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1. Preliminaries. We shall be concerned with finite graphs of /

directed lines on n points, or nodes. The lines are joins from one point

to another. To each point, Pi, is associated a non-negative number

pair (r,-, st), where r{ is the number of lines from Pit and s; is the

number of lines to P,. These number pairs are considered to be fixed

local restrictions. Obviously, ]T),- r,= ^,- Sj=t. The vectors r and s,

with elements r, and St, respectively, are two w-part non-negative

integer partitions of /, with vanishing parts permitted.

In general, it is possible to construct many w-node graphs satisfying

a specified set of local restrictions. The main result of this paper gives

the number of distinct graphs of this kind. The enumeration is help-

ful in studying communication networks in which the ith element

has rt receivers and sf senders; here the pertinent question is whether

such graphs exist. In the isomorphic problem in group organization

theory, where the ith individual in the group gives information or

orders or choices to r< others and receives from Si others, the exact

number of graphs is needed in order to construct the probability dis-

tributions for random variables defined over the graphs. All of these

activities, like the graphs, are irreflexive and take values on a two-

element Boolean algebra.

Previous work on numbers of graphs has been devoted exclusively

to counts of graphs topologically distinct under permutations of the

points which preserve joins. Thus, G. Polya [9] gave explicitly the

numbers of trees and rooted trees on n points, R. Otter [8] gave

simpler purely combinatorial methods for counting trees and rooted

trees, and F. Harary and G. E. Uhlenbeck [6] gave the numbers of

free "pure" and "mixed" Husimi trees. Also, F. Harary indicates in

an abstract [5] that Polya's method of generating functions may be

extended to give the numbers of ordinary and of directed graphs on n

points and t lines. R. L. Davis [3] defines and gives a method for

counting the numbers of various subclasses of directed graphs on n

points. The problem we face is essentially different from all of these

and requires quite different methods of enumeration.

We shall make use of certain bipartitional functions due to Cayley
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[l]. We shall proceed by defining an operation on such partitions.

Then, a first lemma gives Cayley's function in terms of repeated ap-

plications of this operation on numbers of the kind we require and

a second provides an inverse for the operation; together, they supply

the desired expression for the number of distinct directed graphs in

terms of the known bipartitional functions of Cayley.

2. Representation of directed graph as matrix. Konig [7, pp. 141-

143] gives two matric representations of directed graphs. One ex-

presses incidence relations between points and lines, the other, inci-

dence between lines and cycles; both are inappropriate for present

purposes. We shall use instead a representation discussed for group

organization theory by Forsyth and Katz [4].

In this representation, the graph of t lines on re points corresponds

uniquely to a square matrix C=(ca:nXn), where ctJ = l if, in the

graph, a directed line connects the node Pi to the node P,; otherwise,

dj = 0. Obviously, every cu <= 0, r,-= E*f •*is the number of joins starting

from Pi, and 5j= E* c« ls the number of joins ending on P(. Also,

2^i r,= Ej Sj = t, the total number of lines. Then, the number of

distinct graphs satisfying the specified local restrictions, t](s, r), is

identical with the number of distinct matrices, C, of zeros and ones,

satisfying the three conditions:

(i) the row sums of C are the vector r,

(ii) the column sums of C are the vector s, and

(iii) the principal diagonal elements of C are identically zero.

3. A relevant bipartitional function. P. V. Sukhatme [10] con-

sidered, among other problems, that of finding the number, A(s, r),

of possible ways in which the cells of a pX<r lattice can be filled with

zeros and ones so that

(i) the column totals from left to right form the parts of the parti-

tion s in some fixed order, and

(ii) the row totals from top to bottom form the parts of the parti-

tion r in some fixed order.

He pointed out that .4(5, r) =A(r, s). It is also evident that this

number is not altered by addition of a sufficient number of rows or

columns of zeros to make the lattice square. We may, therefore, take

re = max (p, <r); then Sukhatme's matrices include those corresponding

to our directed graphs as well as others which violate condition (iii)

above. Our main theorem expresses 7/(5, r) as a linear combination of

the known A (sa, ra). The fundamental idea of the theorem is to delete

from ^4(5, r) the number of matrices having some l's on the principal

diagonal. This was first accomplished by a process of alternate inclu-
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sion and exclusion. The theorem as given here represents a very con-

siderable simplification of the original argument.

We complete the definitions of r\ and A with the conventions that

both vanish identically if any index is negative and that both are line-

arly additive over the partitions.

Sukhatme [10, p. 389] gave tables of AiP, Q) for P, Q partitions

of / for t = l, 2, • • ■ , 8. These are identical with tables given by

Cayley [l] in 1857 for certain symmetric functions for weights t

= 1, 2, • • • , 10. Recently, David and Kendall [2] recomputed and

extended these tables through / = 12 and gave references to unpub-

lished tables of weight 14 and 15.

Sukhatme's paper [10, p. 387] gave, also, an algorithm for com-

putation of a single ^4(P, Q) of any weight. Thus implicitly, if not

practically, our problem is completely solved when we express -qis, r)

in terms of Aisa, ra).

4. The number of directed graphs. We shall require operators

8i (* = 1, 2, • • • , n) defined by

. .    Oj(^i, • • • , Si, • ' ' , sn; ri, ' ' * , ti, • ' • , rn)

— \Si, •      , Si      i, , sn; ri,        , ri      i, • • • , rnL

The effect of the operation 5, is to replace the double partition is, r)

of t by a double partition of (/— 1) with the ith part of each reduced

by unity. If we take (5<+5y)(s, r)=8iis, r)+8jis, r), the obvious

commutativity of the 6"s serves to define every sum of monomials of

the form "£(<,) (IT" $"') as an operator on is, r). We note that the

number of nontrivial terms in the application of such an operator to

is, r) is necessarily finite for finite / since both A [8?+kis, r)]=0 and

y[&?+t(s, r)]— 0 for k>0 and m = min is{, r,-). Finally, we observe

that any identity in the Aisa, ra) and r)isp, rs) is unaffected by ap-

plication of these operators to the partitions involved.

Lemma I. If the vectors s and r are any two n-part ordered partitions

of t, then

(2) A(s,r) =r, j f[ (1 + 8<)(s, f)| .

Proof. Every matrix belonging to the set enumerated by A is, r)

has either no principal diagonal elements different from zero, or one

specified p.d. element different from zero, or two specified such ele-

ments, etc. This exhaustive disjunction of the set gives subsets each

isomorphic with a set enumerated by an rjisa, ra) where the vectors
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sa and ra are formed from s and r by reduction by unity of each

component corresponding to a specified p.d. element different from

zero. Then,

A(s, r) = v(s, r) + Elfe ')] +  E E *[«*(*. r)]
i t'<;

+ • • • + q[hio2 ■ ■ • 8n(s, r)]

Lemma II. For s area7 r a5 ire /Ac preceding lemma, the operator

(1+5,) has an inverse (right and left) given by

(3) (1 + h)~l = 1 - Si + s'- S- + • • • .

Proof. (l+5j)-1(l+5i)(5, r) = (l+5i)_1[(^ r)+(s-tn, r-u)],

where u,- is a vector with ith component unity and all others zero.

Next,

(1+ «<)-'[(*, r) + (s- Ui,r -u)}

= (s, r) — (s — Ui, r — Mi) + (s — 2m,-, r — 2w<) — • ■ •

+ (s — Ui, r — u) — (s — 2ui, r — 2u) + • • • ,

and (1 +5i)_1 is a left inverse. It is equally easily shown that (1+8,-)-1

is a right inverse.

Repeated application of (3) to both members of (2) gives immedi-

ately the

Theorem. 77(5, r)=A{ H" (l+«i)~l(*. r)}.

In application of the theorem, and to a lesser extent in application

of Lemma I, we note that the series in (3) may be terminated at the

With power, where w< = min (rit 5,), since the functions ^4(5a, ra)

evaluated beyond this point all vanish. Thus, in every case, rj(s, r)

is evaluated by additions and subtractions of finitely many ^4(5a, ra).

5. Examples. We wish to compute the number of directed graphs

on four points where the numbers of lines in and out of the points are

(3, 2), (2, 1), (1, 2), and (1, 2), respectively; i.e., we wish to compute

r/(3, 2, 1, 1; 2, 1, 2, 2). The remark following the theorem gives us

7/(3, 2, 1, 1; 2, 1, 2, 2) = (1-51 + 52)(1-52)(1-53)(1-54M(3, 2, 1, 1;
2, 1, 2, 2). Sukhatme's tables for t=7, 6, • • • , 2 give the required

numbers.

Operating as indicated on the right-hand member of the equation

above, we have
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r,i3, 2, 1   1; 2, 1, 2, 2) = 4(3, 2, l2; 2\ 1) - 4(22, l2; 22, l2)

- Ai3, 13;23) - 24(3,2, 1;22, l2)

+ 24(2, 13;22, 1) + 24(22, 1; 2, l3)

+ 24(3, 12;22, 1)+4(3, 2; 2, l3)

- 4(3, 1; 2, l2) - 4(22; l4) - 24(2, l2; 2, l2)

- 4(14; 22) - 24(2, l2; 2, l2) + 4(2, 1; l3)

+ 4(2, 1;13) + 24(13;2, 1) - 4(12; l2),

where the terms on the right are, by groups, of weight 7, 6, ■ ■ ■ , 2,

respectively. The sum of the 12 positive terms is 94, the 12 negative

terms total 91, and ni3, 2, 1, 1; 2, 1, 2, 2) =3. The three graphs, in

matrix representation and graph form, are:

-0  o   i   n       ro   i   i   o-|       ro   i   o   r

1000 1000 1000

1100 1    0   0    1   ' 1100

.1   1   o   oj        Li   i   o   oj        Ll   0   1   0.

and

a*-0 a<->b a<->-o

■A' l\; A;
c d c->d c<-d

Obviously, in this case, the three graphs could have been exhibited

directly and the method seems cumbersome. By way of contrast, 16

positive and 16 negative terms give 17(3, 2, 1, 1, 1, 0, 0, 0; 1, 1, 1, 1,

1, 1, 1, 1) =4846 —3703 = 1143; it is no longer feasible to exhibit the
distinct directed graphs on these eight points.

6. Remark. It would be of interest to compute the number of

ordinary graphs (not directed) subject to pointwise local restrictions

on the joins. So far, we have been unable to do so.
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