
SOME DIFFERENTIATION PROPERTIES OF MARKOFF
TRANSITION PROBABILITY FUNCTIONS1

DONALD G. AUSTIN

In this paper we develop some differentiation properties of the sta-

tionary, transition, probability functions of a denumerable Markoff

chain by a purely analytic method. That is, we consider analytic

properties of a matrix of real valued functions Pait) ii,j = l, 2, • • • )

for 0<t, íi, ¿2< =o satisfying the conditions

I Puit) è 0,

Ill Paih + t2) = E Pikih)pkÁh),
k

(0 if i i*j,
IV    lim puit) - \       .      /

(-*0 11 if I = 7.

The probabilistic significance of I, II, and III is clear if we consider

events corresponding to the positive integers and puit) as the con-

ditional probability of the occurrence of event j at time t after the

occurrence of event i. The probabilistic and mathematical sig-

nificance of IV has been summarized by Doob in [l]. It has been

shown by Doob [2 ] that the functions Puit) possess right-hand de-

rivatives possibly infinite at i = 0 and by Kolmogoroff [3] that this

derivative is finite for i?*j. Doob has considered the caseT"!,- Dptf(0)

= 0 and shown that with this condition puit) (j = l, 2, • • • ) possess

a continuous first derivative satisfying the backward differential

equation of Kolmogoroff

Ki: Dpuit) = 2ZDpikiO)Paii).
k

However, this condition doesn't appear sufficient for the Kolmogoroff

forward equation

K2-. Dpuit) = 22 pikit)DpkJiO).
k
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We have been informed that recently Kolmogoroff and Juskiewicz

have shown by example that in general the functions Dpij(t) do not

have first derivatives and, even with the assumption

(1) Dpu(0) > - »

they do not necessarily possess second derivatives.

This paper deals with two purely analytical problems, the question

of the existence of derivatives and the question of analytical rela-

tions between them. In Theorem 1 we use condition (1) to establish

bounds on the difference quotient and in Theorem 2 we use (1) to

establish that the pa(i) have a first derivative every where. This

result (announced, with a brief proof in [6]) together with the results

mentioned earlier presents a rather complete solution to the existence

question2 although it is still a question3 whether (1) implies that

Pa(t) 0 = li 2, • ■ • ) possess derivatives. Under (1) we show that

2/ Dpij(t)=0, t>0 (so that Doob's condition constitutes a restric-

tion on the matrix only at the point 0) and that the differential

equation

(2) Dpu(tx + t2) = £ Dpik(ti)pki(t2)
k

holds for ¿i>0, ¿2^0.

The special case where

(3) Dpu(0) > - M (i = 1, 2, • • • )

has been discussed by several authors. Feller [4] has shown that in

this case the pa(t) are analytic and satisfy both Kolmogoroff differ-

ential equations. We show in Theorem 3 that with condition (3) the

pij(t) satisfy the generalized Kolmogoroff equation

(4) Dpl7+n\h + h) = T,Dpi7\ti)Dp^(h), h, t2 ̂  0.
k

We shall adopt the following notation

A<í(íi, h) = (pifo) - pii(h))/(h - h),

Hm At,(0, h) = i    qih l* j[
*-*> \—q>, t = j

11 wish to thank Professor K. L. Chung for suggesting this problem to me and for

helpful consultation.
3 Added in proof. The author has now answered this question in the affirmative in

his contract report USAF 18 (600)-760; September 1955.
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where we define paiO) =5,y. Also we mention two real variable theo-

rems to which we shall have occasion to refer:

Theorem A. The dérivâtes and the difference quotient of a continu-

ous function have the same least upper and greatest lower bounds (c/.

[5, p. 74]).

Theorem B. If the lower derívate of a finite function fix) is finite on

a set K then fix) has a derivative almost everywhere (a.e.) on K (c/.

[6, pp. 269-271]).

We mention three properties of the difference quotient that follow

readily from I-IV:

(5) £ Aiiit, t + h) = 0, / è 0, h > 0,
i

(6) AiA0,h)\ .     \
láO, i = j,

(7) Aijih + k, h + Í2 + h) = 22 Aikih, h + h)pkiit2)

= £ pikih)Ak¡it2, t2+ h).
k

The following theorem contains a condition for a uniform bound on

the difference quotient of puit).

Theorem 1. If qi<<*> then

(8) ?» ^ Aiiih, t2) è Max i-qu -?,-).

If either qi or q¡< » then puit) has a derivative almost everywhere.

Let M>qi, then by (6) and the existence of the derivative at 0

there exists a S>0 such that 0^A,-,(0, h)>—M whenever 0<Â<5.

It then follows from (5) that

(9) 0 g }2 àifiO, h) < M; 0 < h < ô.
iiíi

Let t be any point on (0, «0, then, using (7), we have

-M < Aui<d, h) è Za«(0, h)Pkiit) Û 2>a(0, h)pkiit)
k kféi

(10) è  }2 A.*(0. h) < M.

That is | Ay(i, t+h) | is less than or equal to M and hence less than or

equal to g< for 0<h<5.
This shows that the right-hand dérivâtes of puit) are bounded
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by q,(\ DXpa(t)\ ûqî) and hence by Theorem4 A the difference quo-

tient is in absolute value less than or equal to g,-. That is pa(t) is

Lipschitzian with constant qt and therefore of bounded variation and

so by Lebesgue's theorem possesses a derivative almost everywhere.

Suppose q¡< <» ; again using (6) and (7) we see that Aa(t, t+h)

= 23* pik(t)Akj(Q, h) ̂ AjV(0, h) for any r^O. It follows that D+pij(t)
is greater than or equal to — q¡. Thus by Theorems A and B we see

that pa(t) has a derivative almost everywhere. Further, in view of

Theorem A, we may conclude that AtJ(ti, ti) ^ — q¡. Combining this

with the Lipschitzian condition above we obtain (8).

Remark. It may be noted that the proof of the lemma would have

been only slightly complicated if we had replaced the condition

<Z»<°° by D+pa(Q)> — «3, in which case we obtain an alternative

proof of Doob's result that the qi always exist.

We now establish our basic theorem.

Theorem 2.1fqi<<» thenDpij(t) exists for 0<t< <x>, is continuous,

and satisfies

(i) £ Dpu(t) = 0
i

and

(ii) DpiAh + h) = L Dpik(h)pki(t2), h > 0.
k

Let us restrict ourselves to a bounded interval I: [O^t^t]. By

Dini's theorem on the convergence of monotone sequences of con-

tinuous functions we can, for any e >0, pick a / such that £7-J Putt)

<e/qi for tEI- By Theorem 1 and (6) we have O^A^O, A) = — g<

and hence using (6) and (7)

(11)      Aij(t, t+h) = Yj ^ik(0, h)pkj(t) ^ - qipii(t)    for any t and h.
k

Combining these inequalities we find that

00 00

£ Aii(t, ¡+i)èZ -<lipii(t) > - e, tEI,

and clearly this estimate holds over any sub-series, in particular if

for fixed / and h we denote a summation over all negative Aiy(i, t+h),

* The continuity of the pa(t) was established by Doob in [2]. It is known that the

pa(t) are equi-continuous uniformly on (0, »): to see this, note that for any€>0 we

may pick i>0 so that 1 -pu(h) <«/2 whenever 0<h<6 hence \pn(t+h)—pi¡{t)\

= I £*[/■«(*) - Pik(0)]ptj(t)\ Z 2Zk\pik{h) - £«(0)| = IwiaW + 1 - Pu(h)
"=2(l-¿„(A))<eforany ¿>0andj' = l, 2, • • •.
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j"J, 7+1, • • • with a prime then

(12) ¿' An«, t+h)> -e.

Using IV we pick r\ such that pkjis) < e/qj, k ̂ j, and pais) > 1 — e/g,-

for O^s^rç. Now for fixed h<t, s<r¡ and arbitrary h>0 we have, in

view of Theorem 1,

Auih + s, h + s + h)
oo

= 22 M*i. h + h)Pkiis) + Aijih, h + h)pu(s)
(13)

j-i
+    E àaXH. h + h)pki(s) = - 3e + A,,(*i, h+h).

k*=\,kyti

The inequality (13) along with Theorem A shows that D+pa(ti)

= D+pa(ti), that is pn(t) has a right-hand derivative DRpa(t) at t = h

and further DRpa(t) has the continuity property that for any e>0

there exists an rj >0 such that for 0 <j<r¡ we have

(14) DRPii(t + s)> DRPu(t) - e.

We now consider the series Ei LJRpi}(t). From (11) we see that

22i Dnpa(i) à — q% (where again we sum over negative terms) and

thus 22i L>Rpa(t) converges, or diverges to + °o. But by (5) and (12)

we see that E> DRpa(t) = Q and hence the series converges. Also, it

follows from Fatou's lemma that

DBpu(ti + l2) =  lim   22 A«(*i. h + h)Pki(t2)

^   E hm AaCffa h + h)pkj(t2) = 22DRpik(h)pki(t2)
k    »->0+ *

and hence

E DRpu(ti tI^EZ DRpik(ti)pki(t2)
i i      k

(15) =22 DRpik(h) I" E Pki(h)\ = E DRpik(h).
k L   j J t

That is, we have now shown that Ej DRpij(t) is convergent, non-

positive series, monotone increasing in /. We now show that for any

e the set of points t where Ej DRpa(t) > -« is dense and this enables

us to conclude that

(16) E Dupait) = 0.
i
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Let 23/ DRpij(t) = —A and pick / sufficiently large that (12) holds
for the given e and such that

(17)

(i)

(Ü)

23 DRpu(t) + A   < e and
i-i

i=i

for h less than some number 8. By (14) we may take S sufficiently

small that for h < 5 we have also

(18) 23 DRpa(t + h) > 23 DRpij(t) - e.
i-i i=i

Now let us fix hi<b and pick Ji>J such that 23/i/+i &a(t, t+h)
>A— e; this is possible by (5). But by Theorem A there exists an

hi < hi such that
J\

(19) £   DRpu(t + h) > A - e.
jW+l

By our choice of J we obtain, using (12), that

00

(20) 23 DRPu(t + hi) > - e.
;Wi+i

Finally combining (17), (18), (19), and (20) we see that 23"-i DRpu(t

+hi) > — 4e and this is our desired density result.

We have now strengthened (5) to hold for h^O where by h = 0 we

mean the right-hand derivatives. With this fact and condition (12),

Dini's argument on the uniform convergence of a monotone sequence

of continuous functions with a continuous limit may be applied to

the sequence 23/-i &n(t> t+h) as functions of h on the closed set

&2:0 to conclude that this series converges uniformly in h.

We have now, in view of the Moore-Osgood theorem, justified an

interchange of limits to strengthen (15)

DRpij(t + s) = lim  £ Ai*(/, t + h)pkj(s)
*-»o    k

(21)
= 23 Ihn Aik(t, t + h)pkj(s) = 23 DRpik(t)pki(s).

k    h->0

However, since the pkj(s) are continuous and 23* DRpik(t)convergent,

we see that the right-hand side of (21) is a continuous function of í

and this implies the continuity of the right derivative of pa(t) and

hence by Theorem A the existence and continuity of the derivative.
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Statements (ii) and (iii) of the theorem now follow immediately

from (16) and (21).5

Let us now consider the differentiability problem under the more

restrictive hypothesis that the qt (i = i, 2, • • ■ ) are bounded. As

mentioned in the introduction, this condition has been discussed by

Feller [4] and Theorem 3 of this paper contains some of his results.

We first prove a real variable lemma. Let gk(x) (k = \, 2, ■ • • ) be a

sequence of functions having continuous derivatives on an interval

l[x; agxgb] and let Af(x, y) = (f(y) —f(x))/iy — x) for any function

Lemma 1. If E* I L>gkix) \ converges uniformly on I then E* I &gkix,

#+Ä)| converges uniformly in (x, h) for h>0, x and x+h in I.

For given e>0 we may choose N so that for n>N we have

E,"-» \Dgkix)\<€. Now

00 00 1 ä x-f h

E I Agkix, x + h) I  = 22 ~r j      Dgkix)dx

1      p x+h    00

= T I        El Dgkix) \dxge
h J x     k=n

providing that x and x+h are in /, and this completes the proof.6

The following lemma indicates that if the q¡ are bounded then the

puit) have derivatives of all orders which have a bound depending

only on the order of the derivative, that is independent of i, j, and t.

We adopt the following notation: DMpijit) is the wth derivative of

Puit) at t; D^Pait) =pait); and

« Dl«-»Piiih) - D^Pijih)
Ai.j it 1, h) =-

¿2 — ti

Lemma 2. // qi<M (t = l, 2, • • • ) then the puit) have derivatives

of all orders on (0, oo), with \D'-n)piJit)\ ^(2Af)n, which satisfy the

differential equation :

(22) D^Paih + h) - E Pikih)D^Pkiit2).
k

We prove the theorem by induction. By (I) and (III) the theorem

is true for w = 0. Suppose that the theorem is true for n=a — 1, that

6 The methods of this proof may be used to strengthen the last statement of

Theorem 1 to read that if q¡< » then p:¡(t) has a right-hand derivative at all points,

but this result seems rather incomplete.

6 This short proof of the lemma was suggested by the referee.'
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is, suppose pij(t) has derivatives up to order a —I with |Dwpij(t)\

^(2M)n for n = 0, 1, • • • , a-1 satisfying (22). By (22), with

n=a — 1, we see that for arbitrary t, h>0;

(23) aS\t, * + A) = E Aik(0, QD^PkAl).
k

Given an e>0, let 5<0 be such that for 0<A<5 we have A¿i(0, h)

> -q{-e> -M and 23/*¿A»7(°> A) <qi + t<M. By (23) we see that

| A-;'(i, t+h)\  ^ 23 I A«(0, h) I I D^PkM |
k

á(2M)a-123 |A«(0, A) I

= (2ÍI/)«-1 j 23 MO, A) - AH(0, A)l  g (2M)°.
\ k^i )

From this we may conclude, exactly as in the proof of Theorem 1,

that D'-a-1)pij(t) is Lipschitzian with constant (2M)a.

Now let t be any point and let t<t be some point where each of the

functions pkj(t) (k = l, 2, • • • ) has a derivative of order a; such a

point exists by the last paragraph in view of Lebesgue's theorem.

Now consider:

(24) Aif(t, ¿ + £) = 23 Pa(t - t)A[a¡(t, t + h)
k

which is valid by the induction hypothesis. We know (i) ^kp,k(t — T)

converges, (ii) limA„o A¡f(t, t+h) exists, and (iii) |Ag°(/, t + h)\

^(2M)a, hence we may use the Weierstrass Af-test and then the

Moore-Osgood theorem to conclude that limA^.0 A\f}(t, t+h) exists and

(25) DMpuit) = 23 Pik(t - ï)D^pkj(t).
k

Thus we see that each of the pa(t) possess derivatives of order a at all

points of (0, oo). But the only property of t used above was that each

of the functions pk¡(t) (k = l, 2, • • • ) had derivatives of order a at

t = t and so the completion of the induction (that is, the verification

of (25) for arbitrary /and (t — f)) is immediate.

The following lemma extends the differentiability conclusions of

Lemma 2 to include ¿ = 0and contains a convergence criteria for the

derivatives of pi,(t),j = l, 2, ■ • ■ .

Lemma 3. If qt<M (i = l, 2, • • ■ ) then:



1956] MARKOFF TRANSITION PROBABILITY FUNCTIONS 759

■(1) The pi jit) have continuous derivatives of all orders on [0, <»).

(2) The series  Ej  \DMPa(t)\   converges uniformly on any finite

closed interval I contained in the non-negative real axis and 22jDwP>ÁL)

(3) The differential equation :

(26) D^pu(h + t2) = E DMpMpM
k

is satisfied for ti, ¿2^0.

The theorem is clearly true for « = 0.

Suppose it is true for n = a — 1 ; we then have

(27)    A-,a)(<i + /,, h + t2+ h) = E Oia"l)pik(h)Aki(t2, t2 + h),

where ¿2=^0, A>0, and hE.1. Now, in view of the induction hypoth-

esis, Lemma 2, and the existence of g,- and qa, we may apply the

Moore-Osgood theorem to take the limit as h—»0 inside the summa-

tion sign to obtain:

(28) DMpuih + h) = E D<*-»Pikiti)DWpM.
k

Note that the existence of D(a,£i;(0) follows from the Moore-Osgood

theorem on placing /i = /2 = 0; the bound on the derivative is immedi-

ate. From (28) with ij = 0we have, for any integer J>0:

22 I D^Pait) |  á E   E D^pik(t)qki  + E I Du^it) I ft
J=J J=J tfij JW

(29) ^ E E I D<«-»pik(t) | ítí + E I D^Pij(t) | ?,

= E E   iD^MOkw+ZI^^MOk/,

where the change in order of summation follows from the Moore-

Osgood theorem in view of the induction hypothesis and the bound

on qk¡ (i.e. qkjuM). For any e>0 we may pick K so that

12*-k \D{a~1)Pik(t)\ <e/M, for t£I, by the induction hypothesis;

we then pick J>K so that

00

E ?*/ < e/(* - 1X2JO"-1 for * = 1, 2, • • • , K - 1.
i=J

Substituting into (29) we find that
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23 I D^Mt) i
¡ml

Si Z     Z    I D^l)PiÁt) I q*i + ¿     E    I D^-^Pik(i) | g»,
t=l   ¡W.jVJb k=K  jW.íjí*

+ 23  I D<"-»p{j(t) I g,- g (2M)a-1(Ä- - 1) •---
tS ' (K- 1)(2M)«-1

+ — itf + — M = 3e
M M

for /£/. This implies that 23; I DMpa(t) | converges uniformly on I.

This fact, with 23; AjfC t+h) =0 for A>0 implied by the induction
hypothesis, shows that 23/ DMPa(t)=0.

Now let k be any point in 7, A^O any number so that /i+A£/;

then again using the induction hypothesis:

(30) aJ}(*i + h, k + k + A) = 23 ̂ ik\k, k + h)pkj(k)
k

for any t2¿iQ. But by Lemma 1 the series in (30) converges uniformly

in A, hence we may take the limit as A—»0 under the summation sign

to obtain (26) for n=a. Since I was any finite interval with left-

hand end point 0, the number k is arbitrary and the induction is

complete.7

We now summarize and extend Lemmas 2 and 3.

Theorem 3. If q,<M then all of the functions pij(t) have derivatives

of all orders on [0, <») satisfying the differential equation:

(31) D<«*»>pi}(k + h) = S D^pik(k)D^Pki(k)
k

for k, k in the closed interval [0, oo) and m, n = 0, 1, 2, • • • . Further

Pa(t) ''nay be expanded in a Taylor series convergent on [0, °°).

The first statement is included in Lemma 3, (1). We prove the

second statement by induction. It is trivially true for m+n = 0. Sup-

pose that it is true for m+n =a — 1 and let m and w be any two non-

negative integers such that m + ñ=a. By Lemma 3, (3) formula (31)

holds if m = 0 so we may consider w>0. By the induction hypothesis

we have

7 In addition to Feller's paper [4] this case has been considered by Arley [S].

Arley has obtained the differential equation (26) with a somewhat weaker restriction

than ç; bounded.
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(32)      ùi'lih + h, h + h + h) = E D(m)pik(h)Aknj (t2, h + h),
k

for h, Í2 èO, h>0. Now, in view of Lemmas 2 and 3 we may apply the

Moore-Osgood theorem to obtain (31).

The Taylor expansion follows from Lemma 3, (1) and the result

that a Taylor expansion converges to the function on [O, <=o) if on

every finite closed interval with left end point 0 the function has

derivatives of all orders (right-hand derivatives at 0), D(n)pa(t), such

that the Cauchy remainder (hn/(n-l)\)DWpij(eh)(l-6)n-1 con-

verges to 0 as n tends to infinity, for fixed h, uniformly for 0£ [0, 1 ]

{cf. [7, p. 209]}.
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