
I960] SARIO'S LËMMA ON HARMONIC FUNCTIONS 425

3. -, The Stirling numbers, University of Virginia, Master's thesis 2130,

June, 1956.
4. N. E. Nörlund, Vorlesungen über Differenzenrechnung, Berlin, 1924.

West Virginia University

SARIO'S LEMMA ON HARMONIC FUNCTIONS1
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1. The alternating method of constructing a harmonic function on

a Riemann surface due to H. A. Schwarz is discussed from a general

point of view by Sario [2]. To show the convergence of the Neumann

series, he uses the following lemma ( [2, p. 282] ; it has another expres-

sion but is evidently equivalent to the following) :

Sario's Lemma. Let W be an open Riemann surface and K be a com-

pact set on W. Then there exists a constant q such that 0 <q < 1 and that

max I m I   ^ f sup j u \
k w

for every harmonic function u which changes sign on K.

The present note is devoted to evaluating the constant q according

to oral suggestions of Professor S. Warschawski, to whom the author

wishes to express his heartiest gratitude. We are of course interested

in finding the smallest possible value. However, we have succeeded

in doing so only for a very special case.

2. It is well known that we can introduce the Poincaré metric

dz

in the unit disc |z| <1. It is invariant under linear transformations

of \z\ <1 onto itself.

For zi and z2, the infimum of fcds with respect to all the curves C

connecting zx with z2 will be denoted by d(zi, z2). For instance,

1 1+ Is
(1)                                 d(0, z) = - log-^| •

2 1 — I z I

The geodesic connecting Zi with z2 is the arc contained in the circle

perpendicular to \z\ =1 (see, e.g., [l]).
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Let £ be a set contained in \z\ <1. The supremum of d(zi, z2)

with respect to every pair of Zi, z2EE will be called the Poincarê

diameter of E. If E is compact the supremum is the maximum.

3. Theorem 1. If Wis the unit disc \z\ <1, then

2
— Arctan sinh 2D,
■k

where D is the Poincarê diameter of K, is the smallest possible value for

q in Sario's lemma. Here Arctan is the principal value of arctan.

For the proof, we use the following lemma by the suggestion of

Professor S. Warschawski:

Lemma. Let u(z) be a harmonic function in \z\ <1 such that |«(z)|

^ 1 and u(0) = 0. Then

.         ,        2                      1
u(z)     :< — Arc tan-        in \z\   g r < 1.

IT 1   —  H

The equality sign is realized by

2* 1 + z
m(z) = Re — Log-

x 1 — z

at z= —ir, where Log ¿5 the principal value of log.

Proof of the lemma. Let w(z)=u(z)+iv(z) where v is the con-

jugate of u such that v(0) =0. Let W=S(w) be the inverse function

of w=(2i/ir)Log((l + W)/(l-W)). S(w) maps |Rew|<l con-

formally onto | W\ <1 and is such that S(0) =0. The lemma is

proved immediately when we apply Schwarz's lemma to Sow(z).

We omit the proof in detail.

To prove Theorem 1, it is evidently sufficient to prove the follow-

ing proposition:

Let u(z) be a function such that

(i)  harmonic in \z\ < 1 ;

(ii)  |«(z)| ^1 in \z\ <1;
(iii) changes sign on the set K which is compact in \z\ <1. Then

i i        2
| u(z) I   ^ — Arctan sinh 2D on K,

IT

where D is the Poincarê diameter of K. This estimate is the best possible.

Proof. Take points Zi, z2EK such that u(zi) >0 and m(z2) <0. Let

g be the geodesic connecting Zi with z2. There exists a ZoGg such that

tt(z0) =0. Zq is not necessarily contained in K, but we have
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(2) d(z, So) < D for any zC K.

In fact, bring z to 0 by a linear transformation. The images of

z,- 0 = 0, 1, 2) under the transformation are denoted by zj (j = 0, 1,2),

respectively. The geodesic g is transformed to an arc g' on a circle

perpendicular to \z\ =1. Since g' connects z{ with z2 and z0Gg', we

get immediately that |z0'| <max(|zi|, |z2'|). Thus we have

d(z, Zo) < max (d(z, Zi), d(z, z2)) ^ D because \z¡ \ = d(0, z¡)

= d(z, Zj) (i = 0, 1, 2). Let

Z — Zo
Z = T(z) =-

1 — Zoz

Then, by (2), the images of K under T is contained in the circle

\z\ <r, where r is determined by D = (1/2) log ((1 -|-r)/(l — r)) (see

(1)). The previous lemma is applicable to the function u(T~1(Z)) and

we get

max | u(z) |   ^ max | u(T~l(Z)) \
K |Z|gr

2 1 2
^ — Arctan-= — Arctan sinh 2D.

t 1 — r2       ir

To show that this estimate is the best possible, take points Si, z2CK

such that d(zi, z2) =D. For an e (0<e<D), take the point ZoGg such

that d(zi, Zo) = e; here g is the geodesic connecting Zi with z2. Let

Z — Zo
Z = Tt(z) = eia-—

1 — Zoz

where a is chosen so that 7\(zo) is contained in the positive imaginary

axis. By making use of the function Uo(Z) introduced in the lemma,

put
u((z) = u0(Tt(z)).

It is not difficult to see that «,(zi) <0 and

,   ,       2 21 T((z2) |
uAz2) = — Arctan-¡-r ■

t 1-1 7\(z2)|2

From the relation d(0, T(z2)) =d(z0, z2) —D — t, we obtain, by (1), that

e2(D-i)   _   1

Tt(z2)
eUD-t) +  1

and, therefore,

2
u,(z2) = — Arctan sinh 2(D — e).

IT
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Since e is arbitrarily small, it is shown that our estimate is the best

possible.

4. Let Wbe a hyperbolic Riemann surface, i.e., its universal cover-

ing surface is \z\ <1. The metric

I dz \
ds =-;—r >

1-  |z|2

invariant under cover transformations, can be projected onto W.

The projected metric is determined independently of the choice of

the projection. In terms of this projected metric, we define analo-

gously the Poincarê distance d(pi, ^>2) between the points pi, pi G W

and the Poincarê diameter of a set EQW.

Theorem 2. For a hyperbolic open Riemann surface W,

2
— Arctan sinh 2D,
IT

where D is the Poincarê diameter of K, can be a value of q in Sario's

lemma.

The author does not know if it is the smallest possible for W which

is hyperbolic and carries a nonconstant bounded harmonic function.

Proof. Again we may estimate only a function u(p) such that

(i) harmonic on W;

(ii)   | u(p) | g 1 on W;

(iii) changes sign on K.

Take pi, p2EK such that u(pi)>0, u(p2)<0. Let \z\ <1 be the

universal covering surface of W such that the point z = 0 lies over pi.

Among all the points in \z\ <1 lying over p2, take the one, z2, which

is nearest to the origin (in either metric), as follows from the defini-

tion of the universal covering surface. It satisfies

(3) | Zi |  - ¿(0, z2) = d(pi, pi) < D.

We can lift u up and regard this as a function defined in \z\ <1. u

changes sign on the set }0, z2}. By (3), the Poincarê diameter of

{0, z2} does not exceed D. Therefore, on applying Theorem 1 to

u(z) regarding the set {0, z2j as K, we obtain the desired estimate.
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