ON SOME MERCERIAN THEOREMS IN SUMMABILITY
M. R. PARAMESWARAN

1. Introduction. Mercer's Theorem [10; 4, Theorem 51] and vari-
ous extensions of it have been treated in many recent papers [1; 3:
7; 8] etc. It is the object of this paper to use functional analysis to
prove Mercerian Theorems for ordinary and absolute summability;
we prove also a few results on absolute summability that may have
some independent interest. Functional analysis treatment of Mercer-
ian theorems for ordinary summability has also been given by Sirkov
[13].2

2. Some notations and lemmas. We note the following definitions
and lemmas, some of which are quite well known. We shall use the
symbols (¢y), (¢) and (m) to denote respectively the set of all se-
quences converging to zero, the set of all convergent sequences, and
the set of all bounded sequences. The sequence-to-sequence trans-
formation given by the equations

Yo = 2 Gui, (n=10,1,2--")
k=0
will be written as a matrix equation y=Ax where y and x are column
vectors, y= {y,.} and x= {x,.} Let (M) and (N) be given sets of
sequences. Then I'(M, N) will denote the set of matrices 4 such that
xE (M) implies Ax&(N). As we shall see, it will be convenient to
work with this notation.

LeEMMa 1 (Hille [5, p. 92]). If T is any complex Banach algebra with
unit element I, then for every element ACI the element I+4-qgA where
q is any complex number such that |q| -||A|| <1, has an inverse in T.

LeMMA 2. The sets of matrices T'(co, ¢o), I'(c, ¢) and T'(m, m) are all
complex Banach algebras, with the norm in each case being defined by:
Al =1.0.bosnce i | ane] .

A proof for I'(c, ¢) is found in the author’s paper [11]; the other
cases are similarly proved.

LEmMMA 3. (Zeller [14]). Let ACGT(I, M), (M) =(co) or (¢). If
Ax S (M) implies xE (m), then x& (M).
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1 The author is thankful to the referee for this and other valuable remarks.
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LeEMMA 4. Let AST (I, M), (M) = (co) or (c). If the matrix B is such
that AB=BA =1 and BEI'(m, m) then BET (M, IMN).

The case (M)=(c) is proved elsewhere [12]; the other case is
proved similarly.

3. Some Mercerian theorems. We now give two theorems, the first
of which includes, and slightly generalizes, Theorems 1, 2, 3 and 4 of
Love [8], and is itself included in the second theorem the results of
which were first proved by Agnew (see [1; 2]).

THEOREM 1. Let A ET'(IN, M) where (M) = (co), (c) or (m). Then the
conditions (I+qA)xE (M),

¢) lg| - limsup 2 |am| <1

n— o k=0
imply that xS (M) provided that either (i) xE (m) or (ii) A is a lower-
semimatrix (i.e., =0 for k>n).

THEOREM 2. Let AEST' (MM, M), (M) = (co) or (c) or (m) and let
) liminf { | aun| — 20 | am|} > 2> 0;

n—sw k<n
then Ax& (M) implies that x& (M), provided that either (1) x & (m) or
(ii) A is a lower-semimatrix.

ProoF. We may assume without loss of generality that |a..|
— D kwn | @mk| >A>0 for all %, for we may alter a finite number of
rows of the matrix A without affecting its summability properties.
Define the matrix B by I+ B = (@nx/ax.). Since ”B” <1by (2), we have
by Lemmas 1 and 2 that C=({+B)"'€T'(M, M). Also I+B=PA4
where P = (p,i) is a diagonal matrix with p,,=1/a., for all #. Since
|4]| 2 | @wn| >X>0, both P and P-1 belong to T'(m, m). Since further
PAC=CPA=I=P(PAC)P=ACPweseethat A~1'=CPCI (m,m).
Therefore, if 4 is a lower-semimatrix then Ax& (M) implies xE (m),
and it follows from either of Lemmas 3, 4 that x& (). This proves
part (ii) of the theorem.

If x&(m) and Ax& (M), then by what has been proved above and
Lemma 4, we see that A~!€T'(M, M) and part (i) of the theorem is
also proved.

4. Absolute summability. Corresponding to the Mercerian theo-
rems for ordinary summability, there are also analogues for absolute
summability—where convergence is replaced by absolute conver-
gence. The sequence x = {x,.} is said to be absolutely convergent if
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and only if the series D mo (X, —%._1) is absolutely convergent (x_; is
taken to be zero). We shall denote the set of all absolutely convergent
sequences by (|¢|), and the set of all sequences x= {x.} such that

w0 | %.| < 0, by the symbol (I;). Theorem 3 below is the analogue
of Lemma 2 for absolute summability; we shall prove it by a some-
what indirect method by a number of easy steps, proving a few
lemmas which may also be considered to be of some independent
interest.

LEMMA 5. (See Mears [9]). The matrix P = (pni), (n,k=0,1,2, - - +)
belongs to I‘(| c| , | c] ), that is, Px€(| cI ) for every xE(I c| ) if and only if

3) | Pl[* = IUb Z Z (Pt — Pr1p) | <
E<® p=0l kmh

where p_11x=0 and

g = D pm  exists for eachn = 0,1,2, - - -.
k=0

LEMMA 6. (See Knopp and Lorentz [6]). The matrix A = (an) be-
longs to I'(l1, L) if and only if

@) ||A||_1ub Elankl <
n=0

(or equivalently, if and only if A’ ET (m, m) where A’ is the transpose
of the matrix A, so that obviously ||A||"=|4"|]).

LEMMA 7. Let A =(aq.) and let G = (gnx) be defined by
(5) gnk = aoe + e + - - -+ am (n, k=0,1,2,---).
Then AET(ly, b) if and only if GET(l, |c|).

The proof is immediate from the equation

n=0 | k=0 Nam0

2 (g — gn1.4)thx |,

k=0

for the equation (5) is equivalent to the relation

(6) nk = LBnuk — fn—1,k (n> k= Or 1, 2’ tee )'
DEFINITION. The set of matrices 4 €T'(IMN, N) such that limr.y @k
=0 for each n=0, 1, 2, - - - will be denoted by I'y,(I, N).

LEMMA 8. Let the matrices A and G be related as above. Then,
AET(l, ) if and only if GET (L, | ¢|).
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The proof is immediate from equations (5) and (6).

LEMMA 9. The sets of matrices T'(l, L) and To(l, L) are complex
Banach algebras under the norm defined by (4).

This is a consequence of the fact that I'(ly, ;) and T'y(ls, ;) are, un-
der the correspondence 4—A4’, isometric with the Banach algebras
(see Lemma 2) T'(m, m) and T'(c,, co) respectively.

It is easily verified that the following result is true:

LEMMA 10. Let P=(p) ET(|¢|, | ¢|) and let

(7) gnk=?nk+?n,k+l+'°'+"' (ﬂ,k=0,1,2,"’).
Then G=(gu) ETo(l, | ¢|) and
(8) Pnk = 8nk — &n.k+1 (ﬂ, k= 0) 17 2’ R )‘

The converse is also true.

REMARK. The statements AETo(h, h), GETo(h, |c|) and
PEI‘(IC| ,lcl) are equivalent. For, s= {s,,} & () if and only if
o={o.} E(|¢c|), where ga=s0Fs1+ - - - +s.. It is easy to verify
that if AE€To(h, ) and s€ (L), then As=t={t,} €(L), Gs=7E(|¢|)
where 7={7,}, T.=to+ti+ - - - +£, and further that Ps=r. The
correspondence 4 «<+G«>P is thus the “natural” one.

We have established above one-to-one correspondences between
T'o(l, L) and To(Ly, |c|) on the one hand and between T'y(};, Ic]) and
T'(|¢|, | ¢|) on the other. Thus we have the

LeMMA 11. The correspondences A<>G<>P where A € To(l,b),
GETo(l, |c|) and PET(|c|,|¢|), as defined above, are one-to-one;
and the correspondence AP is expressed by either of the equivalent
formulae

o

Pk = Z (e — aipy1) (m k=0,1,2,--.),
©) =

Gk = 2 (Pos — pnri) (m k=0,1,2,---).
Yk
The equations giving (p.x) and (a.x) in terms of each other are
verified by simple calculation.

LEMMA 12. Let the matrix G be related to A ET'(Iy, ) by the equation

(5) and let BET (I, ). Then GBET (I, | ¢|) and is similarly related to
ABET(, I).
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Proor. The equations (4) and (6) give
| gns| = kZo | ges — gi-vi| S Al < =;

also, > % {b;kl éHB”’ < . Therefore the sums (GB) = D im0 Znibix
exist for n, k=0, 1, 2, - - - ; and hence the product GB also exists.

Now, (AB)ut = Do Guibit = D imo (gni — g1t = (GB)uk
— (GB)n-1,x and the result follows from the equivalence of the rela-
tions (5) and (6).

LEMMA 13. The one-to-one correspondence AP defined above be-
tween Ty(ly, 1) and I‘(| c] , |c| ) is an isomorphism.

Proor. Let 4, BET(/, l,) and let the matrices corresponding to
them in To(ls, |¢|), T'(|¢|, |¢|) be G, H and P, Q respectively; that
is, AoGeP, BoHeQ and G, HET (1, | ¢|); P, Q€T (| ¢|, | ¢])-

It is obvious that A+B«—>P+Q€F(| cl, |c| ), MNP where N is
any complex constant. [By Lemma 9 we have that 4 +B, A4 and
AB all belong to T'y(ly, 1;).] We have to prove that PQEI‘(| c|, |c|)
and that A BeoPQ.

In view of Lemmas 10, 11 and 12 it is enough to prove that the
product PQ exists and that

(10) (PO = (GB)nk — (GB)n i1 (n,k=0,1,2,---).

Now,

0

(GB)nk - (GB)n.k+1 = E gni(bik - bi,k+1)

=0

= Z gnilbae — Ricape — Rigpr + hi—1k41) by (6),

1=0

=0

= Z gni{ (hie — hig+1) + (Bic1ks1 — hi—l,k)}

= Z (gni — gn.iv1) (B — i g—1)

=0
= Z PniQik-
=0
This establishes that the product PQ exists and that it satisfies the

relation (10). Since AB—GBET (L, |¢|) and GB-PQET (| ¢|, |¢|),
the lemma is proved.
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CoRroLLARY. The sets T'(|c|, |c|) and T'(co, co) are isomorphic under
the correspondence P<A’ where A’ is the transpose of A.

THEOREM 3. The set T'(|¢c|, |¢|) is a complex Banach algebra where
the norm of PET (| ¢|, | ¢|) is defined by || P||* given in (3).

ProoF. We have from the relation (3), || P||*=||4]"=]/4’||. Also,
it is easily verified that the equation (3) defines a norm over
T'(|¢|, |¢|). The theorem follows then from Lemma 2 and the corol-
lary above, in view of the isometry.

Theorem 3 above leads us to the following generalization of
Bosanquet’s analogue [3], for absolute summability of Mercer’s
theorem; it is the analogue, for absolute summability, of Theorem 2.

TueoreM 4. If PET(|¢|, |¢|) is a lower-semimatrix and

0

k
| pan] = 2 |2 (Brs — o1 | > A >0

k=n+1i 1=n
for all n=0,1,2, - - - then PxE(|c|) implies xE(IcI).

Proor. Let B=A4'ETI'(¢co, ¢o) correspond to P under the isomor-
phism stated in the corollary to Lemma 13. Then it is easily verified
that B satisfies the condition [baa| — Dsopes |bax] >N >0
(n=0,1, 2, -+ -) and hence, as seen in the proof of Theorem 2, we
have that B—'&I'(co, ¢o). It follows now from the isomorphism that
P“IEI‘(I c| , |c| ). Also, P and P! are lower-semimatrices and there-
fore if Px&(|¢|) then x = (P‘IP)x=P'“1(Px)€(| cl ) and the theorem
is proved.

It is easily seen that the Mercerian theorem for absolute summabil-
ity given by Love [8, Theorem 5] is an immediate corollary of Theo-
rem 4 proved above. It can also be proved that the following result
for Hausdorff matrices, which includes and is more general than the
results given by Love [8, Corollaries 4, 5], is also a corollary of our
Theorem 4. We give an alternative short and interesting proof of the
result.

THEOREM 5. If AET (¢, ¢) is a Hausdorff matrix and satisfies the
condition
n—1
(1) lam| =X |am| >2>0 ®=01,2,---)
k=0
then Ax€(| cl) implies that xE(] c| ).

PRrRoOOF. As shown in the proof of Theorem 2, we have now
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A—1&TI' (e, ¢), and since 4 is Hausdorff, so is A~!. Now, Knopp and
Lorentz [6, Theorem 3] have proved that any Hausdorff matrix be-
longing to T'(c, ¢) belongs also to T'(|¢|, | ¢|). Thus A—1&€T'(|¢|, |¢|)
and the theorem is immediately proved.
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