/«1/2), then Eo° c* is convergent. By apply-

ing this theorem to the series <o+ E"-i (tn — tn-) and using (2.2) we

get

Theorem 2. A necessary and sufficient condition for the convergence of

Eo° <*n is that   Eo° °n should be summable Borel and that
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lim (ai + 2a2+ ■ • ■ +nc„)/(w + l) =0.
n-»oo

R. Schmidt [2 ] has proved that if the real series Eo ^«1S summable

Borel and lim infm<00 (dm+i + • • • +dn)^0, (n — wi)/ra1/2—>0, n>m,

then Eo° ^n1S convergent. By using this theorem, (2.3), and Theorem

2 we obtain

Theorem 3. Necessary and sufficient conditions for the convergence

of the real series Eo an are (2.1) and one of the conditions

1            "                            n — wi
(2.4) lim inf-2-,     va* = 0>->0, »>w.

m^» W +  1      „_OT+i »I1/2

ri" l^l m-wi
(2.4')        lim inf \— £, va,-E va-\  = °-->0, »>m.

m->«        l«   »=o WI  „=o        / WI1'2
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