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1. Introduction. In a recent paper [S] S. K. Singh has proved the

following theorem:

Theorem A. Let

f(z) = Pi(z) exp(öi(Z)) - P2(z) exp(Q2(z)) + 0

where Qi(z) and Q2(z) are polynomials of degree p (p being an integer)

and Pi(z), P2(z) are canonical products of order <p; then log M(r, f)

>Arp where A is some suitable constant; M(r,f) being max |/(z)| for

\z\=r.

In this note we prove the following extension of Theorem A.

Theorem 1. Let Pi(z), *—1, 2, 3, 4 be canonical products or poly-

nomials (not having any zero at origin) or constants (neither zero nor

infinity) such that Pi and P¡ have no common zeros, P2 and Pi have no

common zeros, and let p be a positive integer and

(1.1) lim sup T(;, Pi)/r" = af < co.
r->»

Further let

(1.2) (2i(z) = az> + ciz'"1 + • • • ,        Q2(z) = bz<- + diz'"1 + • • •

be two polynomials such that max(|a|, 16] ) ?^0, ki, k2 two integers or

zeros and

F(z) = zk>{P1(z)/Ps(z)\ exp«2i(z)) - z^P^/P^z)} exp(Q2(z))

* 0.

Write

D(F) = {max( \ a\ , \ b\ , \ a — b\) — min( \ a\ , \ b\ , \ a — b\ } /t,

t(F) = lim inf T(r, F)/r", 3(F) = lim sup T(r, F)/r",

Bi = lim sup T(r, Pi/P^/r",      B2 = lim sup T(r, P2/Pi)/r",
T—*» r—>«

Ax = lim sup T(r, PiP^/r",       A2 = lim sup T(r, PiP^/r",

A 3 = limsup7Xr, P3Pi)/r".
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Then

(1.4) t(F) è D(F) -¿Bi^ D(F) - 23 <*.-,
>-i t=i

(1.5) 1(F) ̂   | o-6|/7r-min{2 23^¿, 3 £ B,\ ,
{   ,=i ,'_i     ;

2

(1.6) t(F) è maxj | a\ , \ b \ }/ir - 2 23 Bt.
•=i

If further E<-iP» = 0 ana" either min(|a|, |&|)=0 or arga = argo

+kir (k integer or zero) then

(1.7) 1(F) = 3(F) = max{ \a\, \b\ , \a-b\ }/ir.

We assume here that the right-hand expressions of (1.4)-(1.6)

(and of (2.1), (2.3), (2.4) below) are positive, for otherwise these re-

sults are trivially true.

J. Clunie [3] proved that if f(z) and g(z) are two integral functions

of orders pi and P2(<pi), then/'(z)g(z)—/(z)g'(z) is of order pi and

raised the question about the order of this function when type of

g(z) be less than type of f(z). We prove here

Theorem 2. Let /,(z) (i=i, 2) be meromorphic functions of order

^p (p>0) and write

lim sup 2,(r,/<)/r', = m,
r—»00

lim sup {N(r, l//t) + N(r,U)}/r' = 7i,

/(z)=/l(z)/2(z)-/l(z)/ï(z).

Suppose ai>0, a2<°°. Then (i) f(z) is of order p, maximal type if

cti = 00 and mean type if ai < 00, a2 = 0 ; (ii) f(z) is of order p mean type

if «i < «j and either (ii.a)

1 / 16e¿2\      2(yfe + l)
a,>(l + 2i^)a2;       A = --log(—-7) + —-— >      k > 1;

log ¿       \k — 1/ k — 1

or

(ii.b) ai > «2 + 71 + 72;

or

(ii.c)1_      3a2 < «^0(0,/!) + 0(oo,/O - l}.

1 For the definitions, see [6, Chapter 2].
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2. Proof of Theorem 1.

Lemma 1. Let F(z) be given by (1.3), awd A be any number. Then

(2.1) t(F)*{\A\  -\A-a\  - U-i|}/*-iX
¿-i
2

(2.2) 3(F) £[\A\  + | A - a\  + \ A - b\ )/r + ]£ B{.
,_i

Proof.

F(z) = exp(Az»){zkl exp ((a - A)z" + • • • )Pi/P3

- zk> exp((b - A)z> + • • • )P2/Pi}

= exp(Az")<j>(z).

Then

{ | A | »*}/t ¿ F(/, F) + T(r, <p) + 0(1)

(\a- A\  + \b- A\        2 )
è T(r, F) + V-!-ZJ-L + £ B. + o(1)| r,

and (2.1) follows. Also

3(F) ^ | A \ /t + lim sup T(r, <p)/r"
r—»oo

and (2.2) follows.

Lemma 2. Lei F(z) &e gwe« by (1.3). PAew

2

(2.3) 1(F) ^{\a-b\  -min(|fl| , |&| )}/*■- £ Bt.
i=i

Proof. We may suppose \b\ á | a|. Write

X = z*'exp{(a - b)z»+ ■ ■ ■ }Pi/P3; F = z*» expiez*-1 + • • • )P2/Pt.

Then

F(z) exp(- bz») = X - Y,

T(r, X) è T(r, F) + { | b \ r>] /t + (B2 + o(l))r>.

Further

exp{(a - b)z"} = Xz-^Ps expi-ciz^1 + • • • )/Pu

I a — 6 I r" 1*1»"
-—^ ^ T(r, F) + î—U + (Bl + B2 + o(i))r"

IT IT

and (2.3) follows.
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Lemma 3. Let F(z) be given by (1.3). Then

(2.4) K*)a 11 «I -1*11A-23*.i=i
We may suppose \a\ > \ b|. Write F(z) =/i —ft. Then

T(r,fi) < T(r,F) + T(r,f2)+0(\)

/l*l \^ T(r, F) + I -!—^- + 7J2 + o(l) J r>.

Further

exp(az> + dz"-1 +•••) = z~kiiPz/Pi,

{|-MAS¡ {T(r,fi) + Bi + o(í)}r>

and (2.4) follows.

Proof of (1.4). We may suppose |a| ë?|o|. Then (1.4) follows

from (2.1) (with A=a), (2.3) and (2.4).

Proof of (1.5). Write

(2.5) X = 2*'{P2P3/P4Pi} exp{(6 - a)z" + i#>-i +••■},

Y = zkl exp(ciz^1 +•••),

(2.6) 4*={X- Y)P1/P3;       <pi = exp(az').

Then F(z) = —<pi<p2. Let y{ be a common zero (if any) of P3 and P4

with multiplicity k3,i in P3 and &4,t in P4. Write

WiM = Emin(*3,i,*4,<)logr/| 7,| , kt,i j¿ kt,i-, | 7<| á r,

Ni(r) = E*3,,Togr/| 7<| , *,,,- = ¿4,f,  [ 7<| á r.

Then it is easily seen that

N(r, X) + N(r, 1/X)

g N(r, I/P2P3) + N(r, l/P<Pi) - Ni(r) - 2N2(r) + 0(log r)
'   • / 4

g 23 N(r, l/P%) - Ni(r) - 2N2(r) + 0(log r),
t-i

(2.8) N(r, l/(X - Y)) Ú N(r, 1/*,) + tf,(r) + 0(log r)

since only those zeros of P3 can be zeros of X — Y which are considered

in N2(r). Further

(2.9) N(r, fa) ^ 23 N(r, 1/P,) - Ni(r) - 2N2(r) + 0(log r).
>-3
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To prove (1.5) we assume that the right-hand expression of (1.5) is

positive. Hence either \a — b\ >xG4i+.42) or \a — b\ >ir(Bi+B2). In

both cases we have by an extension of the second theorem of Nevan-

linna [4, pp. 75-76]

(2.10) T(r, X) g N(r, X) + N (r, 1/X) + N(r, l/(X - Y)) + o(r»).

Now

T(r, F) ^ T(r, l/0i02) + 0(1)

è N(r, 1/0») + 0(1)

(2.11) ^N(r,í/(X- Y))

è T(r, X) - N(r, X) - N(r, 1/X) - N2(r) + o(r»)

¡: { | a - b | -»}/* - 2F(r, P2P3) - 2T(r, P4Pi) + o(r>).

Also from (2.11)

T(r, F) ^ { | a - b \ r>}/ir - T(r, P1/P3) - T(r, P2/Pt)

4

- E N(r, 1/Pi) + 0(f)
<=i

^ { | a - b | r'}/x - 3T(r, P1/P3) - 3T(r, P2/PJ + o(f)

and (1.5) follows.

Proof of (1.6). We may suppose \a\ ^ | &|.

Case (i): \a-b\ ^x(Pi+P2).

Then from Lemma 1 we have with A =a,

I a]   - I a-b\ 2 \a\ 2
t(F) 5; J—!-—L - Z Bi â — - 2 £ 5,-.

X i=l x ,_1

Case (ii) : | a — b\ >ir(Bi+B2). We have in the notation of the proof

of (1.5)

T(r, F) è m(r, l/0i02) + N(r, 1/00 + 0(1)

^ { | a | r"}/x - F(r, 02) + N(r, 02) + N(r, 1/0,) + 0(1)

è { | a| r'}/x - FC, *0 +%N(r, 1/(X - Y)) - 3N2(r)

+ E N(r, l/Pi) - Nur) + 0(log r)

(2.12)
^ { | a | r>}/x - T(r, 02) + T(r, X) - N(r, X) - N(r, 1/X)

4

- 3N2(r) - iVi(r) + Z N(r, 1/P.) + o(r")
i=3

2

^ { |a|f}/x - F(r,Pi/P3) -Z Af(r, 1/P<) - tf*(r) + o(r>).
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Since N2(r)¿N(r, 1/P4), we have

t(F) >  | a| A- 2(Bi + B2).

Proof of (1.7). From (2.2) we have

3(F) :gmin{ \ a\ + \ a - b\ , \b\ + \ a - b\ , \ a\   + \ b\ }/t

1=1

From the hypothesis on a and b we have either

(Ï)   \a-b\   =  \a\   + \b\     or    (ii)   |o-i|   =  |  |a|   - \b\ \.

In case (i) we have from (2.13), (1.5), (1.6), since E?=i Bi = Q,

1(F) ^{\a\   +  | »| }/«--; 3(F)

and so (1.7) follows. In case (ii) we have from (2.13), (1.5), (1.6)

1(F) = 3(F) = max{ | a \ , | ô | }/ir = max{ | a \ , \b\ , \ a - b \ }/ir.

3. Remarks on Theorem 1. If we write

F(z) = (**> exp(f2i)PiP4 - «*» exp(Ö2)P2P3)/P3P4

we get

1 i ' i    i   i
(3.1)   t(F) ^ —max(| a\,\b\)-2Al- 2A2 - A3,

IT

3(F) ámin{|a|  +|o-ô|,|o|  + \a-b\,\a\  +\b\}/ir

** +±A„

>=1

If \a — b\ >7rmin(23i-i Bu E?=i^<). then we have from (2.12)

loi, >
(3.3) t(F) 2: >-min|2ai + o2 + 2a3, 2a\ + o2 + a3 + d\\

IT

and similarly

1*1
(3.4) t(F) it .-minjoi + 2a2 + 2o4, «i + 2o2 + o3 + at\.

T

The inequalities (3.1), (3.2) and (1.5) (with E^»') Slve an interval

1(A) in which t(F) and 3(F) lie; and (1.4), (1.5) (with 23#.)< (1-6)
and (2.13) give another such interval 1(B). It is possible to choose a

function F for which 1(A) CZI(B) and another function F for which

7(B) CHA).
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Example 1. Write

W

an = (-l)-+1(n + 1) log (« + 1), Z 1/«» = «,
n-l

Pi(z) = P2(z) = fi E(z/an, 1),       P3(z) = P4(s) = n E(z/(-an), 1).
n=l n-l

Let

a> 0,k> 0,ak> 8a,       F(z) = (e01 - e-*<")Fi/P3.

By a known theorem [l, p. 27] PiP3 is a function of zero type order

1. We have

Ax « A% « 0,       .4, = 2a/x = 5i = J52;

1(A) : {a(l + k)/T,        (a(l + k) + 2a)/x},

7(5):  {(a(l + *) - 12a)/x, (o(l + k) + 4a)/x}.

Example 2. Let

(ßk)1

be such that ||8i| <|«i| <\ß2\ <\a2\ < ■ ■ ■ , a„//3n>0,   Z»=i Vß»
= a, where an, a have been defined in Example 1. Let

P*3(z) = n E(z/ßn, 1),        F(z) = (eaz - ëkaz)Pr/P\

71 = 1

where a>0, k>0, ak>8a and Pi is as in Example 1. Then

Bi = B2 = 0,        Ai= A2= A3 = 2a/v.

Hence t(F) = 3(F) =a(l+k)/ir as given by (1.7); whereas 1(A) is

{(o(l + *) - 8a)/x, (a(l + k) + 6a)/x}.

4. Proof of Theorem 2. (i) We have

/=/2^(/.//2)=/22(/l//2)'-
dz

Further [2] \i k>l, r>r<>, then2

(4.1) T(r, f,/f2) < A T(kh; (fi/h) ,) + k1\ogr

where A =A(k) is defined in the statement of Theorem 2, and ¿i is a

constant. Hence

1 The relation (4.1) follows from the inequalities (26), (5), (6) of [2],
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T(r,f) > T(r, (/i//*)0 - 2T(r,ft) + 0(1)

> T T^l^>hlh) - 2F(r,/2) + 0(log r)
(4.2) A

> -{T(r/k\fi) - T(r/k\f2)} - 2P(r,/2) + O(logr).
A

Also for r>r0(e)

T(r,f) < 2T(r,f2) + T(r, (/1//2)') + 0(1)

(4.3) < 2 T(r, /2) + (2 + e) T(r, fx/f2) + 0(1)

< (2 + ¿)T(r,h) + (4 + e)r(r,/2) + 0(1).

Hence (i) follows. Further from (4.2) we have, if «i<oo, for a se-

quence of values of r Î 00,

T(r,f) >-{(ai- oc2)(r/k*y} - 2a2r> - o(r>);
A

and so

(4.4) 3(F) è {«i - 0:2(1 + 2Akl"))/A¥" > 0.

From (4.3) we get

3(/) Ú 2ai + 4a2

and (ii.a) is proved,

(ii.b-ii.c) We have

/ =/i/2(/i7/i -/27/2) = AM

Then

TXrJO - T(r,f2) ̂  TfyJif*) + 0(1)

^ T(r,f) + T(r, <p) + 0(1).

Further

T(r,<p) ̂  T(r,f[/U) + r(r,/,'//») + 0(1)

= O(logf) + N(r,f[/fi) + N(r,fi/f2)

Ú 0(log r) + 23 {Ñ(r, í/fi) + Ñ(r,fd}.
i=l

Hence
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T(r,f) S; T(r,h) - T(r,f2)

- Z {Ñ(r, y fi) + N(r,fù} + 0(log r)
i-i

and so

3(/) è ai — a2 — 7i — y2 > 0.

Further from (4.5) we have for r>ro(e),

T(r,f) ^ {0(0,/!) + 0(00,/!) - l}F(r,/i) - 3a2r> - o(r>),

3(/) ^ {0(O,/i) + 0(co,/,) - ljai - 3a2 > 0.

Added in proof, (i) The author wishes to thank the referee for his

comments, (ii) Write \a\ =a, \b\ =ß, \a — b\ =y. If we suppose that

a2^ß2+y2-\-ßy, ß2^y2-\-a2-\-ya, y2^ß2+a2-4-ßa, then we can get,

from (2.2), a sharper inequality for 3(F), than (2.13) or (3.2). In fact

we can show, in this case, that

where Zar = a:r+ßr+7r.
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