TOPOLOGICAL AND MEASURE THEORETIC PROPERTIES
OF ANALYTIC SETS

MAURICE SION

1. Introduction. G. Choquet’s definition [1] of an analytic set in
a topological space as the continuous image of a K,; has proved to be
a very fruitful one. In this paper we study some properties of ana-
lytic sets which are not necessarily included in a K,. In particular,
we prove that an analytic set is Lindeldf, capacitable, measurable
and can be approximated in measure by compact sets from within
for large classes of capacities and measures.

2. Topological properties of analytic sets.

2.1. DerFiNiTIONS. Our definition of an analytic set below is a
slight modification of Choquet’s in that we do not impose any condi-
tions on X.

1. w denotes the set of all non-negative integers.

2. K(X) denotes the family of compact sets in X.

3. §(X) denotes the family of closed sets in X.

4. A is analytic iff 4 is the continuous image of a K,;(X) for some
X.

5. A is Souslin H iff

A=U N E(soy- -+, 80)
8€S8 n€w
where S is the set of all sequences of non-negative integers and
E(so, - - -, s2)EH for every s€S and n€w.
6. A is Lindeldf iff every open covering of 4 has a countable sub-
covering of 4.
7. 4 denotes the closure of 4.

2.2. LEMMA. Let f be a continuous function on D to a topological
space X and, for every nCw, let A, be compact, An1CAn, Naew AnCD,
B.=f(DNA,). Then

(i) if U is open in X and f(Dnew An) CU then, for some n€w,
B.CU,

(ii) if X is Hausdorff then

f(ﬂA,.)= N B,= N B,

n€w n€uw n€w
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ProoF. Let C'=N,cu An and C=f(C"). Suppose U is open in X
and CCU. Let U’'=f"1(U). Then U’ is open in D and C'C U’. Hence,
for some nEw, DNA,C U’ and

B, =f(DN 4,) Cf(U') = U.

Next, suppose X is Hausdorff and y& C. Since C’ is compact so
is C. Thus, there exists an open set U such that CC U and y&T.
Then, by part (i), for some #E€w, B,C U and y& B,.. Thus,

N B, CC.

n€w
On the other hand, we always have

cc N B,C N B,.

n€w n€w

2.3. THEOREM. If E is analytic then E is Lindelif.

Proor. Since E is the continuous image of a K,3(X), for some X, let

D =N UdG,j7,

1€w j€w

where the d(¢, j) are compact, f be continuous on D and E=f(D).
Suppose F is an open covering of E that has no countable subcover-
ing of E. Then, by recursion, we define a sequence & with k;Ew such
that for any #&w, no countable subfamily of F covers

f(D N N 4@, k.-)).
=0
To this end, we observe that, since

E = U f(DN 40, 7)),

j€w

there exists ko&w such that no countable subfamily of F covers
F(DME(0, ko)). Having defined k; for :=0, - - -, n, since

f(Dm .ﬁ d(, ki)) =U f(Dn .ﬁ d@i, k) N d(n + 1,j))

=0 j€w 1m0

we see that there exists k.;1Ew such that no countable subfamily of
F covers

f(D r\:rj:d(i, k.-)).
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Let
A, = N 4@, k),
=0
B, = f(DN A4,),
= f( n A,.).
nEw
Since

N 4, =NdG, k) C D

neEw €W

and C is compact, let U be the union of a finite subfamily of F such
that CCU. Then, by Lemma 2.2, for some #&w, B,C U contradict--
ing the fact that B, could not be covered by a countable subfamily
of F.

2.4. CoRrROLLARY. If E is analytic in a metric space then E is separa-
ble.

2.5. THEOREM. If E is analytic in a Hausdorff X then E is Souslin
F(X).

Proor. Let E=f(D) where f is continuous on D,

D= N U dG,j),
1€w jEw
with d(4, j) compact. For every (n+1)-tuple (ko, - - -, k.) with
ki€w, let
B+ k) = 1(DO a1
L]
so that B(k, « - -, k) EF(X). If S denotes the set of all sequences
k with k;Ew, we shall show that
E = U ﬂ E(ko,"',kn).
kES n€w
Indeed, since
D= U n d(i, k.)
kES i€w

we have

£= U (N aGw)

kEeS \ €W
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and for every kES

f(igud(i, k.-)) - f( n A dg, h)) = (by 2.2)

nEw tm=0

-n f(zm A dG, k.~)> = N Bk, -, k).
n€w t=0 n€w

2.6. CorOLLARY. If E is a metric space and analytic then E can be
imbedded in a complete separable metric space X and, for every such X,
E is Souslin §(X). Thus, in this case, E is an absolute analytic set in
the classical sense and hence it is the continuous image of the set of irra-
tionals. (See [3] for results on analytic sets in separable metric spaces.)

2.7. REMARK. Theorem 2.5 was first proved by the author in [5].
The proof we give here is shorter and simpler. Corollary 2.6 was first
obtained by G. Choquet [2].

3. Capacitability of analytic sets. We consider here only special
kinds of capacities. For more general definitions and results about
capacities see G. Choquet [1].

3.1. DEFINITIONS. 1. ¢ is a capacity on X iff ¢ is a function on
K(X) to the reals (including + «) such that: if 4 and B are compact
and 4 CB then ¢(4) =¢(B); if $(4) <a then there exists an open set
U such that A C U and, for every compact A'C U, ¢(4’) <a.

2. If ¢ is a capacity on X then for any A CX we let

¢x(A4) =sup{t: t = ¢(C) for some compact C C A4}
and
¢*(4) = inf{t:t = ¢«(U) for some open U D 4}.

3. If ¢ is a capacity on X then 4 is ¢-capacitable iff
#x(4) = ¢*(4).

4. If ¢ is a capacity on X and ECX then ¢ is of order (1a) on
E iff, for every sequence A with A;CA;1CE, we have

¢*( u A;) = lim ¢*(4.).
i€w ‘

(This is a slight extension of Choquet’s definition of a capacity alter-
nating of order ¥ ,.)

3.2. THEOREM. If E is analytic in X, ¢ is a capacity on X of order
(1a) on E then E is ¢-capacitable.
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Proor. Let E=f(D) where f is continuous on D,

D =N UdG,j),

t€w jEw

the d(z, j) are compact, and d(z, j) Cd(¢, j+1) for every iCow, jCo.
In order to see that ¢« (E) =¢*(E), we let a <¢*(E) and show that, for
some compact CCE, ¢(C) =2a. By recursion, we define a sequence &
with k;Cw as follows. Since

E = U f(DN 40, )

j€w
let kyCw be such that
a < ¢*(f(D M d(0, ko))).

Having ko, - - -, ks so that
a < ¢* (f(D N n d('l') kt)))’
ico
since

f(zm .”od(i, k,-)) ~usf(on :od(i, k) N d(n + 1,1')),

Jj€w !

ol

let k.41 be such that

n+1
a < ¢* (D N _n d(i, k.~)>.

=0

Set

A = N dG, k),

S0
c(00)

N 4, = NdG, k) C D,

n€w 1€

Then, since

we see that C is compact, CCE and, by 2.2, for any open set UDC
there exists #&w such that f(DNA4,)CU. Hence

a < ¢*(DN 4,) = ¢*(U).
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Thus, a =¢*C and, since compact sets are ¢-capacitable, we have
#(C)=¢*(C) 2a.

4. Measurability of analytic sets.

4.1. DEFINITIONS. 1. u is a Carathéodory meéasure on X iff u is a
function on the family of all the subsets of X to the non-negative reals
(including «) such that u(0) =0 and if

ACUB,CX

new

then
p(4) £ 20 u(By).

nEw

2. If u is a Carathéodory measure on X and ACX then 4 is
u-measurable iff for every TCX

w(T) = p(T N A) + u(T — 4).

3. M(X, E) will denote the set of all Carathéodory measures on X
such that:
(i) for every ACE there is a u-measurable 4’ with 4C4’ and

u(d) =p(4’).

(ii) all compact subsets of E are u-measurable.

(iii) if A is compact, A CE, TCX, €>0 then there exists an open
set U such that ACU and u(TNU) Sp(TNA) +e.

4.2. THEOREM. If E is analytic in X, uEM(X, E), a <u(E) then
there exists a compact C such that CCE and u(C) >a.

Proor. For any sequence 4 such that 4;CA4;.1CE we have
u( U A;) = lim u(45).
i€w s
Let E=f(D) where f is continuous on D,
D =N U dG,3j,

1€w jEw

the d(4, j) are compact and d(¢, ) Cd (3, j+1). As in the proof of 3.2,
by recursion we can define a sequence k with k;Ew such that, for

any n€w:
a< u(f(D A N dg, k.~))>.
=0
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A, = N dG, k),
fo

0

c=s(0)

then C is compact, CCE and, by 2.2, for any open set UDC there
exists #E€w such that f(DNA4,)CU and therefore

a < p(f(DN 4,)) = p(U).
Thus, u(C) 2a.

4.3. THEOREM. If E 1is analytic in X, u€M(X, E) then E is u-
measurable.

Proor. Let TCX and u(7T) < «». We define a #Ew measure v on
X by letting »(4) =p(TNA) for every ACX.

Clearly v&€M (X, E) and v»(E) < ». Then, by 4.2, there exists a
CCE such that C is a K,(X) and is v-measurable and »(C) =v(E),
so that »(E—C)=0. Thus, E—C is v-measurable and hence E is
v-measurable and

w(T) = »(T) = (TN E) + (T — E) = (TN E) + u(T — E).

4.4, CorOLLARY. If X is a complete separable metric space, E is
closed in X, and pE M(X, E) then E is u-measurable.

4.5. REMARK. If X is Hausdorff, E is analytic in X, u is a Cara-
théodory measure on X such that closed sets are u-measurable, then
E is y-measurable and

uw(E) = sup u(C)
CER(X);CCE
since in this case E is Souslin $(X). (See e.g. Saks [4].)

4.6. REMARK. In the proof of Theorem 4.2 we do not use all the
properties of a measure u in M(X, E). Part (iii) in the definition of
M(X, E) may be replaced by

(iii)’ if 4 is compact, ACE, €>0 then there exists an open set U
such that A C U and u(U) £u(4) + € without affecting the validity of
4.2,

For the proof of 4.3 however (iii)’ is not enough, but we may re-
place (iii) by

(iii)"’ if 4 is compact, ACE, ¢>0, TCX and u(T) < « then there
exists an open set U such that ACU and p(TNU) Su(TNA4)+e.
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Part (iii) will be satisfied if we have (iii)’ and, for every compact
ACE, u(4) < =, or if we have

(iii)""" if A is compact, A CE, ¢>0 then there exists an open set U
such that ACU and u(U—4) <e.
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