HYPERSPACES OF THE INVERSE LIMIT SPACE
JACK SEGAL!

Introduction. Throughout the following X will denote a metric
continuum, 2% the set of all nonempty closed subsets of X and C(X)
the set of all nonempty subcontinua of X. It is the purpose of this
paper to answer questions raised in [4] about the dimension and
homological properties of C(X) when X is non-Peanian. In §1 C(X)
is shown to be acyclic in all dimensions and in §2 sufficient conditions
for the finite dimensionality of C(X) are obtained.

Notation. 1f (U, - - -, Us,) is a collection of subsets of a topological
space X, then (Ui, - -, U,) denotes {]5'62“’|ECUI‘,,1 U; and
ENU;#=& for each z} If X is a topological space, then the finite
topology on 2X is the one generated by collections of the form
(U, - - -, U,) with Uy, - - -, U, open subsets of X.

C(X) denotes the space of all nonempty subcontinua of X with the
topology inherited from 2% with the finite topology. If X =lim(X, f;, I)
where X; is a metric continuum, f; is continuous and I is the set of
natural numbers, then X is a metric continuum. [See [1] for an ex-
planation of this notation used in the description of the inverse limit
space.] Now C(X,) is defined and we define f!: C(X41)—C(X;) by
FL(E) = (f¥| C(Xi11))(E) =f«(E), where f¥: 2Xi+152Xi is continuous by
[6, Theorem 5.10], so that f/ 1is continuous. Let C,(X)
=lim (C(X.), f!, I), where C,(X) is given the relative topology
inherited from the product of the C(X;)’s with the product topology.
Let 7,: X—X, be the projection map on X and w,) : Co(X)—C(X,)
be the projection map on C,(X).

1. Homology of C(X). First we show that C(X) and C.(X) are
homeomorphic.

LEMmMA 1.1. {(Ul, cee Uk)| Uy, + + -, Usopen in X}formsabasis
for C(X).

Proor. [6, Theorem 2.1].

Levma 1.2, {m'((Uy, - - -, Uk>)|n€1' and (Ui, - - -, Us) open

in C(X,)} forms a basis for Co(X).
ProoF. [1, Lemma 3.12, p. 218].
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LEMMA 1.3. {(W;l(Ul), co N UNYY forms a basis for C(X).

Proor. If V is a basic open set in C(X), then V=(V1, - - -, V¥)
={G|GeC(X),GCUL, Viand GN\ Vi for i=1, - - - , k}. Let ¢
be the Lebesgue number of (V?, - - -, V*). Lete;>0forz=1, - - - , k
be such that there exist x°& V¢ such that S, (x%) C V* where S,,(x?) is
a spherical open set with center x* and radius e; Let
e=min (e,~li=0, 1, - - -, k). Now there exist n(e) and 5(e) such that
if A open subset of X, and diam (4) <7, then diam , !(4) <e. Cover
G.=m.(G) with open sets of diameter less than 7, since G, is compact
we need only a finite number of these open sets to cover G,. Choose a

finite irreducible set of such open sets and call them Ty, - - -, Th.
We have G,CUJL, T and T,NG.# & forj=1, - - -, mand diam (T})
<7.

So GCU}L, m;}(T;) and Gﬂﬂ';l(T);éQ’ for j=1,---, m and

diam 7;!(T;) <e. Therefore m;(T;) is contained in some Vi Let
Ti=U{m(T;)| 77 (T;) C Vi}. Since for each i we have xt =, (x¥) E T;
and diam (T;) <n we have x‘€Ew,; (T;) and diam 7, (T;) <e=Ze..
Therefore there exists a m, '(T;)C V¢ for each 4, so that T (.
Therefore T¢ is a nonnull open set of X of the form
w7 \({UT;| 77 (T;)) C Vi}) where UT; is open in X,.

Consider (T, - - -, T*) it is of the desired form. We must show
GE(TY, - - -, T*) and V is the union of such (T%, - - ., T*)’s,

First we show GE(T?, - - -, T*). GCU, 7, '(T;) and GN\m, }(T;)
# & for each j. Since UL, m, '(T;) =Ui-; T we have GCU}-, T* and
GNTi# X for each 2. Therefore GE(T?, - - -, T*).

Second we show V=U{(T1, cee, Tf)}. Since GEV implies G
GU{(TI, cee, T")} we have VCU{(T‘, Cee T")}.

fACU{(TY, - - -, T7)} then AS(TY, - - -, T¥)and soAcU;‘,_1 T»
and ANT? = ¥ for each p. Therefore since U)_; T»CUf., Vi we have
AcU,= Vi and ANU{m Y(T»)}) = where m (T.)C Vi for

i=1 , k. Therefore A CU_; Viand AﬂV‘#Qj fori=1, - - -, k.
Therefore A € V and U{(TY, - T} C V. Therefore
V= U{(T‘, cee, T

THEOREM 1.1. C(X) and C.(X) are homeomorphic.

Proor. If A& C(X) then 4 = (44, 4s, 43, - - - ) where 4, EC(X,).
If DEC(X) then D={(xi, % -+ -)|%:ED;=mi(D)}. We define
h: Co(X)—C(X) by h(A)={(x, %5, - - - )| 2. EA:}. If h(A)=h(B)
then { (%1, %, - - - )IMEA@'} ={(m, yo + - - )| ¥:€B.}. Now for any
x,EA; thereisan (%1, %2, - - - ,%; - - - Jequaltoa(y, - - -,y -+ -)
and hence x;=y; so that x;&B;. Therefore 4;CB; and in the same
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way B;CA; so that 4,= B, for each 7. Therefore A =B and 4 is 1-1.
If BEC(X) then B={(xi, %, - - - )|2:EB;} =h((B1, By, - - - )) so0
that % is onto.

By Lemma 1.3 (m;}(Ui), - - -, m, *(Ux)) is a basic open set so to
show % is continuous we will show that A= 1((m;}(UL), - - -, m3 }(Ux)))
is an open set in Co(X).

B (o (U, -+ ma ' (U))
= {A € Cu(X) I A4) € (w7 (U, - - -, W;I(Uk))}

{A € C.(0) | K(A) C U m(U) and h(4) N1, U Qf}
=1

1=

= {A € Co(X) | mah(4) C G Uiand mh(4) N\ U; # ;/5}

=1

= {4 € CcX)| m{(x1, - - )| x € A}) E(UY, - - -, U}
= {4 € C.X) | (2| 0 € 4.} €U, - - -, UL}

= {4 ECAX)| 4n E(Uy, - - -, Un)}

—{acc.X)| A€ (U -, U}

=7, " W(Uy, + -+, Ux)) open in C(X).

PROPERTY 3.2. For ¢>0, there exists d(e) >0 such that if a, bEX,
dist(a, b) <d(e) and aEAEC(X), then there exists B such that
bEBE C(X) with the Hausdorff distance from A to B less than e.

TuEOREM 1.2. If X is a metric continuum then C(X) is acyclic in all
dimensions.

Proor. By [2, p. 183] X =lim (X, fi, I) where X is a polyhedron,
fi is continuous and onto, [ is the set of natural numbers. If ¥ has
property 3.2 by [4, Theorem 3.4] the Vietoris groups V,(C(Y))=0.
Now a polyhedron P has property 3.2 so V,.(C(P)) =0. By [5, Theo-
rem 26.1] for a compact metric space ¥, V,(¥)=H,(Y) where the
Vietoris groups V, and the Cech groups H, are taken over a discrete
group. So using the above, Theorem 1.1 and the continuity of Cech
theory we have the following: V,(C(X))=H,(C(X))=H,(C.(X))
=H, (lim (C(Xy), fI, I)) =lim (H.(C(X3)), fix, I) =1im (O;, fix, I) =0
where O;=0.

2. Dimension of C(X). Kelley leaves as an open question the
dimension of C(X) when X is not locally connected. If X is a metric
continuum of dimension #, then X =lim (X, fi, I) where X, is a
polyhedron of dimension #. If in addition dim C(X;) <k for all 7 we
shall say X has property k (with respect to lim (X, fs, I)).



1959] HYPERSPACES OF THE INVERSE LIMIT SPACE 709

THEOREM 2.1. If dim (X) =1 and X has property k, then dim C(X)
< .

PRrOOF. By [4, Theorem 5.4] (if X is Peanian then dim C(X) < «
if and only if X is a linear graph) we have since dim C(X,) <k for all
¢ that k< . Therefore dim C(X)=dim C,(X) k< .

ExamMpLE 2.1. Let X be the dyadic solenoid, then since X
=lim (X, fi, I) where X;=S" and fi(2) =22 we have dim C(X,)=2
for each 7, hence the dim C(X) =dim C.(X) 2.

ExaMmPLE 2.2. To see the need of imposing property k in Theorem
2.1 consider the following: let X; be the union of 2¢ straight line seg-
ments 4§, « - -, A%i_; where 4} (j=0, - - -, 2i—1) is from (0, 0) to
(1, jw/2%1) in the plane (polar coordinates). Let f;: X;;11—X; be

the identity map on A§t?, A5, A, - - -, A where fi(A5T) =4},
for j=0,2, - - -, 27}, and f; maps A;*" linearly onto 4{,_,, keeping
the origin fixed for j=1, 3, - - -, 2¢—1. Then X is a Cantor set of

arcs meeting at a single point (%;) =% where #;= (0, 0) for each <. Now
the dim C(X;) =2+ D orderzsz2 (order x;—2)=2+4(order #;—2)=
order &;=2% so that X fails to have property k. Further dim C(X) is
infinite since the order &= =,
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