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Introduction. This note contains a method for constructing chain-

homotopy operators suitable for the de Rham cohomology theory. In

particular, it is proved that differentiably homotopic maps induce

chain homotopic chain-mappings in the exterior algebra of differen-

tial forms (Formula 13 below; cf. pp. 80-81 of [l], where the same

formula is obtained). This shows that the de Rham theory satisfies

the "homotopy axiom" in the sense of S. Eilenberg and N. E. Steen-

rod (cf. [2]); hence the de Rham cohomology groups of a differenti-

ably contractible manifold are trivial. This fundamental result is

often referred to as the "Poincaré Lemma."

A simple generalization is given in the case of an almost product

structure.

Almost complex and complex structures are investigated in §5 ; no

genuine chain-homotopies are obtained, and in §6 is given an exam-

ple which shows that d-cohomology does not satisfy the homotopy

axiom, even in the case of complex manifolds and analytic homo-

topies; this example is due to Professor K. Kodaira.

1. Definitions and notations. By "manifold" we mean "differenti-

able manifold of class C°°," by "map," "map of class C°°," etc.; and

all notions such as tangent vector or differential form will be taken

in their C°°-sense. Tangent vectors will always be taken to have been

defined by the C°°-analogue of the definition given in §IV, Chap. II

of [10].

If U is a manifold, we denote by Tl(U) the tangent bundle, by

T(U) = 2"-o Tp(U) the bundle of exterior algebras of tangent vec-

tors. Note that P°(C/)=P = the reals. By #(£/) = £;=0 $*([/) we

denote the exterior algebra of differential forms; for our purposes,

the most convenient definition is

(1) $p(i/) = HomB(r7)[X2>(t/), R(U)]

where R(U)=$°(U) =P-moduIe of C"-maps [/->p, and XT?(U) de-

notes the R( i/)-module of cross-sections of Tp( U). {If A is a commu-

tative ring and A, B are A-modules, Honu (A, B) denotes the

A-module of A-homomorphisms A—*B.}

If v, v'EXT'(U) are such that »| V = v'\ V(v=v' "on V") where V
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is some open set of U, it is easy to see that <pv =<j>v' on Vfor <££$>p( L7).

Hence the definition of 4>p([/) is a "local" one; and <t>Çz$p(U) can be

given by giving its values on germs of cross-section ; a germ of cross-

section at x£C is the equivalence class of all cross-sections which

agree (pairwise) in some neighborhood of x.

If <f>E.$p+q(U) and vE:XTp(U) we define the contraction v_\<f>

e$9(U) by

(!) J <t>)v' = <t>(v A V)

where v'£XT<(U).

The exterior derivative d:<i,p—»i>''+1 is given by the formula

p+i
(d<t>)(vi A • • • A vp+i) = £ (- i)i+1Vi(<t>(vi A •••!••• A vp+ù)

(2)
+ E (- i)í+í+1<K k v,] A tu A • • • í • • • r • • A vp+i)

where thez\- are germs of XTX(U), <p£;$p(U), [»,-, vj\=v¿Vj — v¿Ví and

• • • î ■ ■ ■ denotes the omission of the term with index i. The follow-

ing will be useful:

Lemma 1. The homomorphism d is uniquely characterized by :

(i) If 4>e.&(U),v£XTi(U), (d<p)v=v<¡>,
(ii) If<pe*o(U),d2<p = 0,

(¡ii) if<pe&(u),te$(w,d($M>)=d<pM>+(-iy<p/\dTi<.

Since locally2 $*(U) is (isomorphic to) the Grassmann algebra gen-

erated by $l(U) regarded as an R(U)-moduh, (ii) and (iii) imply (ii') :

d2 = 0.

If U, Fare manifolds, and/: U—»Fis a map, we denote by/* : T(U)

—rT(V) and/*:<i>(F)—><i>(i/) the corresponding induced maps.

If c is a differentiable (i.e., C°°) p-chain in U and <pE.$p(U), we

shall write <j>c=fc<f>. Stokes's theorem then takes the form (axf>)-c

= 4>bc, where b denotes the boundary operator of the singular theory.

2. Almost product structure. We say that the manifold U has al-

most product structure (P, Q) if there are homomorphisms3 P, Q:

Tl(U)^rTl(U) such that T\U)=PT1(U)®QT1(U) (direct sum).

ThusíorvET1(U),v=Pv + QvandhmceiíviET1(U) (¿ = 1, ■ ■ • ,p),

then Vi/\ ■ ■ ■ AvP is a sum of terms each of which is the exterior

2 More accurately : *( V) is the Grassmann algebra generated by 4>'( V) for sufficient-

ly small neighbourhoods V(Z U.

3 For fibre bundles the fibres of which are modules, a homomorphism is a fibre-

preserving map which, restricted to any fibre, is a homomorphism in the algebraic

sense.
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product of r vectors of type Pz/, by 5 vectors of type Cy, where

r+s=p; for given r, s such a term is called a vector of "type (r, s)"';

and this process defines a unique projection operator

Jl:T*+'(U) -* T'+'iU)
r,s

onto the submodule of vectors of type (r, s).

We then define projection operators YL*s'-^r+'(U)—>$r+t(U) by

n*.0=<AlIr,s- If 0= t[*A we say that <f> is of type (r, s) (cf. [8]).
Let U, V be manifolds with almost product structures (P, Q),

(P, Q) respectively. A map F: U-* V is said to be of type (/, m) (in

relation to these structures') if

n F.-F.iL
r+l.s+m r,B

A map of type (0, 0) is said to be admissible; the same definitions

apply to any homomorphisms T(U)—*T(V) or $(V)—»#(£/).

An examination of formula (2) shows that d = dl +d{ +d[' +d{'

where di, d{, d{', di' are of types (2, -1), (1, 0), (0, 1), (-1, 2)

respectively. d2 = 0 leads to the following identities:

di2 = didi + didi = dldl' + (d{)2 + di'dl

(3) = didi' + didi' + di'dl + di'di

= di'di' + di'di' = di'di + (di')2 + didi   = (di')2 = 0.

In analogy to Lemma 1, we now define the P(i/)-homomorphism

dP:&(U)-*S>*>+1(U) by

(i) U<t>E$°(U) andvEXTl(U), then

(dp4>)v = (Pv)d>.

(ii) U<t>E$°(U), (dPd+ddP)(h = 0.

(iii) U <(>E<i>p(U) and yPE$(U),

dp(<p A it) = dp<t> A * + (-1)"* A <W.

It easily follows that

(ii') dpd+ddp = 0.
It is easily verified that 2di +dl —di' satisfies these conditions;

whence

(4) dp = 2d,' +di - di'.

Writing also

(5) dQ = 2di' +di' - di,
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we see that d = dP+dç and, by symmetry, that ¿g is related to Q as

dp is to P.
Using (3), (4), we see that dp = d[2+2(d{d{' +d{'d{)+d{'2. Hence,

noting d\$°(U) =d{ +d{' and appealing to Lemma 1, we have

Lemma 2. dp — 0 if and only if d=d( +d{' ; i.e., di =dí' =0; i.e.,
dp=d(, dç — di'.

It is not hard to prove that the conditions of Lemma 2 are equiva-

lent to the "integrability" of the given almost product structure in

which case we have a local product structure.

3. The / operation. Let U, V be manifolds. An obvious almost

product structure is defined on UX V by regarding P, Q as the

(natural) projection operators associated with the direct sum decom-

position T1(UXV) = T1(U)®T1(V). We shall thus regard vector

fields in U, Fas lying, in an evident manner, in CX V. It is clear that

the conditions of Lemma 2 pertain; we write du = dp, dv=dç. du cor-

responds to "differentiation in Conly."

Now, let d>C¡:$r+'(UX V) and let c be a singular r-chain in U. Then

(using a notation due to N. E. Steenrod, cf. [3]) we define </>/c£$s(F)

by

(6) (*/c)(v)(y) = (-i)"[j*y(vj<p)]-c

where d£XP(F), y£F and /„: U—>UXV is the map x—>(x, y).
Then, as is easily seen,

(-i)"j(*A) - (-iy^uv<p/c

= (-iye+»[d4>/c - du<t>/c].

Also, if v'EXT'+1(V) we have

( -1)'<•+»(drf/c) (v') (y) = j*(v' J da*) ■ c

= (-D^te'.V J*)]-« = (-i)s+1/*(*'J*)'¿e

= (-l)'«»(*/*e)(i0(y).

Hence

(8) d<b/c - d)/bc = (-l)rd(d>/c)

(cf. 2.9 in [3]).

Now assume that F has almost product structure (P, Q) and that

U=UpXUq. Define an almost product structure (P, Q) on UXV

= UpXUqXV by

Tr(U X V) = T\UP) ® PT\V),

QTl(U XV) = T^Uq) © QT\V).
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In this situation, formula (8) splits up into various components.

We discuss one special case, namely that when c = c'Xxq where c' is

an r-chain in Up and xQ is a point of Uq regarded as a 0-chain. In

this case the homomorphism <p—^p/c is of type (—r, 0) in relation to

the almost product structures (P, Q), (P, Q). By examining (8) in

terms of its components we obtain :

di<b/c = (-\)<di(<b/c),

dl'<p/c=(-\Ydi'(<b/c),

di'd>/c = (-iydi'(<t>/c),

di<p/c - <b/bc = (-l)rdi(<t>/c)

from which, using (4) and (5), we obtain

dp<b/c - <p/bc = (- iydp(<l>/c),

dQ<p/c = (-\ydQWc).

4. Chain homotopies. Let us retain the notations of §3, let W be

a third manifold and F: UX V->W a map. We define X:$(W0->$(F)

by

(11) U = (-\)^(F*^)/c

for 4>E$(W). Then, using (8) we get

(12) (d\ + (-iy+1\d)t = (F*tf/bc.

Now, consider the case when c:I—>U is a singular 1-simplex and

define/(: V^>W by ft(y) = F(c(t), y); then F represents a homotopy,

and (12) becomes

(13) d\ + \d=ft-fa*

showing that differentiably homotopic maps induce chain-homotopic

homomorphisms.

Next, consider the almost product structures introduced in the

second part of §3, and assume that F is admissible (in relation to

these structures). The homomorphism X defined by (11) in terms of

an r-chain c "in Up" will be denoted by X/>. Using (10), we get

(dp\p + (-iy+1\pdp)t = F*t/bc,

dQKp + (-i)^\pdQ = 0

and finally, in analogy to (13),

(15) dp\p + X

in other words: A homotopy consistent with a given almost product

*       *
(15) dp\p + \pdp = fi — fo\
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structure induces chain-homotopies for the operator dp; and similarly

for dg.

5. Almost complex structure (cf. [5; 6]). Let M be an m-manifold,

and let CT(M) = T(M)®RC where C are the complex numbers; and

let C(M)=C-module of CM-maps M-*C. We define

(16) C*»(Af) = HomC(ilf)[XCT'(M), C(M)}

and C$(ilf)=Z»-o C*"(Jlf); cf. (1). We also define d:Q**(M)
-^>C$P+1(M) by the formal analogue of (2); the definitions of/*,/*

are similarly extended. It is clear that the whole "complex" theory is

analogous to the "real" theory; also, C(M) is naturally isomorphic to

R(M)®RC, C$P(M) to $P(M)®RC and, under this isomorphism, d

corresponds to d®l.

We say that M has a complex almost product structure if there are

C(M)-homomorphisms P, Q:CTl(M)^>CT\M) such that CTl(M)
= PCT1(M)®QCT(M), P, Q being projections. It is clear that the

theory of almost product structures (§2 above) has an exact ana-

logue in this situation: and we take over, without change, the defini-

tions of I^r,», II*», "type (r, s)," d = dp+dQ, complete with Lemma 2.

We say that M has almost complex structure if it has complex

almost product structure together with an isomorphism k:CT1(M)

-*CT\M) such that kPCTi(M)=QCT1(M), kQCT^(M) =PCT\M),
k* = l. Then k can be extended to k:CT(M)-^CT(M) (and with a

slight abuse of notation!) k: C$(M)^C<k(M). We write kv = v,

k<t> = <j>. In this case, in accordance with the usual notation, we write

d, d for dp, d(¡. If d2 = 0 (cf. Lemma 2) the given almost complex

structure is called integrable (cf. [S]).

It is well known that if M has almost complex structure and n

complex dimensions, then it can be assigned a Hermitian metric

(cf. [4, p. 209]) and in terms of this a duality operator * : C$P(M)

-^C$2n-p(M) and a scalar product (<¡>,\f/) fon/s <pEC$p(M); ci [l;5;

7; 8]. These operations satisfy

(n**. *) = (*. n**),
* n* - n* *

r,t n—r,n—»

and also, writing ■& = — * d *,

(0, H) = (a*, *)

if <p, \p are forms with compact carriers (cf. [5]). We define
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(17) A  =  2(âd + dâ).

Now, let U be a subdomain (i.e., an open set) of M such that the

closure of U in M is compact. By J^ denote the Hubert space (in

terms of the scalar product just introduced) of norm-finite differential

forms on U and by J the space of forms <pEC$(M) such that d<p =i?<£

= 0 and (p =0 outside U; then J can be regarded as a subspace of „£;

we denote by F'.Jj-^J the associated projection operator. There

exists a "Green's operator" G:£—>„£ such that

(18) AG<p = <p - F<t>

(cf. [5]).
Define//, J:S¿-^/¿by

H = 2â(dG - Gd) + F,
(19)

/ = 2ÛG.

If the structure is complex, â2 = 0,t?2=0 and hence ¿JA=Ad, t?A=A$;

hence in this case A¿/ = 0. If U is a closed, compact manifold, dG

-Gd=Q and 11= F.
In the case of complex euclidean «-space, it is trivial that there

exists a Green's operator G satisfying AG<j>=<p and, if <p has a compact

support, dG<f> = Gd<j>. Hence, if we assume that U is an arbitrary sub-

domain of complex euclidean space, then H<p = 0 provided that the

support of 4> is compact relative to U.

As is easily verified,

(20) ÔJ + jd = / - H.

Let V be another almost complex manifold; give to UX V the

natural induced almost complex structure; and by Ju, Hu, du denote

the operators on C$(UX V) associated with U. Then, if c is some sin-

gular r-chain in U, define L: C$(UX V)^>C$(V) by

(21) L<p = Ju<p/c.

It is easily seen that

(22) (-l^dL + Ld = Ldu

or, using (20),

(23) ((- iy+ldL + Ld)<p = (/ - Hu - dvJu)<t>/c.

Notice that, since there is no Stokes's formula in the geometrical

sense for d, no formula analogous to (8) can be obtained; similarly,

no formulas analogous to (10) seem to exist, as singular chains can-

not be closely related to almost complex structure.
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In particular, if r — 0, duJu/c = 0 and (23) becomes

(24) (-3L + Ld)d> = (I - Hu)4>/c.

Let IF be a third almost complex manifold, F: UX V—>W a map

such that dF* = F*d, let c = Ui — u0 where u0, «i£C, write fi(v)

= F(uí, v), and X=LF*:Ci>(IF)->C$(F). Then, (24) gives

(25) (-äX + XÖ)* = (ft - f*)4> - (HuF*<l>)i + (HuF*<p)o

where (HüF*<p)i = HüF*<P\uiXV.
If U is compact and connected, Hv = Fv where Fu is the projection

onto the space of forms satisfying du<t> = du4> = 0, and Jy (subspace

of such forms of degree 0) is isomorphic to C; then (HuF*<f>)i

= (HuF*<p)f> and (25) becomes

(26) -âX + Aâ =/?-/<*.

6. An example (cf. the Introduction). Let G be the multiplicative

group consisting of matrices of the form

"1    Zi   z2"

3 =   0    1   zi

.0   0    1.

where ztGC; let D be the (discrete) subgroup consisting of all z

such that Zi are Gaussian integers. Then V=G/D (i.e., the space of

right cosets z-D) is a homogeneous compact complex manifold

(which was first considered by Iwasawa). It is easily seen that (in

classical notation) the holomorphic 1-forms

Wi = dzi,        Wi = dz2 — Zzdzi,        w% = dzz

are right invariant on G; they can hence be regarded as holomorphic

1-forms on F. Further, it is not hard to verify that Wi, w2, W3 generate

the 6-homology group H^°(V) oí forms of type (1, 0). Hence

dim HÏ°(V) = 3.

By the duality theorem of Kodaira-Serre (cf. [9; ll])

dim hV(V) = 3.

It is easy to verify that

ii = w2 A w3 A â>i A w2 A v>s,

h = wz A wi A m A Wi A w3,

^3 =   Wi A 202 A Wi A Wi A «>3
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represent linearly independent elements of Hg2'3(V) and hence gener-

ate this group.

Now, every tEG induces the analytic homeomorphism Tt:z—H-z

of V onto itself; obviously each Tt is homotopic to the identity. We

have

(r«)*w,

(Tt)*ws

(Tt)*w3

and hence

(r»)Vi = h + hfo,

(Tt)*h = h,

(Tt)*1pZ   =   ^3  —  ¿1^2

showing that there is no chain-homotopy.
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