
ON HOLONOMY COVERING SPACES

LOUIS AUSLANDER1

Introduction. In [l] L. Markus and the author introduced the con-

cept of holonomy covering spaces for flat affinely connected mani-

folds or what are also called locally affine spaces. We also proved in

[l ] that the holonomy covering space of a complete « dimensional

locally affine space must be some « dimensional cylinder, i.e.,

T^XF"-*, i = 0, •■-,«, where T* denotes the locally affine i dimen-

sional torus and £"_i denotes the «—i dimensional affine space. It

is the purpose of this paper to prove that all these holonomy covering

spaces are actually realized. To be more explicit, we shall construct

n locally affine connections A", i=l, •••,«, on the « dimensional

torus such that the holonomy covering space of A" is TiXFn~i,

i = l, • • • , «.

1. General considerations. Let En be the « dimensional affine space

and let II be a subgroup of the group of affine transformations of En.

Let us assume that II acts on E" without fixed points and properly

discontinuously, i.e., without accumulation points. We shall define

two points x and y in En to be equivalent if there exists a g Gil such

that g(x)=y. Then the equivalence classes of En with the induced

topology form a manifold which we shall denote by E"/LL The class

of such manifolds is precisely the class of complete locally affine

spaces. If we let En have (xi, • • • , x„) as coordinate systems, then

the elements of II may be represented as (« + l)X(w + l) matrices

whose last row consists of all zeros except in the « + 1 entry where it

is one. Let g£LT. We may associate to g the «X« matrix consisting

of the first « rows and columns of the matrix representation of g.

Call this mapping 77. Then it is an easy consequence of the discus-

sion in [l] that 77(11) is precisely a matrix representation for the

holonomy group of the space En/H with its induced affine connection.

If k(TL) denotes the kernel of this homomorphism 77, then ¿(IT) is the

fundamental group of the holonomy covering space of En/U. Hence

k(H) is a free abelian group on at most « generators. Under the as-

sumption that k(U) has q generators, the holonomy covering space

of £"/n is T"XE"-", q = l, ■ ■ ■ , n.
Hence to determine the desired affine connections A", i = 1, •••,«,
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we have to construct groups II", i = l, • • • , «, which have the fol-

lowing two properties:

1. En/U1^T".

2. k(IL1) has «—i generators, i = l, • • • , «.

2. Reduction of the problem. We shall now show that the knowl-

edge of III, n|, n| is sufficient for constructing II?, i = 1, • • • , «.

Case 1. i = l and w = 2.

Let nï(l) acting on (xi, • • • , x„) act as n? on Xi and x2 and the

identity mapping on the other coordinates. Let P¡ be the unit trans-

lation in the/ direction. Let IT" be the group generated by ITf(l) and

Pj,3£jân.
Case 2. i even and «^2.

Let 2o=i. We consider the affine transformation ïl2(q),

2 = 1, ■ ■ ■ , a, which is the identity transformation except on x2î_i,

x2g which it transforms as Uj. Let II" be the group generated by

nl(ç), 2 = 1, • • -, o, and Py, i+l^/^w.
Case 3. i odd and w^2.

Let i — 3 = 2«. Let nj(i) be the identity transformation except on

X2a+i, x2a+2, x2a+z which it transforms as II3. Let II" be generated by

lift»), nj(2), 2 = 1, • • • , a, and Pj, i + lá/ = «.
It is now a trivial matter to prove that II? has the desired proper-

ties.

From the work of Kuiper we see that we must take II, as the group

generated by

x' = x + y   and    x' = x + 1,

y' =  y +  1 y' =  y

and H-2 as the group generated by

x' = x + y    and    x' = x + qy + X,

y' = y + 1 y' = y + q

where ^9¿q(q —1)/2 and q is irrational.

3. On JT|. Let gi, g2, gz be the transformations

x' = x + y, x' = x + z,        x' = x + qy + qz + k,

y' = y + 1,       y' = y, y' = y + q,

z' = z, z' = z + 1,        s' = 2 + q,

respectively, where 0<g<l/8 is irrational and ¿^4. Let Hf be the

group generated by gi, g2, and g3. It is a perfectly straightforward mat-



1956] ON HOLONOMY COVERING SPACES 687

ter to prove that II3 is abelian and that the general term gîgfgl of IJJj

is given by

x' = x + (n + sq)y + (m + sq)z + X,

(1) y' = y + n + sq,

z' = z + m + sq,

where

and

X = sk + nsq + msq + 2q2f(s) + f(n) + f(m)

fin)

Y,i, » > °»
i=l

— n

Y, i, n< 0.

This can be simplified by noting that/(«) = («2 —«)/2 for all n. Hence

X = sk + q2is2 — s) + l/2(m2 — m) + l/2(w2 — ») + nsq + msq

or

(2)    X = l/2(n + sq)2 + 1/2(7« + sq)2 + sik - q2) - 1/2« - 1/2«.

Lemma 1. Hj acts on E3 without fixed points.

Proof. Let us assume there is a fixed point. Then by equation

(1) we must have n+sq = 0. But this is impossible since q is irrational.

Lemma 2. Hj acts properly discontinuously on E3.

Proof. Let us assume that this is false. Then there exist («,-, mi, Si),

i = l, 2, • • -, and a point (x0, yo, 20) such that g?'g™'g3 (xo, yo, z0) is a

Cauchy sequence in En. Hence by equation (1), «¿+5,3 and Wi+s.g,

i = 1, 2, • • -, must be Cauchy sequences. But since q is irrational this

implies that lim.-^o |«,| = », lim,,.» |t»,-| = 00, and lim¿<00 \st\ = ».

Further Si and «,- must have opposite signs as must Si and tw,-. But by

equation 2 we see that if x< is the x coordinate of g^g^'ga'(*o, yo, 20),

then limi_M |x,| = ». This contradiction completes the proof of this

lemma.

We shall use a bracket about a set of points in E3 to denote the

point set determined by the closed simplex which has these points

as vertices. Let 0 denote the origin in E3. Then it is straightforward

to verify that
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[o, Si(o), giS m, gigueo)]

are nondegenerate simplices in E3, where i, j, k form a permutation

of 1, 2, 3. Let F denote the union of the above sets under all the

permutations of 1, 2, 3. It will now be our object to prove that F is a

fundamental domain for ITj.

Let F(2) = [0, gi(0), gig3(0)} [0, g,(0); g,g3(0)] and let R0(2)

= Ug"g"3F(2) for all integers « and s. By cyclic permutation we may

define F(i) and R0(i), i = l, 2, 3.

Lemma 3. The projection p of Ro(2) perpendicular to the plane

2 = 0 is a one-to-one mapping of Ro(2) onto the plane 2 = 0.

Proof. The perpendicular projection of a two-simplex onto a plane

is one-to-one unless the image of the simplex is a line. Now the ver-

tices of Ao(2) map into the points with coordinates (X(«, s, m = 0),

«+52, 0). Consider the group II1(2) of transformations of the plane

2 = 0 generated by gi and g3, where gi and g3 are given by

x' = x + y,        x' = x + qy + k,

y' = y + 1,        y' = y + q,

respectively. Now P(gigi(0))=g¡g¡(0). Hence the range of g?g|[0,

gi(0), gigj(0)] under p is gig|[0, g¿(0), £¿fy(0)], where i, j form a per-

mutation of 1 and 2. Since the plane 2 = 0 under the action of II1(2)

is a torus we must have that g1gl[0, gi(0), gigj(0)] are never degener-

ate. Hence/) is a one-to-one mapping of each of the simplices of Ro(2).

Further p must be one-to-one in the large since [0, £i(0), gig3(0)]

^[0, g3(0), gig3(0)] is a fundamental domain for the plane 2 = 0 under

the action of II1(2). This also implies that the mapping p is onto.

We have also shown

Lemma 4. 7/11(2) is the group generated by gi and g3 then Ro(2)/FL(2)

is homeomorphic to a two-dimensional torus and F(2) is a fundamental

domain for 11(2).

LetA\(i)=gîAo(i).

Lemma 5. A0(2)/°\i?1(2) =0.

Proof. Let us assume this lemma is false. Then there exist points

fi and/2GF(2) such that gïglfi=gigïgïfi. Hence gifi=g"-"'g3-s'fi.
But it is trivial to see that the ¿>[g2(F(2))] meets A0(2). This contra-

dicts Lemma 3 unless « = «' and s = s'. But then gifi=fi or g2F(2)

C\F(2) is not empty. But this is false.
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Lemma 6. Rm(2) separates E3 and Rm(2) lies between i?m_i(2) and

Rm+i(2) for all m.

This follows from Lemmas 3 and 5 and the fact that IlJ is orienta-

tion preserving.

Lemma 7. Let fi and f2 be between Ro(2) and Ri(2). If gERl exists

such that g(/i) =/2 then g£IT(2).

This is a trivial consequence of Lemma 6.

Now we may prove Lemmas 3 through 7 replacing 2 by 1 and 3.

Hence we have proved that F is a fundamental domain for DJ.

Theorem. E3/Ul is a torus.

This follows from the fact that F is the fundamental domain and

the identifications on the boundary of F.
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