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1. Let X be a vector space? over the real field, and let K be a non-
empty convex set in X. As usual, a real-valued function f defined on
K is said to be convex, if f(aix1+aaxs) S ayf(x1) +auf(x2) holds for any
two elements x;, x;&€ K and for any a; =0, 2220, ay4a;=1. f is said
to be concave, if —f is convex.

Let f; (1 =4 <m) be m convex functions defined on K. The system of
inequalities

¢)) fdx) <0 1=<izm)

is said to be consistent, if an element x €K satisfying all m inequalities
(i.e. a solution of (1)) does exist. Otherwise (1) is said to be sncon-
sistent. A system (1) is said to be drreducibly inconsistent, if it is in-
consistent and if every proper subsystem of (1) is consistent.

The convex functions fi, f, - - -, fm are said to be linearly inde-
pendent, if no linear combination Y m, \:f; with real coefficients \;,
not all zero, can remain =0 throughout K. In the special case when
K =X and when the f;'s are linear forms on X, this definition of linear
independence agrees with the usual one. Indeed, a linear form can
remain 20 throughout the entire vector space X only when it is
identically zero. Incidentally. we observe that there exist arbitrarily
many linearly independent convex functions even on a one-dimen-
sional convex set. For example, the m convex functions f:(x)
=x'—1/(i+1) (1=¢=m) on the unit interval 0=<x =<1 are linearly
independent for any natural number m. In fact, if some m real num-
bers \; satisfy the relation Y &, \i(xi— 1/(z+1))=0 for 0=5x<1,
then since we have [3[ > %, Ni(x*—1/(:4+1))]dx =0, the polynomial
>moN(xi—1/(+ 1)) must vanish identically and therefore all \;=0.

The purpose of this note is to prove the following results concerning
a system (1) of inequalities with convex functions f; defined on K.
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* Notice that X is not topologized, and that the dimension of X is arbitrary, finite
or infinite,
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THEOREM 1. Either the system (1) is consistent, or there exist m num-
bers \;=0, not all zero, such that

2 Zm: Mfi(x) =0 forall x € K.

fa=]
The two alternatives exclude each other.

THEOREM 2. Let the system (1) be consistent, and let g be a concave
function defined on K. Then:
(1) The inequality

) g(x) =0

is a consequence of (1) [i.e., every x €K satisfying (1) also satisfies
(3) ], if and only if there exist m numbers \; 20 such that

(4) g(x) £ 2 Nfi®) for all x € K.
f=]

(i) The supremum v of g(x), when x €K varies over all solutions of
(1), is finite, if and only if there exist m numbers N;=0 such that
g(x) — D m Nifi(x) is bounded above on K. When this condition is
satisfied, we have

0 v = Min Sup {5 = S}
N2 zEK $=1
THEOREM 3. Let the system (1) be consistent, and let g be a concave
function defined on K. If inequality (3) is a consequence of the system
(1), and if (3) is not a consequence of any proper subsystem of (1), then
the convex functions f1, fa, + + -, fm are linearly independent.

THEOREM 4. The system (1) is irreducibly inconsistent, if and only
if the following two conditions are both satisfied: (a) Any m—1 of the
convex functions fi, fa, + + + , fm are linearly independent; (b) there exist
m positive numbers \; satisfying (2).

2. Before proving these theorems, we shall discuss their relation-
ship to certain known results.

First, if X is a finite dimensional real vector space, K is the convex
set formed by all vectors with positive components, and if the fi’s
are linear forms, then Theorem 1 becomes von Neumann’s theorem
of the alternative for matrices [6, pp. 138-143].

Next, consider a system of linear inequalities

(6) 6i(x) > a; l=sism
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where ¢; are linear forms on a real vector space X, and «; are real
numbers. Applying Theorem 1 to K =X, f;=a;—¢;, then the system
(6) is consistent on X, if and only if

) 3 M < Sup X Mgi(%)
1 ZEX =1

holds for ariy m numbers ;20 which are not all zero. But Z}".l N
being a linear form on X, the supremum on the right hand side of (7)
is + o except when Y m,Nip:=0. Hence (6) is consistent on X, if
and only if, for any m numbers N\;=0, not all zero, the relation
>m  Api=0 implies D_m; N\ia;<0. This is a theorem due to W. B.
Carver [2, Theorem 3].

Similarly, Theorem 4 includes the following result of Carver [2,
Theorem 2]: The system of linear inequalities (6) is irreducibly in-
consistent on X, if and only if any m —1 of the linear forms ¢; are
linearly independent and there exist m positive numbers A; such that
2o Ngi=0, Don; N 20.

Assume now that the system (6) is consistent on X. Let ¢ be a
linear form on X and B a real number. By Theorem 2, (i), the inequal-
ity Y(x) =8 is a consequence of (6) on X, if and only if there exist m
numbers A\; 20 such that

B — ¥(x) £ X Ml — ¢i(#) ] forall z € X.
t=a]l
Since ¢ — ZI’LI \i¢; is a linear form, the truth of the last inequality
for all x€X is equivalent to

¥ =2 Ng: and B = 2 M

4=l t=1
Thus we are led to a result which is analogous to a classical theorem
of J. Farkas [4, pp. 5-7] and H. Weyl [7, Satz 3] concerning a system
of linear inequalities ¢;(x) = a; [instead of the strict inequalities (6) ].
Similarly, Theorem 2, (ii) includes the following result: The infimum
of Y(x), when x varies over all solutions of the consistent system (6)
on X, is finite, if and only if Y is a linear combination of the ¢,’s with
non-negative coefficients. When this condition is satisfied, the in-
fimum in question is equal to the maximum of ., N, when A
vary under the conditions \;=0 and ¢ = D ™, \¢;. Results analogous
to this, but concerning a system of linear inequalities ¢:(x) = a; [in-
stead of the strict inequalities (6) ] have been given by Gale, Kuhn
and Tucker [5].
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3. We proceed now to prove the theorems stated above.

Proor oF THEOREM 1. That the two alternatives exclude each other
is clear. Let E™ denote the m-dimensional Euclidean space. Let 4
denote the set in E” formed by all points of the form (fi(x), fo(x), - - -,
fm(x)), where x €EK. Let B denote the convex hull of 4. Denote by N
the open convex set in E™ formed by all points with negative co-
ordinates. Consider an arbitrary point ({1, &, « - -, &) in B. There
exist a finite number of elements x;, %3, - - -, x, in K and # numbers
;20 (1 £j=<n) with D7, =1 such that & = > 7, a;fi(x;)
(1<i=<m). Since f; is convex, we have £;Zf:(> j., a;x;) for each 3.
Now assume that (1) is inconsistent. Then for at least one 7, we have
fi( 271 ajx;) 20 and therefore also £;=0. In other words, the convex
set B is disjoint from the open convex set N. By the separation theo-
rem of convex sets (see, e.g., [1, p. 71, Proposition 1 and p. 52, Prop-
osition 16] ), there exist m numbers \;, not all zero, such that

SNE<O0  for (b, by, Em EN

=1

and

2NEZ0 for (b, b v, km) € B.
=1
The first relation implies A; =0 (1 =7 <m), the second relation implies

(2).
ANOTHER ProOF oF THEOREM 1. For each x&EK, let
Ux) = {(§1, b2+ -+ 1 &) € Em| £:> fuo(w) for 1 < i < m).

Let U=U,cx U(x). Because the f.'s are convex, the open set U is
convex. Assume that (1) is inconsistent. Then U does not contain
the origin 0=(0, 0, - - -, 0). Therefore, again by the separation
theorem of convex sets, there exist m numbers \;, not all zero, such
that Y, N&>O0 for all (&, &, - - -, £a) E U. This implies (2) and
=0 (1=2=m). In fact, for any point (¢1, &, - - -, £€,)E U and for
any 7>0, the point (&, - - -, &iq, Ei4m, Eigy, - ¢ ¢, &) remains in U.
If X\;<0, then by taking >0 sufficiently large, we would have
N(Eitm) + 2 gm NiE; <0,

ProoF oF THEOREM 2. (i) We need only prove the “only if” part.
Assume that (3) is a consequence of (1). Then the system obtained
by adjoining the inequality —g(x) <0 to (1) is inconsistent. Applica-
tion of Theorem 1 to this inconsistent system yields the desired con-
dition.
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(ii) v is finite, if and only if there exists a real number 8 such that
the inequality g(x) —8 =0 is a consequence of (1). Then the condition
for v to be finite follows from (i). Assume now that v is finite. Then
g(x) —y =0 is a consequence of (1). By (i), there are p;=0 such that
g(x) — D™, pifi(x) v for all tEK. On the other hand, for any >0,
there is a solution x.&K of (1) such that g(x¢) >y —e. If \;=0 and
if o denotes the supremum of g(x)— D> m,\fi(x) over K, then
y—e<g(x) Sa+ D Nfi(x) Sa for every €>0. Hence y <« and
(5) is proved.

Proor oF THEOREM 3. First, by Theorem 2, (i), there are m num-
bers \;=0 satisfying (4). As (3) is not a consequence of any proper
subsystem of (1), we have \;>0 (1 =7 =<m). Suppose, if possible, that
us are real numbers, not all zero, such that D7, u:fi(x) 20 for all
xEK. Then as (1) is consistent, at least one of the u,’s is <0. Let
I= {ilu,~<0} and y=Max;er \i/ui<0. Put ni=\;—wu; (1=51=m).
Then

g(2) £ 20 Mful®) £ DNSu(x) — v 2 wifi(x) = 2 nifi(%)
te=1 1=1 =1 i=1

for all x€K. But each 7,20 and at least one of them is 0, so by
Theorem 2, (i), (3) would be a consequence of some proper subsystem
of (1). This proves that the convex functions fi, fs, + - - , fm are linearly
independent.

ProOF oF THEOREM 4. Assume that (1) is irreducibly inconsistent.
Then (b) follows from Theorem 1. The inequality —fn(x)<0 is a
consequence of the consistent system

® fix) <0 l=sism—1)

without being a consequence of any proper subsystem of (8). Hence
by Theorem 3, the m —1 convex functions fi, f2, - - - , fm—1 are linearly
independent. This proves (a). Conversely, by Theorem 1, (a) implies
that every proper subsystem of (1) is consistent, (b) implies the in-
consistency of (1).

4. Instead of system (1) of strict inequalities, one may wish to con-
sider the system

9) fi(x) 20, 1=si=m)

where f; are as before convex functions defined on a convex set K.
From a known result on linear inequalities (see e.g., [3, Theorem 1]),
the following conjecture would seem to be reasonable: If (9) is incon-
sistent, then there exist m non-negative numbers \; such that
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3™ Nifi(x) >0 for all xEK. This conjecture turns out to be false.
Let X be the Euclidean plane, where points are denoted by x
= (£, &). Let K be the convex set which is the union of the open half-
plane £>0 and the half-line £,>0, £.=0. Let fi, f> be defined on K by
fi(x) =&, fa(x) =£,. Then the system f;(x) <0 (¢=1, 2) is inconsistent
on K, but no pair of non-negative numbers A;, A\; can satisfy M,

+k2£2>0 for all (21, Eg)EK

5. In this final section, we indicate that Theorems 1 and 2 can be
extended to a much more general situation. Let K be as before a non-
empty convex set in a vector space X over the real field. Let Y be a
locally convex topological real vector space. Let P be a convex cone
in Y with nonempty interior. The interior of P will be denoted by
Int P. A function f defined on K and taking its values in Y is said to
be convex, if

aif(21) + asf(#) — floa®: + caxs) €E P

holds for any two elements x;, x:&K and for any a120, a;=0,
o1+a;=1. Then Theorems 1, 2 can be generalized, if we replace the
system (1) of inequalities involving m real-valued convex functions
by a single relation —f(x) &Int P, where f is a convex function de-
fined on K and taking its values in V.
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