ON A QUADRATIC DIOPHANTINE INEQUALITY
FRED SUPNICK

1. Introduction. Let C be an #n-cube and S the z-sphere circum-
scribed about C. Keeping C fixed let S be moved so that its center
falls at some point P inside or on C. We pose the problem: How
can vertices of C falling inside or on Sp (the subscript denotes the
center) be selected?

Analytically expressed, let C be the unit #-cube the coordinates
of whose vertices are zeros or ones (on a Cartesian coordinate system
in E,). Let P be the point (x1, « + +, x,) With0=x;=51 (¢=1, - - -, n).

Sp is of diameter n'/2%. We seek lattice points (y1, - + +, ¥a) ;=0 or
1 (i=1, - - -, n) satisfying
(1.1 > (% — y)? < m/4.
(L))
Thus, trivially, one point (y1, - - -, ¥.) may always be obtained if we

let y;=0if x;<1/2 and y;,=1if x;,>1/2.

Of course, one obvious method would be to substitute (the coordi-
nates of) the vertices of Cinto (1.1) and to select those which satisfy
it; however, except for small 7 this is a prohibitive operation (even
with mechanical aid). The problem therefore is one of minimizing
the number of operations in obtaining solutions of the desired type.

In this paper we obtain a process for immediately associating with
any (x1, + * -, %) (0=5x;=1, <=1, - - -, n, n=4) a class of lattice
points (y1, * * +, ¥a) ¥i=0o0r 1 (i=1, - - -, n) satisfying (1.1).

We note that a lemma to a theorem of D. Warncke and the author?
establishes the following class of solutions for the case n=4: Let
(x4 * + -, xi) be a rearrangement G of (x, * + +, x4) for which

Ixﬁ - 1/21 = lx"z'- 1/2| = lxis_ 1/2l = lx&_ 1/2| .
Let y;,=0 and y/ =1, and
, nw O if x;; < 1/2
YViTIT L ity > 1/2

for j=2, 3, 4. Applying G™' to (yy, - + -, ¥z) and (3f, - - -, ¥7) we
obtain lattice points (y{, - - -, ¥{) and (y{’, - - -, y{’) respectively
(with coordinates zeros or ones) satisfying (1.1).

Received by the editors September 2, 1959, and, in revised form, March 16, 1960.
1 D. Warncke and F. Supnick, On the covering of E, by spheres, Proc. Amer. Math.
Soc. vol. 8 (1957) pp. 299-303, 1160. See §2.
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2. Some definitions and statement of results. An ordered set of
integers (a1, - * +, 6 )(1 Sa1<as< - - - <a,, 15r=[n/r], n24) will
be called a primary set of order r if

2.1) ;= (n—3)—4(r—19) GG=1,---,17.

Let (x1, - - -, xa) (0Sx;=1, ¢=1, .-, n; n=4) be arbitrarily
chosen (but held fixed in the following argument). Let (x;, - - -, xi,)
be a rearrangement H of (x1, « « «, x,) for which
2.2)

1
x'.’_.? é...é

1
Ak # -
2 2

Let 2, - - -, 2, denote x;,, - - -, x:, respectively.
Now, each primary set (@i, - - -, @,) induces a partition?

{1, - ,n}=F+ N
where
2.3) F={a,---,a}, N={1,- - ,n} —{a,---,0a}.
Let % range over {1, - - -, n}:
(i) if kEF, let
0 ifz>1/2

2.4 =
2.4) P a1y

(ii) if REN, let
0 ifz =1/2;

2.5 =
(2.5) = > 1/2,

Now, because of (2.1), with each element a; of F (cf. (2.3)) may
be associated integers b, ¢;, d; of N (cf. (2.3)) such thata;<b;<c;<d;,
holds for (i=1, - - -, 7), and such that (the intersection) {a;, b;, ¢;, d;}
- {ax, bx, cxy di} is null for all pairs j, kE {1, - - -, 7} (j#k). Recalling
the solutions for the case #=4 (at the end of §1) we have,

(2a; — pa)® + (35, — P0)% + (3e; — pe)? + (20, — pa,)* = 1
for (4=1, - - -, r). We note that (z;—p;)2=<1/4 for each element ¢ of

r

{1’. . .,n} —_ Z{a.‘,biyciydi}

=1

2 We use the symbol { } to denote “unordered set”. The operations “+”, “—7,
“.” between unordered sets are those in common usage in set theory.
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(if indeed there are such). Therefore Y r.,(zxv—px)?<n/4. Applying
H-'to(p1, * - -, pa) we obtain a lattice point (y1, + + +, ¥s)(y:=0o0r 1)
satisfying (1.1). We call (y, « - -, y.) an (H)-lattice-point (since it
depends on H) associated with the primary set (ai, : - -, a,). The
lattice point obtained by letting y,=0 if x;<1/2 and y;=1 if
x;>1/2 (=1, - - -, n) will be referred to as the (H)-lattice-point
associated with the null set (which we here call the “primary set of
order zero” for convenience of exposition).

STATEMENT OF RESULTS. Let A4 ; denote the element in the 7th row
and jth column of the double array:

111111111 1111 1 1 1 1
000045678 9 101112 13 14 15 16
000000002230394960 72 8 99 114.--
000000000 O O O 140 200 272 357 456 - - -
000000000 O OO O O O O 969:--

(2.6)

i.e., (i) if =1, then 4, ;=1 for all positive integers j, (ii) if > 1, then
A4, ;=0 for each positive integer j=4(:—1), and

-1

(2«7) Ai.i = Z Aicrp
ket (i—2)+1
for each positive integer j>4(1—1).
First an algorithm is given (cf. §4) for listing all primary set$ of
order r (1=r=<[n/4]), and the following theorem concerning the
“length” of a complete listing is established:

THEOREM 1. For a given n=4, the total number of primary sets of
orders 0, 1, - - -, [n/4] is

n—3 [n/4]

0=1+4+ 2 > A.;
j=1 i=1
THEOREM 2. (i) Each primary set (which may be the primary set of
order zero) has one and only one associated (H)-lattice-point, and (ii) dis-
tinct primary sets have distinct associated (H)-lattice-points.

We thus have the following constructive process for obtaining ver-
tices of C inside or on Sp:

STEP 1. Once n=4 is specified, list all 0 primary sets. This may be
done by the algorithm of §4.

STEP 2. Once (x1, + + -, Xa) 15 specified determine a rearrangement H
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yielding (21, + + -, 2.). Fixing attention on each primary set in turn,
apply (2.4) and (2.5) to (2, - - * , 2a), thus obtaining (p1, - - -, pn); We
then apply H=' to (p1, - - - , Pa) and obtain an (H)-lattice-point satisfy-
ing (1.1).

REMARK. If (x1, - - -, %) is such that |x;—1/2| | x;—1/2| for all
pairs 4, j (¢77), then there is only one rearrangement H satisfying
(2.2). If (x4, -+ -, xa) is such that |x,~—1/2| =|x,--—1/2| for some
pair 2, j (2#j), let

(2.8) Hy: (x4 0 - 0y %4,), Ho: (xjy, - » 0y %5,),
be all the rearrangements of (xi1, - -+, x,) such that
|2 —1/2] £+ = |2, —1/2],
lon—1/2] =+ = |m —1/2], - -

Let all 6 (H,)-lattice-points be obtained. To find those (H;)-lattice-
points which are not (Hy)-lattice-points, we need only consider pri-
mary sets (a1, - -+, a,) such that (jo,, - - -, Ja,) E(Zay, - - -, 1a,)-
Bearing this in mind at all times, we may obtain all other lattice
points associated with each element of (2.8) without duplications.

3. Alemma. Let A,(n)(1 <7 < [n/4]) denote the matrix in the upper
left-hand corner of (2.6) consisting of all elements 4;,; (:=1, - - -, r;
j=1, - - -, n—3). It will be convenient to introduce a new designa-
tion for an arbitrary element of A,(n), say s;x, where ¢ indicates the
ith row from the top (as before), but k now indicates the kth column
from the right; (thus A; ;=s;, where k=n—2—j (j=1, - - - , n—3)).

LEMMA. Let s;x (i>1) be any nonzero element of An(n)(m=[n/4])
such that s; g1 1S not zero. Then

3.1) Sik = Sik+1 T+ Sicr k42 + Si—epps + - - -+ 1.

Proor. From (2.7) it follows that s;r=s;s41+Si1,441. Since
Sic1,k41= Si1,k+2+ Siz2,k42, We obtain

(3.2 Sik = Sip+1 T+ Sictkre + Siv2.kt2.

Repeating this argument on the last term of (3.2), etc., we finally ob-
tain (3.1).

4. An algorithm. Let S, denote the sum of the elements of the rth
row of A,(n)(1=r=<[n/4], n=4). Let g, be an integer satisfying
1=¢¢=S,. We shall associate with ¢, a primary set (jo, j1, * * * , jr1)
as follows:

(1) Determination of j,. We notice that
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(4'1) . S, = Sr,v0 + Sr,00—1 + -+ Sr,2 + Sr,1

where vo=(n—3)—(r—1)4; there are (r—1)4 zeros to the left of
Sr,u, in the last row of A,(n). Then from (4.1) we see that there is
one and only one integer j, satisfying 1 £jo = (n—3)—(r—1)4 such
that

v0 v0
(4.2) Z sri < Qo S Z Sr.d
J=jo+1 J=jo

(here and below, expressions of the form 2.4 U; where B<A are
to be taken as zero).
(2) Determination of j;. We notice that

(4-3) Sr.jo = Sr—1,0; + Sr—1,0;—1 + -+ Sr—1,50+1

where v,=(n—3)—(r—2)4; there are (r—2)4 zeros to the left of
Sr-1,5, in the (r—1)st row of A,(n). Let

v0
(4.4) Q=qo— 2 Si;
J=jot+1

then 1=¢:1<s,,j,. From (4.3) we see that there is one and only one
integer j; satisfying jo <ji < (n—3) — (r —2)4 such that

1 1
(4.5) > i <@L S D S
J=j1+1 Je=jy

(3) Let us suppose that integers jo, j1, * * * , ji-1 have been deter-
mined, each j, (g€ {1, 2, - - -, i—1}) being the only integer which
satisfies

J1<joS(n—=3)—-(r—-(@g+1))=y

and
o9 g

(4.6) E Sr0.i < Qo S Z Sr—0.1)

J=jo+1 J=jg
where

vg—1
Qo = Qo—1 — Z Sr—(0—-1).5 »
J=jg—1+1

ie.,

20 v1 Vg—1
9o = Qo — ( > st 2 st f Sr—(a—l).f)-

F=jot1 F=j1+1 J=jg—1+1
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We show how to determine j;. We notice that (if r—(:—1)=2)
(4.7)  S—(—1),di1 = Sr—ivog F Sr—iv@i-n) F ¢ 0 F Sr—i Gty

where v;=vo+44; there are (r—(i+1))4 zeros to the left of s,_,,, in
the (r—17)th row of A,(n). Let

vi—1
(4.8 ¢ =gi-1— D, Se—G-nge

Jmji—1+1

Then, letting g=14—1 in (4.6), and subtracting the left sum, we obtain

1=¢i=sr—(-1).j;—,- From (4.7) we see that there is one and only one
integer j; satisfying
(4.9) Jic1<jism—=-3)—(—0G+ 1))4d=0
such that
v; g
(4.10) D i <GS D Semin.
miit1 i

Repeatedly selecting the j; as described in (3) (immediately above),
we finally obtain the primary set (jo, - - -, jr—1) Which we associate
with qo.

From the manner in which (jo, - - -, f,—1) was selected we may now
show that

r—1 vk
(4.11) =1+ > suj

k=0 je=jp+1

Proor ofF (4.11). Let

vk
(4.12) Be= 2. Sr;
il

Then from (4.8) go=q1+Bo, 1=¢2+py, - - - ; therefore
(4.13) qo=qr-l+ﬁr—3+ﬁr—3+ A '+ﬂo-
But from (4.10), since s;,;=1

Vp—1

Q1= 2, s1;=14 By,

Jrumjr —1

and (4.13) becomes
r—1

(4.14) =1+ 2 B

k=0

Substituting (4.12) into (4.14) we obtain (4.11).
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5. The number of primary sets (as, -+ -, @,). With any integer
go (1=g0=S,) we have associated a primary set (jo, j1, * * * , Jr1)
determined as in §4.

We now show that any primary set (ko, b1, - - -, k,—1) is an associ-
ate of an integer I satisfying 17 S,.

(A) Let
r—1 vk
(5.1 I=142 3 Sy
k=0 j=hp+1
It is clear that I =1. We first prove that
(5.2) I=8S,.

ProoF oF (5.2). (i) Suppose there are at least two nonzero terms
in the last row of A,(n). Then

r—1 vk r—1 vk
14+ 2 sS4+ 20 2 s

k=0 jmhg+1 Km0 okt 2
r—1 vk v9
=1+ E Z Sr—k,; + Z Sr.i
k=1 j=k+42 =2
r—1 v9
=14 D Sgnbt1 + 2 S
k=1 i=2

)
= $r1 + Z Srj = Sr.

j=2

(ii) Suppose there is only one nonzero term in the last row of
A,(n). Then

r—1 ok r—1 o
142 2 sai =142 20 sk
k=0 jmhptl k=0 j=k+2
r—1 g
=143 > s
k=1 j=k+2
r—1 k v
=1 —I— E Z Sr—k,j + Z Sr—1,5
k=2 juk4-2 =3
r—1 i
=14 2 s g-nas1 + 2 Sr1
kw2 J=3

01
= Sr-1,2 + 20 -1

=3

= $1 = S,-.
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(B) We now show that the primary set (ho, k1, - + -, h,—1) is an
associate of I (as defined by (5.1)) which we write as follows:

v0 v1 vp—1
I=14+ 2 sit 2 s+ -4+ 2 s
J=ho+1 J=h1+1 J=hr—1+1
We recall that & by definition satisfies 1 Sho<m < - - - <h,_;and

=2 (n—3)—(r—(k+1))4=1w:; also, that in determining the primary
set associated with a given integer go (1=g¢=<.S,) there is one and
only one selection j; possible at each step (cf. (1), (2), (3) of §4).
Thus, if we can show that

20 0
(5.3) > si<IZ Y s
J=ho+1 J=hg

then jo=ho And, if we can show that if jo=ho, j1=hy, - -+, fia
=h;1 then

V¢ Vi
(5.4) > s < gl £ s
jmht1 dehi
where
v§ Vit 9,1
(58) ¢f =14+ 2 s+ 2 s—anat oo+ X s
j=hi+1 J=hi41+1 J=h,—1+1

then j;=h; (6=1, - - -, r—1).
The left inequalities of (5.3) and (5.4) are obvious. The right in-
equalities of (5.3) and (5.4) will be true if we can show that

Vi1 Vit Or—1

14+ 2 st 2 S—woit oo+ 2 s

(5.6) F=hi 41+l jehy 41 Fmhy 11
é sr—'i.hi ’

for 420 (and then add Z}‘.hﬁ_, Sp—i,j tO both sides).
ProoF oF (5.6). Cask I. Suppose s,—; n,417%0. Then

vi+1 vit+1

E Sr—(i+1).§ = Z Sr—(i4+1),j = Sr—i,hi+1
J=hi41+1 : i=h;+2
vi+2 vi+2
E Sr—(i+2),5 = Z Sr—(+2),5 = Sr—(i+1),hi+2
J=h;+9+1 J=hi+3
vp—1 vp—1

2 SIS DL SLi = Sehckr—(4D-
Jmhp—11 b (r—3)
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But by the lemma of §3,
Sr—ihy = Sr—ihitl T S—Ganhet2 T 0 0 0 F S2hpre—en + 1.

Therefore (5.6) is true (in this case) for 2=0.
Cask I1. Suppose s,_i5,+41=0. Then, using the ideas appearing in
the proof of Case I, the left side of (5.6) is less than or equal to

vi+1
1+ ( > s,_(.-+1),,~> + Se—r b2 F Se—cirn ez 0 0 0 FSonpe—Grn

J=hi+2

vi+1

vit+1
= ( E sr—(i+1)..1') + S+ a1 = Z Sr—(i41),j = Sr—i,ky

j=hit2 j=hit1
for 1=0.

6. The number of primary sets (ay, - - -, @,) (continued). In §4 we
have associated with each integer go(1=g¢<.S,) a primary set
(o, 1y + +y jr=1). In §5 we have shown that each primary set
(ho, M, - - -, h,—1) is the associate of an integer I (1=SI£S,). We
show that this correspondence is 1-1 reciprocal:

(i) Each integer go(1=g¢=<S,) has one and only one associated
primary set (jo, j1, * * * , j~—1) because in selecting the ji's one and only
one j; can be selected at each step (cf. §4).

(ii) Integers goand g1(1=g0=<S,, 1 221 = S,, go7%¢1) cannot be asso-
ciated with the same primary set (jo, j1, * * * , jr—1). For in the con-
trary case go and g1 would each be equal to the right side of (4.11),
and therefore to each other, which is impossible.

Thus there are S, primary sets of order r. If  now varies over the
range 1 <7 = [n/4], then there are as many primary sets of positive
order as the sum of the terms of An(n) (m=[n/4]). Adjoining the
primary set of order zero we have Theorem 1 as stated.

7. Proof of Theorem 2. Proof of (i). We recall that (z1, * -+, 2,)
is fixed. Let a primary set (a3, - - -, @,) (which may be of order zero)
be given. Then with each & (k€ {1, - - -. n}) (2.4) or (2.5) associates
one and only one integer px(=0 or 1) accordingly as k belongs to F
(which may be null) or to NV (cf. (2.3)). Thus with each primary set
is associated one and only one zn-tuple (p1, * * +, pa). Applying H! to
(p1, » - -, pn) We obtain the unique lattice point associated with the
primary set (a1, * * +, @y).

Proor oF (ii). Let distinct primary sets

(7.1) (@, - +,a) and (af,---,al)
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be given (r=s; (af, - - -, al) may be the null set). Then (2.4) and
(2.5) associate with (7.1)

(7.2) (1, -+, px) and (1, -, pa)

respectively. Since the primary set (7.1) are distinct, there must be
an a; such that a;&{a!, - - -, a! }. The n-tuplets (7.2) will be dis-
tinct since pa;#p;,. Therefore the lattice points associated with the
primary sets (7.1) will be distinct.

City CoLLEGE, NEW YORK

SUBGROUPS OF THE UNIMODULAR GROUP!
IRVING REINER

Following the notation of [3], we let T' denote the proper uni-
modular group consisting of all 2 X2 matrices with rational integral
elements and determinant +1. For m a positive integer, define the
principal congruence group I'(m) by

1) I'(m) = {X €T: X =1 (modm)},

where I denotes the identity matrix in I', and where congruence of
matrices is interpreted as elementwise congruence.

For p a prime, we know from [2] that T'(p) is a free group with a
finite set S of generators. If we define

()

then S may be chosen to include T',. For each fixed integer s, we
may define a group Q(p, s) consisting of all power products of the
generators in S for which the exponent sum for each generator is a
multiple of s. In [3] it was shown that each Q(p, s) is a normal sub-
group of I of finite index in I'. Furthermore, if s>1 and (s, p) =1,
it was proved that Q(p, s) does not contain any principal congruence
group.

Let A(m) denote the normal subgroup of I' which is generated by
T'n. Obviously A(m) CT'(m). Recently, Brenner [1] raised the follow-
ing questions:

A. Does A(m) =T(m) for all m?
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1 This research was supported by the Office of Naval Research.



