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I. Introduction. Let Q(X) be the set of all continuous complex-

valued functions on a compact Hausdorff space X, made into a

Banach algebra by defining ||/|| =sup \f(x)\ (xCX). A subset JF of

Q(X) is said to be separating if to every pair of points p, qCX there

is a function /£JF for which f(p) 9^f(q).

If some subset of X is homeomorphic to the Cantor set, then Q(X)

contains proper subalgebras which are closed and separating but

which are not maximal ideals; indeed, there are maximal proper sub-

algebras of Q(X) with these properties [3]. Recently, Civin and Yood

[l] have studied regular Banach algebras with a countable set of

maximal ideals. Their work contains the following result: if X is

countable and if (J is a maximal closed proper subalgebra of G(X)

which is separating, then tt is a maximal ideal of Q(X).

In the present paper we shall study Q(Q), where Q is a compact

Hausdorff space without perfect subsets (we adopt the convention

that the empty set is not perfect); thus every nonempty closed subset

F of Q contains a point which is not a limit point of F. There are un-

countable spaces Q; for instance, the one-point compactification of

any discrete space, or the set of all ordinals which do not exceed a

given ordinal, with the usual interval topology. It is easily seen that

Q is totally disconnected, and that the isolated points of Q form a

dense subset of Q.

The principal result about Q(Q) is that every closed subalgebra of

Q(Q) is self-adjoint. This implies that the maximal ideals of G(<2) are

the only closed separating proper subalgebras of Q(Q), a fact previ-

ously unnoticed even in the countable case. The linear functionals

on the Banach space G(Q) (i.e., the regular Borel measures on Q) are

also shown to have a very simple structure.

Throughout this paper the letter Q will stand for a compact Haus-

dorff space without perfect subsets.

II. The continuous functions on Q.

Theorem 1. If there exists a continuous mapping f of Q onto a com-

pact Hausdorff space X, then X contains no perfect subset.
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Proof. Suppose X contains a perfect set P. There exists a compact

subset E of Q, minimal with respect to the property that/(ii)=P.

Our hypothesis about Q implies that E has an isolated point q; put

E' =E—{q}. Then E' is compact, the minimality of E shows that

f(E') is a proper subset of P, and the compactness of f(E') implies

that/(g) is not a limit point of/(£')> hence not a limit point of P.

This contradicts the assumption that P is perfect, and the theorem

follows.

Since every uncountable compact subset of the plane contains a

perfect subset, we obtain the following corollary:

Theorem 2. IffEQ(Q), thenf(Q) is countable.

Theorem 3. Every closed subalgebra Q, of Q(Q) is self-adjoint.

Proof. Choose fE &■ Theorem 2 shows that f(Q) is a countable

compact subset of the complex plane. Let E be the union of f(Q) and

the origin. Since £ is a compact set without interior points which does

not separate the plane, there exists, for each positive integer n, a

polynomial P„ such that P„(0)=0 and |Pn(z)—z| <l/n on E [2].

Ufn(q)=Pn(f(q)) for qEQ, then fnE a and ||/„-/|[ <l/n, so that ft
contains/, the complex conjugate of/.

Theorem 4. If Ct is a closed separating subalgebra of Q(Q) and a

is not a maximal ideal of Q(Q), then &= Q(Q).

Proof. This is an immediate consequence of Theorem 3 and the

Stone-Weierstrass theorem.

III. The regularBorel measures onQ. There is a decreasing family

of subspaces of Q, obtained in the following manner. Put Qo = Q, let

a be an ordinal, and suppose that compact spaces Qs have been

defined for all p<a. If a is not a limit ordinal, then a = P+l for some

P, and we let Qa be the set of all limit points of Qb. If a is a limit

ordinal, we put Qa = f\g<a Qs-

The absence of perfect sets in Q shows that Qa+i is a proper subset

of Qa (if Qa is not empty), so that there exists a first ordinal, say y,

such that Qy is empty. If y were a limit ordinal, then Qy would be the

intersection of a family of nonempty compact sets with the finite

intersection property, so that Qy could not be empty. It follows that

there is a last ordinal X such that Q\ is not empty. Consequently, Q>.

is a finite space.

By a regular Borel measure on Q we mean a non-negative, finite,

countably additive set function m defined for all Borel sets in Q,

such that m(E) =sup m(F) =inf m(G), where F runs through all
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compact subsets of E, and G runs through all open supersets of E.

Theorem 5. If m is a regular Borel measure on Q and if m(E) =0

for every set E which consists of a single point, then m(Q) —0 (i.e., m

vanishes identically).

Proof. Suppose m(Q)>0. Since Q\ is finite, m(Q\)=0, and there

is a first ordinal, say a, such that m(Qa)<m(Q). If a = /?+l, then

m(Qs) =m(Qa)+m(Qp — Qa). But Qp — Qa contains no infinite compact

set, hence m(Qp — Qa) =0, and m(Qp) =m(Qa), contradicting our choice

of a.

Hence a is a limit ordinal. For any open set G which contains Qa

there exists then some (3<a such that QpCG. Since fi<<x, m(Qg)

= m(Q). Hence m(G) =m(Q) for every open set G containing Qa. The

regularity of m shows then that m(Qa)=m(Q). This contradiction

proves the theorem.

The Riesz representation theorem, together with Theorem 5, now

yields the following description of the linear functionals on Q(Q):

Theorem 6. If T is a bounded linear functional on the Banach space

G(Q), then there exist points qnCQ and complex numbers c„ such that

Xlc«l < °° and

Tf=f:Cnf(qn) (fCG(Q)).
n=l

As an application of this, we give a short proof of a theorem which,

for countable Q, is due to Civin and Yood [l]. We preface the theo-

rem with the following remark, which is easily proved: for every

qCQ there is a unique ordinal a(q) gX such that q is an isolated point

of Qa(qi, but q is a limit point of Qp if (3<a(q).

Theorem 7. Let £ be a closed linear subspace of Q(Q) which, for

each qCQ, contains a function fq with the following properties: fq(q) = 1,

f«(P)=0ifpeQa(q)-{q}. Then £ = Q(Q).

Proof. If £^e(Q), there is a functional T, given by Theorem 6,

which annihilates £ but is not identically zero. Let a be the smallest

of the ordinals a(qn), where we consider only those values of n for

which Cn^O. Then a = a(qi) for some i, and Tfqi = d. Since T anni-

hilates £, c, = 0, a contradiction.
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A SCHWARZ INEQUALITY FOR CONVEX OPERATOR
FUNCTIONS

CHANDLER DAVIS

For any Hilbert space 3C, let X be the totality of bounded self-

adjoint operators with spectrum contained in an interval 7, which

need not be finite. If / is a function from X to the self-adjoint oper-

ators on 3C obtained from a bounded real-valued function /0 on I by

the spectral theorem (that is, by f(A) =fla,fo(X)dE\, where E\ is the
spectral resolution of A), then/ is called an operator function (associ-

ated with 7). An operator function/is defined, once/0 is given, for all

such X. An operator function / associated with 7 is convex provided

A, B in Xand Og^l imply

(1) f(tA + (1 - t)B) g tf(A) + (1 - t)f(B).

Theorem. The operator function f associated with I is convex if and

only if

(A)    for A E X and for any projection P,    Pf(PAP)P g Pf(A)P.

Seymour Sherman suggested to me the problem of characterizing

operator functions/satisfying (A) by conditions on the corresponding

real-valued functions/0. (He remarked that the square is such a func-

tion1 but the absolute value is not. Sherman has also made an attack

on the present theorem by other methods.) The characterization is

provided by combining the present theorem with characterizations of

convex operator functions [l ]. In particular, it is necessary but far

from sufficient that f0 be convex and analytic.

Proof. From the definition follow these useful facts about any

operator function:
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1 ((PAP)2*, x) = (PAPx, APx) g (APx, APx) = (PA'Px, x).


