THE DIOPHANTINE EQUATION 27*+2—7=x% AND
RELATED PROBLEMS

TH. SKOLEM, S. CHOWLA AND D. J. LEWIS

1. Ramanujan [1, p. 327, Problem 464 ] observed that the equation
27+2 — 7 =x? has rational integral solutions for # and x when n=1, 2, 3,
5, and 13; and he conjectured that these were the only solutions.
K. J. Sanjana and T. P. Trivedi [2] discussed but did not resolve the
conjecture. By means of the Thue-Seigel-Roth Theorem it is possible
to show that the above equation has only a finite number of solutions,
but it is not possible to determine the exact number of solutions.
Here we use the p-adic method of Skolem [3 ] to obtain the conjecture.
The treatment of the problem in §2 is essentially that which was given
by Skolem in the University of Notre Dame Number Theory Seminar
in the Spring of 1958.

We also show that the sequence of integers satisfying the recursive
relation

ao=a1=1, a,.=a,._1—2a,._2 1fn>1

is such that (i) a2_, =1 exactly when the equation 2"+*—7 =x? has a
solution; and (ii) an integer appears in the sequence a, at most three
times.

2. Suppose # and x are rational integers such that 27t2—7=x2,
Obviously =1 and x is an odd integer prime to 7. Write

o — x? ;i- 7 _ <x + (2—7)1/2) (x _ (2__7)1,2).

The numbers (x+(—7)%/2)/2 and (x—(—7)"?)/2 are relatively prime
integers in the field Q((—7)'?). Here Q will be used to denote the
field of rational numbers. In the field Q((=7)¥?), 2=7-¢', where
r=14(=7)Y?)/2and ' =(1—(—"7)2) /2 are conjugate, but not asso-
ciate primes. Since 2"=7r"-7""=((x4+(—=7)12)/2)((x — (—=T)¥2) /2), it
necessarily follows that r"=(x + (—7)v2)/2.

Conversely, if » and x are rational integers such that »»
=(x+(—7)Y?)/2 then 2*t2—7 =x? has a solution. Hence the number
of solutions of 2*+2—7=x2 is precisely the same as the number of
rational integers # for which r*=(x + (—7)1/2)/2.

We look at the first few powers of .
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1 1
=S (D), = (3 (=T,

Pl (5o (=), = = 3=mym),

2 2
Pl = (=T, = (04 5=,

2 2

1 1
M= (SBT3 = (=T,

1
i3 = ?(—181 — (=T, - -

Thus we obtain those values of # for which there is a solution and
which had previousely been obtained by Ramanujan.
Observe that

rin = (1= (= 1)U2)n = 1 = Cos(r' (=) + Caralr' (= T)2)? —
= A(w) + Bon)(=7)'",

where
A(n) = 1_lcn,l+§iCn,2_'7'2‘Cn,3+zcn'4+—7—-3c .
2 2 2 2 2
9.73
(Cnp) * " *
and
B(n) = — —1‘ Can+ l Cu,2 — 5—7 Cas+ 3—72 Cas — 17 Ca.s
2 2 2 2 2
+ 57 Coo+ -

We seek rational integers # such that B(n) = +1/2. This can occur,
only if B(n) = +1/2 in each of the p-adic fields. For each prime p, the
polynomials C,,, assume p-adic integral values as » ranges over the
integers. Furthermore, if s> 1, for every rational integer », the terms
(7141 /(n—1))C,,, lie in the prime ideal of the 7-adic numbers. Hence
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o+ 00 (3o ) S )
=(n—1Un)

where for every rational integer z, U(#n) is a unit in the 7-adic num-
bers. Thus B(n) = —1/2 in the 7-adic numbers, and hence in Q, only
if n=1. We shall later show that B(n) never assumes the value 1/2.
Now

P = (A() + B(n)(= 1))
1 1 1
=(5Mw—umww)+«wmcgum+;3w)
= Au(n) + Bam)(=T)™,
and

1
By(n) = 5 2C 1+ 7Ch2—3-7Ch3 4+ 7%Cpys — 72Ch5 — T%Cris +.
Then
B =3 =n(-2+20-n-Ta-ne-2+-)
i(n) = 5 =n 5 n 3 n n

= nV(n),
where, for every rational integer n, V(n) is a 7-adic unit. Hence
By(n)=1/2 only if n=0. Also
1 T(12n + 202 + Tnd) 73
B+ = (= 9 (14 F Gt )

4 n —

=(n—HW(n),

where W(n) is always a 7-adic unit; hence Bi(z) = —1/2 only if n=4.
Finally

732 = Ay(m) + By(n)(—T)172,

where
1
By(n) = 5 T G 4+ 2-7Ch3— 2-7%Chs — 2-T%Crs — 6-T3Co6+ - - - .

Now
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k )
—E(n— )(n—-2)(n—3)+--->

and hence Bz(n)=1/2 only if n=0. Also

B2(1’1«)+%= (n — 1)<—l+-';—n(n—2)

—Sn(n—Z)(n—3)+--~>

and hence By(n)=—1/2 only if n=1.

Now suppose that there is an n such that B(n) =1/2. Let £=r",
then £3—E3=(—-T)V2=(E—E)(E24-EE +£2). Since £ and ¢ are inte-
gers in Q((—7)Y?%), each of these factors is an integer Q((—7)V2)
and hence the absolute value (as complex numbers) of each factor
cannot be smaller than 1. Thus

le—¢| =7, |e+ey et ST
Let £=a-b1, then

1
|5l =72 and |+ e84+ 82] = 30— 52| 57

Consequently

3 12 3

7 712
PR — —F— <4
o FEREETRNE

1/2 2 1/2
AL < 7 7

A

a?

However N(§) =a?+b%= N(r*) =2", and hence =1, which is impos-
sible. We have thus shown Ramanujan’s conjecture to be correct.

The equation 2"2—T=x? has rational integral solutions exactly when
n=1,2,3,5, and 13.

3. We have seen that 22— 7 =x? has a solution exactly for those
n for which a,_1= +1, where

1
o= Py (bnr + @a1(=7Y) = (cpm1 + anrr.
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We observe that
vl = ¢y + @yt = — 20,1+ (an—l + Cn——l)’ = Cp + aar.

Thus @n41=0a,—2a, if #>1, while ap=a:=1. Hence the sequence
{a.} is exactly that of the introduction.

Since 2"=r"'n, it follows that 2"+2—7a2_, =b2_,. Conversely, if
2n+2—7y2=x2 then 2-'(x+y(—T7)Y%)=2"Y(byo1ta,2(—7)Y%) and
hence y= +a,-1. Thus

For a given rational integer n, the expression 272 —Ty? is the square
of a rational integer if and only if y2=al_,.

We have seen that 1 occurs in the sequence {a,} exactly twice and
—1 occurs exactly three times. From the recursive relation one ob-
serves that each a, is odd. We next study how often an odd integer ¢
can occur in the sequence {a,}. Clearly ¢ occurs in the sequence as
many times as there are integers # such that either 2B(n)=¢, or
2B1(n) =c, or 2By(n) =c.

Let F(n)=a¢+ain+am?+ - - - be a p-adic power series where
each a;is a p-adic integer and at least one is a unit. Suppose F(n) con-
verges for all p-adic integers, then for each rational integer j, all but
a finite number of the a; are divisible by p?. Hence

F(n) = i)pvj(n),

where f;(n) are polynomials with unit coefficients and fo(n) #0.
Since fp has unit coefficients, on applying the division algorithm,
with f, as divisor, one obtains polynomials with integer coefficients.

Determine g1, 1, go, ks, + + - in sequence, so that

f1=foh1+g1, 0§degg1<degfo,
fz — g1k = foha + g, 0 < deg g2 < deg fo,
Jm — ghm—1 — gobm—o — + + = gm_rB1 = fohm + gm, 0 < deg gn < deg fo.

Since the f; have unit coefficients, the resulting polynomials g; and #;
have integer coefficients.

Let g(n) =fo(n) + 2021 pigi(n), H(n) =1+ 2 %, p'hi(n). Then
F(n) = g(n)H(n),

where
(i) g(m) is a polynomial with unit coefficients and such that deg g
=deg fo and g=f, (mod p).
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(i) H(m) is a power series with p-adic integer coefficients and con-
verges to a unit for every integer value of n.

It follows that F(n) =0 exactly for those n for which g(n) =0. Hence

The number of p-adic integer solutions of D .o ami= is at most
J, where J is the largest integer for which ay is a unit.

This result was first stated by Strassman [4].

Now 2B(n) =un+7n2C(n), where u is a 7-adic unit and C(n) is a
power series with 7-adic integer coefficients. Then 2B(n)=c for
exactly one 7-adic integer and hence for at most one rational integer.
One can also show that if 77| ¢ then 77| x.

Also

2Bi(n) =1 — wn + Tn®Ci(n)
and
2B2(n) = 1 — usn + Tn2Ca(n)

where #; and u, are 7-adic units and the C;(n) are power series with
7-adic integers as coefficients. Consequently neither Bi(n) nor By(n)
may assume the value ¢ more than once. Hence

No integer appears in the sequence {an} more than three times.

The preceding discussion does not determine the exact number of
times an integer ¢ occurs in the sequence {a,}. In order to do so, one
would need to use special arguments as we did for +1.

We have shown that for each integer ¢ there exists an N, such that
if #>N, then a,5%c. It would be interesting to have an explicit
formula for N..

4. As a small generalization of Ramanujan’s problem, we prove
the following.

If A is an odd rational integer incongruent to 1 modulo 8, the equation
2"4+A =x? has at most one rational integer solution for (n, x). If there
is a solution then 0 =n <2.

Let © denote the ring of integers in Q(AY?). If x is a rational
integer, x+A4'2and x — A'? have the same p-adic value for any prime
pof O.

(i) If A=3 (mod 4), then r=1+A4Y2is a prime in O and 2 =72,
where % is a unit in O. If 2"=x2—4, then x+A4A?=x—1+7r=7",
where v is a unit in ©O. But 7% (x—1+w), hence #=<2. On the other
hand (144) and (2+4) cannot both be squares of rational integers.

(ii) If A=5 (mod 8), 2 is a prime in . If 2"=x2—4, then =2k
and 2}x; but then 4*+5=1 (mod 8), and consequently k=1 and n=2.

It is easily seen that if 4 =2 (mod 8), the equation 2*+4 =x? has
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at most one solution. The case A =0 (mod 4) can be reduced to an
equation with smaller 4.

In a future paper we shall discuss the case 4=1 (mod 8). The
simple arguments used in the section are not applicable to this last
case, since the ideal (2) splits into two distinct prime ideals in O.
We also hope to discuss such questions as the existence of a bound
N(p, A, k) such that for given rational integers p, 4 and k the equa-
tion p»+A4 =x* has at most N(p, 4, k) rational integer solutions for

(n, x).
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