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FUNCTIONS HAVING POSITIVE REAL PART
IN AN ELLIPSE

W. C ROYSTER

1. Introduction. Caratheodory [l] proved that if an analytic func-

tion f(z), f(0)=l, is regular and has positive real part in the unit

circle then the rath coefficient must lie in the closed circle with center

at the origin and with radius equal to 2, the extremal function being

essentially (l+z)(l — z)_1. This theorem has been used extensively

in the study of various subclasses of univalent functions. It has been

generalized to functions which are regular and have positive real

part in an annulus by Nehari [2].

In this paper we obtain an analogous theorem for functions which

are regular and have positive real part in an ellipse.

2. The main result. Let/(z) be regular in the ellipse E with foci at

+ 1 and semiaxes a>b, a>l. Such a function is representable by a

series of Tchebychef polynomials which converges uniformly in E,

[3; 4]. That is,

QO

(2.1) fiz) = £ anTniz), zEE
n—0

where P„(z) =cos (ra arccos z).

E may be represented parametrically by z = a cos t+ib sin t,

0St<2ir. Since a2 — b2 = l we may write a = cosh s, & = sinh s, s>0.
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Then z = cosh 5 cos t+i sinh s sin t = cos (t — is) represents the ellipse

E, where s = tanh-1 b/a. Suppose a0 = l and a„=«„+#?„ then

OO

f(z) = U(s, t) + iV(s, 0 = 1 + Z anTn(cos (t - is))

(2-2)
oo

= 1 + Z a„ cos n(t — is).
n=l

Hence

00

Re {f(z)} = U(s, l) = 1 + X) a« cosh ns cos nt — /3„ sinh ns sin nt
n=l

which for fixed s is the Fourier expansion for U(s, t), so that

/> tr U(s, t)dt,
o

~tr

(2.3) a» cosh ns = 1/x I      U(s, t) cos ntdt,
J o

U(s, t) sin ntdt.
o

It follows now that

I c 2t
(2.4) | a„ cosh ns + ifJn sinh ns \  = 1/x   J     U(s, t)e~intdl   ^2.

Employing the exponential forms for cosh ns and sinh ns (2.4) be-

comes

(2.5) al(Rn + RT")2 + $l(Rn - R^ fk 16,

where R = a+b> 1, which means that a„=a„+ij3„ must be inside the

closed ellipse with center at the origin and semiaxes 4(Rn+R~")~1

and 4(Rn-Rrn)-1.

We now have the following

Theorem. Letf(z) be regular and have positive real part in the ellipse

E and let f(z) have the expansion

(2.6) f'z) = 1 + E anTn(z), zEE,
n=l

in Tchebychef polynomials which converges uniformly in E. Further let

R = a+b>l and a„ = an+i@n, then
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(2.5') al(Rn + R-n)2 + &(Rn - R~y fk 16.

This inequality is the best possible.

It remains to show that the inequality (2.5') is sharp. We shall do

this by constructing, for each n, a function /„(z) satisfying equality

in (2.5'). By the Riemann mapping theorem it is possible to map E

onto the right half plane such that an arbitrary point z0 = cos (to — is)

on E is mapped into the point at infinity. The mapping function

will be uniquely determined up to a linear transformation of the

right half plane onto itself. Let w =fn(z) = F(z, z0), z0 on the boundary

of E, be a function mapping E onto Re {w} ^0 with z0 mapping into

the point at infinity. Since/n(z) is analytic in E it has the series ex-

pansion /„(z) =b0+ ZT-i bkTk(z).

If bo—y+ib^l we consider the function

fn(z) -iS »
f*(z) = J—- =1 + L akTk(z)

7 t-i

where  7>0   by   (2.3). /*(z)   has   the  desired   normalization  and

Re \f*(z)} =0 almost everywhere on T the boundary of E, hence it

suffices to assume that/„(z) has an expansion of the form (2.6).

Suppose we consider the function

Q(z) = 1 - [Tk(Zo)Tk(z) + Uk-i(z0)Uk-i(z)(l - zo)1/2(l - 32)1'2]

where Uk-i(z) =sin k(t — is)/(l — z2)1'2 is a Tchebychef polynomial of

the second kind. It is easy to show that Q(z) is non-negative on T and

also that Q(z0)=0. Since/„(z) has a simple pole at z=Zo it follows

that fn(z) Q(z) is regular on T.

Next consider the integral

(2.7) I = - 1/x ( fn(z)Q(z) ---

Using the orthogonal properties of the Tchebychef polynomials

(i.e., /rrm(z)r„(z)(l-z2)-1/2Jz = 0, -ir, -2tt if m^n, m=n^0,

m = n=0, respectively) and frTm(z)Un-i(z)dz = 0 for all integral

m^O, w^l we have

(2.8) Re {/} = Re {2 - Tn(z0)an}.

Now Re {fn(z)} =0 on T for t^to and since the integrand in (2.7) is

a continuous function of t ior 0fktfk2ir it follows that the integral

vanishes identically. Thus

(2.9) Re {r„(z0)a„} = 2
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or Re {(an cosh ns+ipn sinh ns)einU>\ =2 and for a proper choice of

to we have

(2.10) | an cosh ns + ip„ sinh ns\   =2

which establishes (2.5').

We have assumed that /(z) is regular on T in order to carry out

the integration. This assumption may be relinquished by considering

the function /e(z) =/(cos(/ — iis — e))) in the ellipse for which

a = cosh (s — e), &=sinh (s — e). If (2.5) is proved for ft(z) then the

corresponding result for f(z) follows by letting e—>0.
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