CONTINUED FUNCTION EXPANSIONS OF
REAL NUMBERS!

B. K. SWARTZ AND B. WENDROFF

1. Introduction. We present a theory of continued function expan-
sions of numbers which contains the generalized continued fractions
of B. H. Bissinger [1] and the generalized decimal representations of
C. J. Everett [2]. The latter used the following algorithm for repre-
senting numbers as sequences of integers: for any y=0 let vo=%,
Ynp1=f"1(Yn—a,), where a, = [y.] and f is strictly increasing and con-
tinuous from [0, p] onto [0, 1], p an integer. We generalize this, in
particular, by admitting a wider class of functions than those of the
form f~'(x—n). O. W. Rechard [3] gave a necessary and sufficient
condition that the correspondence between numbers and sequences
resulting from Everett’s algorithm be 1-1. This condition appears in
our theory as a simple functional relation similar to one considered
by Schreier and Ulam [4].

2. The algorithm. The correspondence between numbers and se-
quences which we are going to describe depends on a collection of
intervals and on functions defined on those intervals. More precisely

DEFINITION. An algorithm frame, A, consists of the following: an
interval R; a subset P of the integers containing at least two integers;
a partition of R into disjoint intervals I,, nE&P; a subset P, of P
containing at least two integers such that I=U,cp, I, is an interval;
intervals M,, n& P, homeomorphic to each other such that M,CI,
and I,—M, consists of at most one point; and an interval M homeo-
morphic to each M, such that U,ep, M.C MCI.

It follows from the above definition that if { M., n€P} is part of
an algorithm frame then either all the M, are open intervals or all
are closed on one end, not necessarily the same, because not all the
I, can be closed and the M, are homeomorphic to each other. Also,
if any interval is infinite at some end it is taken to be open at that end.

DEFINITION. An algorithm basis consists of an algorithm frame 4
and a collection of homeomorphisms %,, & P, mapping M, onto M.
We usually identify an algorithm basis by the couple (4, k.).

Corresponding to any algorithm basis we have the following
algorithm for relating points in R to sequences (finite or infinite) of
integers:
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Let x¢&ER.

a(O) is determined by the requirement that x,& 4. }
a(0):

If %o Moy, stop, and represent xo by the sequence of

one element a(O)}

Slnce xoCMa(o) we can let X1= a(O) (xo) Then a(l)
is determined by the requlrement that x,E I,q).
Furthermore, a(1) € Py since x,&E M 1.

a(l):
If %, 6 M, ), stop, and represent x, by the sequence of
two elements {a(O), a(1)}.

Then a(k) is determined by the requirement that

{Since Xk1E Mag—1y we can let xp=hom—1)(%5-1).
xkEIa(k), and a(k) EPo.

a(k):
{ If %, & M., stop, and represent x, by {a(0), - - - ya(k)}.}

This algorithm contains the expansions considered by Bissinger
and Everett. Let AB be the following algorithm basis:

=[0’ °°)) P = {0)1’21° c }) Py = {1’2)° t }) I, = [n7”+1):
M, = (”)n'l' 1)1 I= [1’ °°)) M= (1’ °°):

and let k.(x) =f"1(x—n) for x&(n, n+1) where f is a continuous

strictly decreasing function mapping [1, «) onto (0, 1]. This con-

tains Bissinger’s expansions. Everett’s expansions come from the
algorithm basis AE given by:

R=I=M=1[0,p), I.=M,=][nn+1),
P=P,={0,1,---,p—1},
and k. (x) =f"1(x—n), xE [n, n+1) where f is continuous and strictly
increasing from [0, p] onto [0, 1].

3. 1-1 Correspondence. Given an algorithm basis (4, k,.), the
algorithm defines a function % from R into the space C of finite or
infinite sequences of integers ¢= {c(O), ¢(1), - - - } as follows: let x
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yield ¢ under the algorithm, then %(x) =c. Let E be the set of all such
functions. In general we will use the convention that if g&E then
the homeomorphisms in its algorithm basis are g,.

DerFiNiTION. Let (4, k.), (B, g.) be algorithm bases. The cor-
responding functions 2 and g&E are said to be equivalent, written
h~yg, if A and B are identical and if %, has the same sense as g, for
each zn. (By this we mean that if 4, is monotonic increasing so is g, and
if k, is monotonic decreasing so is g,. This is #of meant to imply that
the sense of %, is independent of #.)

Denote by C(%) the range of k for hCE.

The following theorems characterize the equivalent 1-1 functions
in E:

THEOREM 1. If h~g and k is 1-1 onto C(k) then C(h) CC(g).

COROLLARY 1. If h~g, a finite sequence is in C(h) if and only if it
15 in C(g).

COROLLARY 2. If g is 1-1, C(k) = C(g).

NoraTION. A sequence of functions kg - - - k always means the
composite function A(g( - - - (B) + -+ )).

THEOREM 2. Let g be 1-1 from R onto C(g) and let k have the same
algorithm frame as g. Then h~g and h is 1-1 from R onto C(g) if and
only if there exists an increasing homeomorphism F from R onto R,
which also maps M, onto M, for all n, such that h;'=F g, 'F.

The following theorems are an application of Theorem 2 to bases
AB and AE, respectively.

TuEOREM 3. Let (4, h.) be an algorithm basts of the form AB. Let
ha(x) = i~ (x—n). Then h is 1-1 if and only if there exists an increasing
homeomorphism F mapping [0, =) onto itself such that F(x)=n
+F(x—n) for xE [n, n+1) and h='(v) = F-1(1/F(r)) for all 7€ (0, 1].

THEOREM 4. Let (4, h.) be an algorithm basis of the form AE. Let
ha(x) = ' (x —mn). Then his 1-1 if and only if there exists an increasing
homeomorphism F mapping [0, p] onto itself such that F(x)=n
+ F(x—n) for € [n, n+1) and h='(v) = F-'(p- F(r)) for all 7€ [0, 1].

Rechard’s condition is that % is 1-1 if and only if there exists an
increasing homeomorphism G mapping [0, 1] onto itself such that
k(y) =G 1((n+G(y—n))/p). It is easily verified that this is equiva-
lent to Theorem 4 (given G, set F(y) =n+G(y—n), yE [#, n+1), and
given F set G(r)=F(r), € [0, 1]).

Proor oF THEOREM 1.
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LEMMA. Let (4, fa) be any algorithm basis and let ¢ be any infinite
sequence {c(0), c(1), - - - } such that c(0)EP, c(3) EP, for i>0. Let
Fe=f - fan(M)=f30 + * * fao-y(Mewy). Then f(x)=c if and only
1,:f xEﬂo”Fk.

ProoF oF LEMMA. F; consists exactly of those points ¥ which cor-
respond, under f, to sequences with at least k42 entries, the first
k+1 of which are ¢(0), - - -, ¢(k), and the lemma follows immedi-
ately from this fact. Proceeding with the theorem, let %2 be 1-1
onto C(k), h~g, and let h(x)=c. If c¢={c(0)}, then g(x)=c. If
c={c(0), - -+, c(k)}, k>0, then x=hg -+ h-,(y) where
Y& IL.qy— Mcx (note that in the definition of algorithm frame it was
assumed that I,— M, consists of at most one point; the reason for this
is apparent, for if there were more than one point % could not be
1-1). Then if w= gy - gw®), gw) =c. If ¢ is infinite,
c={c(0), c(1), - - - }, let

-1 -1 -1 -1
Hy = heoy * -+ * heay(M) = heqoy * + * heg—1y(M ),
-1 -1 ~1 -1
Gr = g * * * ey (M) = geoy * * * gett—y(Mewy),
and
-1 -1
e = Ze(o) * * * BetrPey * 0 Peo).

Clearly, Hiy1 C Hi, Gry1 C Giy, Gr = ri(Hi), and by the lemma,
%=0g Hy. Furthermore, since A~g, there are at most an even num-
ber of decreasing homeomorphisms in the composition of 7, therefore
each r; is strictly increasing from the interval H; onto the interval
Gk. AISO,

-1 -1 -1 -1
re(Her1) = ey * * * Betwy Beay * * + he[Becwy + * + Beay(Meaesny)] = Grpr.

It follows from these facts that Ny’ G is nonempty. To show this we
consider three cases.

Cask 1. Each Hy is open. Then each Gy is open. Let Hy = (ax, bi),
Gi= (o, Bx). Since Ny H; consists of the point x, we must have that
lim ax=x>ay for all k£ and lim by=x <b; for all 2 (this also means
that if b= « some b, must be finite, and similarly, if ay= — «©, some
ay, is finite). Then there must be infinitely many indices £ for which
ar <. Let ar <a <apq1. Then ap <7i(a) <rr(@rs+1) =ar41, and there-
fore if a=1lim ax, a>ay; for all k. By the same kind of reasoning if
B=1lim B4, B <B; for all k. Since =B, N G = [, B], nonempty.

CasE 2. Each Hy is closed on one end and k, exists such that H,
is closed on the same end as Hy,, say the left for 2= ko. The G, must
have the same property. Let H; = [ax, bs), Gi = [, Bx), B ko. By the
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same reasoning as in Case 1 if B=Ilim B, 8 <G for all %, therefore
Ne Gv=Ng [ax, B] which is nonempty.

Cask 3. Each H; is closed on one end but no kg as in Case 2 exists.
Then it is easily seen that Ny Gi=Ng G which is nonempty. Since
in all cases Ny Gi is nonempty, there exists yE R such that g(y) =,
which completes the proof.

The proof of Corollary 1 is essentially contained in the analysis of
finite sequences given above. Corollary 2 is immediate.

ProOF oF THEOREM 2. Let A~g and both be 1-1 onto C(%) = C(g).
Let x&R. The following function F is 1-1 from R onto R: if A(x)=c
then y=F(x) if g(y) =c. Since each interval M, consists exactly of
those points which correspond under the algorithm to sequences
containing at least two entries, the first of which is #, F maps M.,
onto M,. If kh(x)= {c(O)}, then F(x)=x so F maps I, onto I.. To
see that F is strictly increasing, let x <&, k(x) =¢, k(%) =d. Define the
length [ of ¢ as follows: if ¢= {c(O), <., c(k)}, then /=Fk, and if ¢
is infinite /= . Let ] be the length of d. There are two cases to con-
sider.

Cask 1. There exists an integer k<min(l, }) such that ¢(:) =d(4),
1<k, and c(k) #d(k). If k=0, since xS Iy, £& L4y, we must have
that Ic(o) is to the left of Id(o). Since F(x)EIc(o), F(O?)Eld(o), F(x)
< F(#). If >0 then we can write

-1 -1

X = hc(o) LR hc(;,_l)(xk) for some Xk e Ic(k),
-1 -1

£ = heoy * + ¢ h,(k_l)(xk) for some & € Liy,

-1 -1

F(x) = geoy * * * gee—1y(3x)  for some 3 € L.,
-1 -1

F() = gy * * * ete—1(r) for some i € Law).

Let kg - - + his—y) be increasing. Then x; <#x, I.a is to the left of
Ly, y:<9% and therefore F(x)<F(%) since ggg - * - gaa—1y is also
increasing. If hyg) « - + his—yy is decreasing then x> s, L. is to the
right of Tawy, y+> 9% and F(x) <F(%) since gyg) * * - gaa-1 is also de-
creasing.

Cask 2. min(l, 1) is finite and ¢(5) =d(), <min(l, I). For definite-
ness let <. If 1=0 then x & I.y— M. Since £E M), % is the left
end point of I.qy. Then F(x) =x < F(£) because F(%) © Mq. If I>0
we can write

x = h:(lo) e h:(lz_n(xz), i€ Iy — Moy,

-1 -1
2= lheoy * * hea—py(®), £#@E M.,

-1 -1
F(x) = goo * * * gea—n(21),
-1 -1
F(&) = geoy * * * gea-y(PD), 1€ M.
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If kg - - * hog—1) is increasing, x;<#i, therefore x; is the left end-
point of I, therefore x; <49; and F(x) < F(£). The proof is straight-
forward if hgg) - + + hyty is decreasing. Thus F is strictly increas-
ing and is therefore a homeomorphism of R onto R. Let xE M,.
Then x =4, '(r) and F(x) =g, '(s). But s=F(r) (this follows from the
fact that if h(x) = {#, a1, a5 ---} and x = k' (r) then h(r)
={a1, @ - - - }) therefore F(x) =g, (F(ha(x))) or h;'=F-1g;'F.
Conversely let k,'=F-'g;'F where F is an increasing homeomor-
phism from R onto R taking M, onto M,. Let y=F(x). Then h(x)=c
if and only if g(y) =¢, which completes the proof.

Proor oF THEOREM 3 AND THEOREM 4. Theorem 3 is obtained
simply by applying Theorem 2 to this basis, using the inverse func-
tional relation k,=F~'g,F and choosing g.(x)=1/(x—mn) (the cor-
responding g is the ordinary continued fraction algorithm which is
well-known to be 1-1). Theorem 4 is obtained by taking g.(x)
=p-(x—mn) (the corresponding g is the ordinary decimal expansion
to the base p, which is 1-1). In both cases the functional relation
implies that F(x)—# is a function of x —# only and therefore F(x)
—n=F(x—n) for xC [n, n+1).

Finally, let (4, %,) be an algorithm basis giving rise to the function
hEE and suppose % is 1-1. If xER and c¢ is an infinite sequence such
that k(x) =c, there are two ways of interpreting the continued func-
tion expansion of x:

-1 -1
% = hoy(heey( - - +)).

The first is that for every k220, x=hyy - - - hop(y) where h(y)
={c(k+1), - - - }. The second is that x=1lim;.. koo -+ + how(y) for
all y& M, which follows from the fact that x=Ng H;.
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