LOGARITHMIC SEQUENCES
JOSEPH MILKMAN

Introduction. M. Augustin-Louis Cauchy in his famous Cours
d’Analyse de I'ecole Royale Polytechnique (Part 1, Analyse Algébrique,
Chapter S, page 109), published in 1821, gives a beautiful proof that
the only continuous solution of the functional equation f(x)-+f(y)
=f(xy), where f(x) is defined for all real numbers x, is the function
f(x)=a In x. Cauchy’s proof reduces the equation to the Cauchy
equation f(x)+f(y) =f(x+y). In 1905 G. Hamel in the Mathe-
matische Annalen proved that the discontinuous solutions of Cauchy’s
equation are totally discontinuous. In 1919 in the Transactions of the
American Mathematical Society B. Blumberg proved that the only
measurable function satisfying Cauchy’s equation is the function 4x,
hence the only measurable solution of f(x) +f(y) =f(xy) is ¢ In x. In
the past thirty-five years there have been a number of papers on
these functional equations where the domain of the independent vari-
able has usually been the real number system. In 1946 P. Erdos
proved by analytic number theory techniques that if f(m) is additive
and f(m-+1) = f(m) then f(m) =c In m (Ann. of Math. vol. 47 (1946)).
This implies “If f(m-+1)>f(m) and f(m)+f(n) =f(mn) hold for all
positive integers m and #, then f(m) =c¢ In m,” a result for which the
author obtained a more elementary proof in 1950 (Proc. Amer. Math.
Soc. vol. 1, no. 4). In a problem of designing a computating mecha-
nism the author considered the monotone solutions of f(x)-4f(y)
=f(xy) where the domain of the independent variable is the finite set
of integers 1, 2, - - -, n. This led him to the notion of logarithmic
sequences, the subject of this paper.

DEFINITION. Logarithmic Sequence. A logarithmic sequence is a
set of # real numbers a;, 2=1, 2, - - -, n such that

10=a: =1,
Qa+a<a 4+ a if bkl <rs,
B)ar+ a1 = ar+ a, if kRl = rs,

n is called the order of the logarithmic sequence.
NOTATION. p;: For r=n and s=<# form all the different products

rs. The sequence py, ps, ps, - - -, p¢is the sequence of all these distinct
products arranged in increasing order of magnitude.

si: Corresponding to the logarithmic sequence a;, j=1,2, - - -, n
and p;=rs,1=1, 2, - - -, t we define s;=a,4+a,.
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The s; are monotonically increasing.
A;: A; = sig1 — $5: >0 fori=1,2,---,1—1.

MinA(a) denotes the smallest A; for a given logarithmic sequence
a;.

DEFINITION. Maximizing Sequence. my, %2, + - - , m, is a maximiz-
ing sequence if it is a logarithmic sequence and min A(m) = min A(a)
for all logarithmic sequences a1, as, * * * , @n.

PROPERTIES OF LOGARITHMIC SEQUENCES OF ORDER 7.

1. a1<a.<a3 - - - <a, for p;=7 when 7=1, 2,---, n and s;
=a;+a; by definition a;+a1 <a14a: < - - - <ar1+a,.
2. minA(@)=(2—s1)/(—1) for s;,>s; fore=1,2, - - -, ¢t—1,
St=a,+a, =14+1=2

si>si=a1+a, 20 fOI"I:>1,
2Zzsi=s51+ A+ A+ - ‘+Az—1,
2—512 A1+ A2+ -+ A
3. minA(a) S (s, —s9)/(p—9)-
4. If ay, aq, - - -, ar, * * +, @y is a logarithmic sequence of order =
then ay, as, + - -, ax is a logarithmic sequence of order &.
5. A1> A >A> - - - >AL .
ProoF. For k<n there is an 7 such that 2a;=s, and
k41 + Qg1 = Sr—y,
20 > apyr + G-y,
Ar_y > Ag.
6. If pipr=p.pj=some p, then s;—s;j=s5,—sp,=47;44;;:.
+Ai .
7. If nis a prime t(n) =t(n—1)+n.
8. Ai_1=Ai2=A,_ for s,=2a,, se.1=a,+a,_1 and s;—s=2an_;.
9. In the system of linear inequalities A;>0 fort=1,2, - - - ,t—1,
the inequalities 2=1, 2, - - -, #—1 are superfluous.
Proor. If i <n let py=2¢ and p;=2(:4+1) then sy=a,+a; and

Si=8r+t a1, Si— Sk =8ip1 — ;i = Ay = A+ Mg+ - - -+ A
Hence if
w2 <i<m, A

Ay + A+ - - -+ Ay, k=n
if
n/4 < i< n/2, A;

]

A+ Appr 4+ - - -+ Ay, kzn/2
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n/2" £ i< w/2", A =Ap+ A+ - - - F Ay, B n/2vL

10. Let the logarithmic sequence a,, a., - - -, a, be represented by
the position vector a=(ay, - - -, a,) in n-dimensional Euclidean
space. If a and b represent logarithmic sequences then ka
= (kay, ka., - - -, ka,) for 0<k <1 and (ma+nb)/(m~+n) for all m >0
and #>0 represent logarithmic sequences. The set of points L repre-
senting logarithmic sequences is convex, connected and dense in it-
self.

11. If py, po, ps, - + -, pr are all the primes less than or equal to #,
then ai, a,, a,, * -, ap determine the logarithmic sequence
a, ag, Az, * * * , Aq.

12. If

as Al
asy Az ‘
a=\|- i, A= : Iy ay = 0
('In! lA;:——l
and
1 0 0
1
11 0
A=
111 --- 10
111 --- 1
then in matrix notation a =A4A and A=A4"'a.

13. If p1, P2y, - - -, P& are the primes=#n, ;=0 and s;=r1,a,,
+ryap,+ - - - +rriap, for 1=1, 2, - - -, t—1 then the rank of the
matrix

[ 710 7210 0 - 1

Yizg 722 - - c Tke

~
I

Yie—=n 0 Te(t-1)
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is k and
Al ap,
A= |2 4mR ™
Ay apy,

where A~'R has rank k.
PROPERTIES OF MAXIMIZING SEQUENCES 1, Ms, * * * , My,
1. m;1=0 and m,=1.
Proor. Assume m, <1 and let A\=1/m,>1.
The sequence A is a logarithmic sequence.

si(Am) = Asi(m),
Ai(m) = NAi(m) fori=1,2,---,1—1,
min A(Am) = XA min A(m) > min A(m)
contrary to the assumption that m was a maximizing sequence. Hence
my=1.
O=mi—m =1,
(my, — m1) + (my — my) < (m, — my) + (m, — my) when kl < rs,
(my, — m1) + (my — my) = (m, — m1) + (m; — mi) when kl = rs.
Therefore m;—m, is a logarithmic sequence.
sim — my) = sim) — 2my,
As;(m — my) = Asi(m),
min A(z — m)) = min A(m) or m — m,

is a maximizing sequence and m,—m;=1=m,. Hence m;=0.

2. A1=As+A; for Ay =55 and s4=2s,.

3. D0 A;=2, > ™' A;=1and hence D _5'A;=1.

4. minA(m) of a maximizing sequence of order # <min A(m) of a
maximizing sequence of order %2 if »>k. This is a consequence of
property 4 of logarithmic sequences.

S. If ay, @p, - -+, @n and by, by, - - -, b, are maximizing sequences
and A(e) =min A(a), then A(a) =Ax(d) for at least one k for which
Ai(e) =min A(a).

PrOOF. A;(a+b)/2=(Ai{a) +A:(d))/2>Ak(a) for all 7 except those
for which A;(a) =A;(b) =Ak(a). The inequality cannot hold for all ¢
since ¢ is a maximizing sequence. Hence there must be a & such that

Ax(a) = Ax(b) = min A(a) = min A(D).
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THEOREM 1. A maximizing sequence of order n exists for every natural
number n.

PRrooF. Let L be the set of points a=(ay, as, - + * , @,) in # dimen-
sional Euclidean space for which a is a logarithmic sequence. The set
L is bounded since it lies inside the rectangle 0<x;<1. Let L be the
closure of L. If x=(x1, x5, - - -, x,) is in L then s;(x) =x,+x, (when
pi=rs) is a continuous function of x in L for i=1, 2, - - -, . Ay(x)
=s;1(x) —s:(x) is a continuous function of x in L for 1=1, 2, - - -,
t—1. Let min A(x) be the minimum of A;(x) for fixed x and variable 7.
Min A(x) is a continuous function of x on L, a closed bounded set.
Hence there is a point m in L at which min A(x) is a maximum. We
will show that m is in L and hence is a maximizing sequence.

m is a limit point of logarithmic sequences. There exists a sequence
of points, belonging to L, li= (I}, I, - - -, Ii) with m as a limit.

0<lhi<lh<---<L<1 fori=1,23 ---,

0m SE<me=< ---<m, =1.

Suppose m,=m,;1 then s m)=m.4+my and s.p(m)=m.1+m.
A,(m) =0 and hence min A(m) =0 contrary to m being a maximum
point for min A(m) since log. ¢, =1, 2, - - -, n is a logarithmic se-
quence with min A>0. Therefore

0 m <m<my<: -+ < m,.
LA lL<l410if bl <rs

Hence my+m;S<m.+m, if kl<rs or si(m)=<s:(m)=ss(m)=< - - -
<s.m). Suppose s;j(m)=s;.1(m) then A;(m)=0 and min A(m)=<0
which is impossible. Therefore m;+m;<m,+m, if kl<rs. Finally
RAL=01+0if kl=rs implies my+m;=m,+m, if kl=rs and hence m
is a logarithmic sequence and therefore a maximizing sequence.

LEMMA. A maximum minimum point of a finite set of hyperplanes
can be determined in a finite number of operations, if the set of hyper-
planes has a maximum minimum point. Furthermore the maximum
minimum point lies in a level intersection of a subset of the hyperplanes.

Proor. Let L;= Z}Ll alxj+c;, i=1,2, - - -, n be n linear func-
tions of the p variables x;, x2, - -+ - , x, or the point X = (x1, X3, + - - ,%p)
in p-dimensional Euclidean space. Min L;(X) denotes the function
of X whose value is the smallest number of the set Li(X), L.(X), - - -,
L.(X). We wish to determine a point X for which Min Li(X) is a
maximum. Geometrically this is the problem of having given # opaque
hyperplanes L=L;(X) in p+1 dimensional space and considering
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the L axis as the up and down axis, to find the highest point an ob-
server below all these hyperplanes can see i.e. the highest point in
the closed convex region bounded by L=Min L;(X). To find this
point we will start at an arbitrary point of Min L;(X) and determine
a path, consisting of a finite number of line segments which are al-
ways going up and lead us to our destination.!

Select any point X!'=(xi, x3, - - -, x}) in p dimensional Euclidean
space. Let our linear forms be labelled so that L;(X!)=Min L;(X1).
Any ray [ starting at X! may be expressed in the normal form:
x;=x]+b;s with D 2bf=1, s=0. Along ! we have L,(X)= Y ?alx}
+ajbjs+c and dL,/ds= Y ? alb;. By the Cauchy-Schwarz inequality
dL,/ds is a maximum when b,~=a{/(Z(a’l)2)”2. Let I, denote the ray
x;=x+als/(D_(@))V2 If al=0for j=1,2, - - -, p, i.e. Ly=c, then
X'is a maximum point (there may be a p —1 dimensional manifold
of such points). If a{>0 for some j and the ray /; does not contain
any points for which L;(X)=L;(X), 11, then L;(X)>L,(X) at all
points on /; and there is no point for which Min L;(X) is a maximum.

If the ray /, does have points for which Li(X) =L;(X), 171, let X?
be the point on /; corresponding to the smallest value of s for which
this condition is satisfied. Denote by Ly(X) the (or one of the linear
functions) L;(X) for which L;(X?)=Ly(X?) S L:(X?) for 1>2. X2 lies
in the p —1 dimensional manifold 7, on which Li(X) = Ly(X), deter-
mined by the equations

X; = §; i=1,2,"’,?"‘1,
=i i P P
% =| 2 (a1 — a)s;+ c1 — c2) /(a2 — ay).
1
In this manifold

p—1 »—1 .
P J P 7 P P
as Z : a§; — ay z : asS; + €102 — C201
1 1

L1=L2=

o — of

Any ray / in m, starting at X? may be written in the normal form:

si=x+b;s, 2bj=1,520,j=1,2,---, p—1. Along /,
dL, 1 aiai - a‘l’ai
— = cib; where ¢; = ———
ds 51:’ ™ ’ aj — af

By the Cauchy-Schwarz inequality dL,/ds is a maximum for b;
=¢;/(2.6)"2. We denote by Iy the ray s;=x>+c;s/( )V If ¢;=0

! Suggested by Professor J. F. Paydon, U. S. Naval Academy.
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forj=1,2, - .-, p—1orm is the level intersection of L=L,(X) and
L =L,X), we investigate the question; “Is there any ray starting at
X?, along which L; and all other L; for which L;(X?)=L,(X?),
labelled as L., L3, - - -, Li are increasing functions?” If the answer
is in the negative X? is a point for which min L;(X) is a maximum.
Let x;=x]+bi¢ be any ray emanating from X2 then along this ray
dL;/dt= Y *_,ajb;, i=1, 2, -+ -, k. A question equivalent to the
above is, “Are the inequalities

Y .
(1) > ab;>0,i=1,2,--- kconsistent?”
j=1

The consistency of such a set of inequalities may be determined by
applying the existence theorems of Dines or Carver (L. L. Dines,
Linear inequalities, Bull. Amer. Math. Soc. (1930) p. 393). If the
system (1) is consistent a set of b; satisfying (1) may be found by the
method of Dines (L. L. Dines, Systems of linear inequalities, Ann. of
Math. vol. 20 (1919) pp. 191-198). Using the b; that satisfy (1) we
can find a point P X2 on the ray x;=x}+b such that L;(P) < L;(P)
fori=1,2, - - -, kand j>k. Min L;(P)>Min L,(X,). We now repeat
the above procedure starting at P as we did starting at X

If ¢;0 for some j, then there is a gradient ray /. If there is no
point X3 on I, for which Li(X?) = Ly(X?) = L;(X?) for some 7>2 then
there is no maximum value of Min L,;(X). If there is such an X3 let
it be the one corresponding to the smallest value of s on l,. We call
L3(X) the (or a) linear function for which L;(X?3) = Ly(X?) =L;3(X?)
<Li{(X?® for 1>3. Proceed as above in the manifold m in which
Li(X)=Ly(X)=Lys(X) and determine /s, etc.

Continuing in this way if X" exists, the manifold m,—; in which

L(X)=LyX)= --- =L.,(X) (assuming these r—1 equations are
independent, if not we take a smaller ) is determined by x;=s,
1=1,2,3,---, p—r+1 and the x;, j=p—r+42, p—r+3,-- -, p
obtained by substituting x;=s;, ¢=1, 2, - -+, p—r41 in the r—1
equations L)(X)=Ly(X)= - - - =L,(X) and solving for x;. Any ray
in m,_; emanating from X" has the form
2 s=a+bs = 1,2, p—r+1,520 b =1
Let

p—r+42 p—r+3 P

ai aiy RN/ 5 1

ap—r+‘-’ ap—r+3 L ap 1 -

D=1 ) ....‘.=ZA‘
1
prt?  Cprdd CC 'p
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where 4; is the cofactor of the 7th element in the last column of D.
Along the ray (2).

dL1 p—rtl , A;(l;
= c;b; where ¢; =
ds ; Y ! ,~=Zl, D '
dL o\ 1 /6
y ! is & maximum for b; = c,-/< > c;)“
s
for j=1, 2, - -, p—r+1. We denote by I, the ray

o2

and proceed as we did for /, above.

Since only a finite number of linear functions L; are given, there
exist a finite number of level intersections of a subset of the Hyper-
planes L=L;. Hence if Max L;(X) exists, its maximum points will
lie in a level intersection which will be reached in a finite number of
operations as indicated above.

COROLLARY. If the inequalities (1) are replaced by

14 .

(1 > a2 0 i=1,2,---,k
=1

and there exist no solutions (b, b, - - -, b,) of (11) other than the trivial

solution b;=0, then X? or more generally X is the only point which
makes min L;(X) a maximum. For this implies that there is no direction
we can go from X without some L;(X) decreasing for 1=1,2,3, - - -
r—1.

,

The following theorem due to Carver is useful in showing that (11)
has no nontrivial solutions: “A necessary and sufficient condition that
the system 7, aix;=0, i=1, 2,---, m admit a solution
{x1, %2, * + +, x,) which does not annul all the left members is that
the adjoint system of linear equations Y i, aly;=0, j=1,2,---,n
admit no solution (y1, ¥, * + -, ¥) with all the y;>0. (Dines, Convex
extensions and linear inequalities, Bull. Amer. Math. Soc. vol. 42
(1936) p. 353).

THEOREM 1. A maximizing sequence of order n can be obtained in a
finite number of operations.

Proor. Express p;, 1=1, 2, - - -, ¢ as a product of the k& primes
wy o, me I pi=mims - - - 7w} then s;=ra,,+sa,,4 - - - +Nan,
Choosing a;=0 we can determine A;=dja,,+d}a,,+ - - - +dla,,

By setting the expression for @, in terms of a.,, * - -, a., equal to one,
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we can eliminate one of the a,; from thc A; and obtain A; as a linear
combination of 2—1 of the a,;. Consider the system of linear inequal-
ities A;>0 in terms of the #—1 variables a,,. By Theorem I and the
Lemma we can determine a solution of this set of (t—1) inequalities
for which min A; is a maximum.

COROLLARY. For every n there exists a maximizing sequence of order
n all of whose elements are rational numbers.

MAXIMIZING SEQUENCES OF ORDER 2, 3, 4, 5, 6, AND 7.
n=2¢t=3,m = 0andm; = 1 by property 1, Min A = 1.
n=231=6,m =0,m,=2/3 and m; = 1, Min A = 1/3.

PRrROOF. m1=0, m3=1, t=6. Let m;=x then

s1=0 A =x

S = & Ayg=1—x
s3=1 Ay =2x — 1
sy = 2% Ay=1—=x
ss=x+ 1 Ag=1—1x
S¢ = 2

As=A for x=2/3. If x>2/3, A;<1/3.1f x<2/3, A3<1/3. Therefore
x=2/3 yields the only maximizing sequence for n=3.

n=41t=9m =0,my=1/2, m3 =5/6,my =1; min A = 1/6.

PROOF. m1=0, my=1=2m,. Let my=y

s1=0 Ay =1/2
sa=1/2 Ay =1y —1/2
S3 =9 Ay =1—1y
se=1 Ag=y—1/2
ss=vy+1/2 Ay =1—y
se = 3/2 As = 2y — 3/2
s1= 2y Ar=1—y
ss=y+1 Ag=1—y
S = 2

As=As when y=5/6 yields the unique maximizing sequence for if
¥>5/6, A:<1/6 and if ¥y<5/6, As<1/6.
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n=35,¢{= 14, min A = 1/16.
my = O, me = 7/16, mz = 11/16, my = 7/8, ms = 1.

ProoF. m; =0, ms=1, let my=x, ms=2x, my=y.

s1=0 Ay =x = Ay + A

Se = % Ap=y—x=~A02 4+ Ay y>x
S35 =19 Ay =22 —y =47+ A,y < 22
sy = 2x Ay=1—2x= A7+ A, 2 < 1/2
ss=1 As=x+y—1,y>1/2

se =%+ 7y Ag = 22 — y = Ag

s7= 3% A = 2y — 3x

ss = 2y As=2—2y+1

so=1+4=x Ap=x+y—1

slo=2x+y A10=1—2x=A7+As
su=14+1y Ay=4x—-y—1,2>3/8

s12=4x A12=1—2x=A7+A3
313=1+2x A13=1—'2x=A7+A3
Sl4=2

Let Li=x+y—1, Ly=x—2y+1, Ly=4x—y—1 and L,=2y—3x.
L,=L;=L, when x=7/16, y=11/16. Applying the corollary to
Lemma we consider

(1Y) % — 22,20, 4x1— 2,20, —3x;+4+ 22,2 0.
1 -2
4 —1
-3 2

has rank 2.

The equations y;+4y.—3y; =0 and —2y,—y:+2y;=0 are equiva-
lent to y,=4/7y; and y,=35/7y; which obviously has a definite solu-
tion. Hence by Carver's theorem (1!) has no nontrivial solution and
x=17/16, y=11/16 determine the unique maximizing sequence.

Similarly we can show that for

n=26,t=18 min A = 1/23.
my =0, me = 9/23, my = 14/23, my = 18/23, my = 21/23, ms = 1.

And for
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n=171=25 min A = 1/42,
my = O, Mgy = 5/14, my = 4/7, my = 5/7,m5 = 5/6, me = 13/14, my = 1.
These examples suggest the conjectures: For every » there is a unique

maximizing sequence. The min A of a maximizing sequence is the
reciprocal of an integer.
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