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Case (5) and (6) continuous spectrum 0 <\ < «, point spectrum
— o <ALO,

Case (7) and (8) point spectrum 0 <\ < », continuous spectrum
— o <A 0,

Case (9) point spectrum Q; <N < Q., continuous spectrum
)\<min[Q1, Qz], )\>max[Q1, Qz]
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A METHOD OF APPROXIMATING THE ZEROS OF
FUNCTIONS BY QUADRATIC FORMULAS!

STEPHEN KULIK

1. Introduction. The problem of approximating two zeros of a given
function by solving a quadratic equation was discussed in a number
of papers [1; 2;4; 5;7]. In this paper we present a general method of
deriving quadratic equations the two roots of which would approxi-
mate two zeros of an analytic function f(z). A function f(z)/g(z, %),
instead of f(z), is considered, where g(z, %) is another appropriately
chosen analytic function. By varying the parameter %, and keeping
the initial approximation to the zeros unchanged, the final approxima-
tions can be improved or another pair of zeros approximated. The
exact values of the zeros are determined as limits of the expressions
approximating them.

2. The general method. Let f(2) and g(z, «) be analytic functions
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within and on the circle C, where f(2) has zeros, simple or multiple.
The function g(z, ) may have zeros in common with f(z). However,
we assume that those zeros of f(z) which we desire to calculate are
simple zeros of f(2)/g(z, u).

Let the expansion of g(z, #)/f(z) into partial fractions be

1)

(1) g/f =2 A [k + ¥,

where g=g(3, w), f=f(2), hj=2—a;, A; is a polynomial in z—a; of a
degree not higher than m;—1, m; being the multiplicity of the zero
a;; Y1=v1(2) is analytic within and on C; and the summation is
carried out over all a;.

On differentiating (1) (2—1) times and multiplying it by
(=1)"1/(n—1)!, we obtain

(n) , n4m;—1
@) Hy=23 4;"/b;™ + Y,
where A}”) again is a polynomial in z—a; of a degree not higher than
mi—1,¥a= (=19 V/(n—1)!, and H,=Q./f* The function Q, is
the determinant
g f Y
B) Q= g f f

£/ (= DI fO/(n = D1 foD/n =21+ - - f
It can be evaluated recursively, [3],
On = f'On1 — ff"Qn-2/2! 4+ -« + + (=) H*DQy/(n — 1)!
@ + (=)™ PQ/(n — 1! n=234---,
Q=1 OQi=g  Q:=[f01— fQu

We assume that @, and a; are the two simple zeros of f(2)/g(z, %)
which we wish to calculate and rewrite (2) in the form

(5) H, = (Ay/k + As/B)(1 + BJ),
where
(6) B = Biln( X A /BT ) /(A 4+ AshD);

the prime on the summation sign means that the terms for j=1, 2,
are to be omitted, and A;, 4, stand for A?t™~! and 43t™"",

Now if u is a fixed number and 2z is given a numerical value such
that
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@ [l = [h] < |al, i=34 -,
| 5] = [ k| <|v=3],
for any v on C, then
) limB, =0 as n— o,
Using (5) we may write the following equations:
AR+ As/B = (1 + an ) Hos,
©) A/t + A/l = (1 + en)H,,
AT+ Ao/ = (1 + angn) Hug,

and, eliminating 4:/A} and 4,/h3~? between them, obtain

(10) 1+ an-1)Ho1 — (1 + an) (b1 + h)Hn + (1 + any1))likeHrir = 0,
where

(11) lima, =0 as #n— o,

Equation (10) shows that 4, and &, satisfy a quadratic equation.
Therefore, we may write

B+ ph+q =0,
(12) H'l.—l + ﬁH'l. + qH,l.+1 = 0,
Hy + pHups + qHoyz = 0,
where
(13) p=—(h+h), q¢=Mhh, and Hj= (1+ a)H;
j=n—1nn+1,n+4 2.

Equating the determinant of (12) to zero, we get the following
equation which is satisfied by &, and hs:

(14)

The equation approximating k; and 4, may now be written,

(15)

Booh 1
Hy: H, Huy
1 1 1
H, H,y Hnpo

h? h 1
Hn—l Hn Hn+1
Hn Hn+l Hn+2

= 0,
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or
L | 2 &

(16) Q1 Qs Quy1 | = 0.
0Ox Ont1 Qnyz

Note that we have not introduced a separate symbol for the ap-
proximating value of A.

From (14) also follows
an a,8:=3%—flim B, + (B, — 44,4,-1)'?*/24,,

n—

where

(18) Ap = 0u0niz — Ontty  Ba= 0n-1Qni2 — 0nQusr.

The quadratic equation (16) is satisfied exactly by the zeros of a
quadratic polynomial in z if g(z, %) is a polynomial in 2. If the degree
of g(z, u) is k, it is satisfied starting with the lowest Qn—1=Q:. This
follows from the fact that (16) would coincide with (14) starting with
n—1=k.

We consider in more detail (16) when g(z, ) =1. In this case the
determinant (3) is reduced to a determinant of order n —1. We denote
it by P,-1 and write the recursive relation between P, and the lower
determinants.

(19) Pp = f'Pucy — f{"Pu_s/2l+ « - + + (= D)*Y®Py/nl, Py =1.

The equation corresponding to (16), with # increased by one, we
rewrite in the form

P,y P, P, P, P, P
S PV S Ll PR Ll P S i
There is no difficulty in showing that
1) P, P, - fK,

P,y P,
and
(22) B P L, L= Ka - M,
Ppie Ppna

where
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f” /2] f’ f
@23) K.=| 1B T r
S/ + DU @ nl oD/~ DL - f7/21
/31 f 7
o wm-| Mmoo T
O/ + 21 f® gl @D/ — 1))+ - - f7/2]
s f 0 0 e 0
fm/3! /21 f f e 0
(25) L, = fiv/ar 1731 f/21 f N

4 /(n +2)1 foD/(n + D! f®/nl f&D/(n — DL f7/20 ]
With these notations (20) can now be presented in a shorter form,

(26) Kpp1h?* — Lopik + fK, = 0, or

(27) Knpib®* + (fM, — f'Ka)h + fK, = 0.

Further simplifications of (26) or (27) are possible in some particu-
lar cases. As an illustration, we take the cubic trinomial 224 pz4g4.

For Z=0, f=q’ f,=p’ f"/2!=01 f,”/s!:l’ f(”)=0, n=4» 51 R
and it may be seen at once that

(28) Kn = - pKn—Z + qKn—B
and
(29) Loy1 = — Kpya.

Thus, the two zeros of z24pz+g which are smaller in absolute
value can be approximated by solving

(30) Kniih® + Knysh + ¢K, = 0.

The function K, can be evaluated recursively by using (28) or by
solving (28) for K, in terms of p and ¢ (see [6]). The solution for K ,is:

kid r—k
Ka = (—P)'[l + Z(—l)"( )X‘] for n even;
k=1 2k

31) r = n/2, m = [n/6), X = ¢%/p%
n —&
Kn=(—p)Y kz: (—1)* (Zrk + 1) X* for n odd,
(32) -

r=m—-1/2, m=|[n-2/6], X=g/p
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The first few values of K, are

Ko=1,Ki=0, Kn=—p, Ks=gq, K. = p?, Ks = — 2pg,

Ko = —p*+ ¢’ K1=23p%, Ks=p* — 3p¢’, Ko = — 49’ + ¢,
Kio = = $°+ 6¢°g", Ku = 5p'g — 4pg%, Kun = p* = 104" + ¢*.
We will be using another simple case in which (16) is satisfied

exactly by the zeros of a quadratic polynomial, namely, g(z, %)
=f'(z). Using the notation D, for Q, the recursive formula is

Dy = ['Ducs — ff" Duca/21 4 - - + + (=)= O=DDy/(n — 1)!
(33) + (_f)”—lf(”)DO/(n - 1)': n = 3) 4: R}

Do=1, Di=f, Dy=f"—ff"

3. The use of the parameter. The usefulness of introducing a
parameter into quadratic formulas will now be illustrated.
Let

(34) q(z, w) = (u — 2)*'(2),

where & is a positive integer and # an arbitrary number not equal to
3, a1, or az. The zeros a; and a: may be simple or multiple. By apply-
ing (5) we get

(35) Hop = (mues/hy + macs/ ) (1 + Bu),

where b1 =2—ai1, hy=2z—a,, as before; ex=u—a1, e2=u—az; m; and m,
are the multiplicities of @, and a, respectively; H,=H,i(z, u),
Bn,k = Bn,k(z, u)-

Now if we assume that n —k=constant and z and « are given such
numerical values that

(36) le/m| 2 | es/ha| > | ei/hs, i=34,---,

and

I\

v

les/a| = [es/he] > | (= 0)/(z =),
for any v on C, then lim 8, =0 as n— «.
Let n—k=0; then we can write the approximate equations
ml(el/hl)"“l + mz(ez/hz)""l = Hn—l.n—l’
37 mi(e/h)™ 4+ mo(ex/hs)* = Hpn,
mi(er/ k)" + ma(ex/h2)" ' = Hppr,npa
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and, eliminating ma(ei/h1)*! and m2(es/h2)*~2, we obtain
(38) Hn—l.n—l + PHn,n + an-l-l,n+l = 0,

where p= — (hi/er-+ha/e3), ¢=hihs/ eres.
We write now the equations
(k/€)* + ph/e + ¢ = 0,
39 Hy 01+ pHan + qHup1,041 = 0,
Hyn+ pHovr,n41 + qHnpo,042 = 0

and, eliminating p and ¢ between them, obtain the desired quadratic
equation

(k/e)*  hfe 1
(40) Hy1n1 Han Hopinpr | =0

Hn,n Hn+l,n+l Hn+2,n+2
or

(z—0a)?(u—0a)} (z—2a)/(u—2af f
(41) Qn-1,n—1 On.n Ont1nt1 | = 0.
Qﬂ,ﬂ Qn+1,u+l Qn+2,n+2
Another pair of simple quadratic equations will be obtained by

starting with

migs/hy - + maes/hy = Hoysy
(42) mer/hy  + maes/hs = Huy,

mier/hy' 4+ maes/Hy = Huyra
and

mxel;—l/ B+ mzel;—l/ hy = Hapos,
(43) mies [y + maes [hy = ;A

k+1 . n k+1 , . n
mieé /hl + maes /hz = Ha k41,

namely,
(z—0a)? (z—af f
(44) Ot Onik Qntre |=0
On.i Ont1.k Ont2.k

and
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1 (u—a)f (u—a)f
(45) Qn k-1 QOn.k Onisr |=0.
On .k Qn.ks1 On kr2
The function Qnx = Q» «(2, #) may be evaluated by (3) or (4). How-

ever, it is more practical to use its expression in terms of D, (see [3]),

=0

(46) Qi =3 (f) (4 — PPors

which can be derived from (3) or (4) or in some other way.
If g(z, ) = (u—32)*, then

n—1
@) 0r = S(5) W= oripeny
=0 \J

and the equations similar to (40), (43) and (44) can be derived in the
same way.

The selection of the parameter « is not very difficult in many prac-
tical cases; however, it is a complicated problem in the general case.

For an illustration we again take the cubic trinomial z3+4pz+q.
If its two zeros are imaginary, they are larger in absolute value than
the real one when > 0. Therefore, they cannot be calculated by (30),
as in the previous illustration, but they can be calculated by (40),
(43), or (44) with 2=0, as before, and # = —gq/p. It is a simple matter
to show that the inequalities (36) are satisfied and the coefficients of
the corresponding quadratic equations are expressible in terms of p
and q.

REFERENCES

1. J. Konig, Ueber eine Eigenschaft der Potenzreihen, Math. Ann. vol. 23 (1884)
pp. 447449,

2. A. S. Householder, Principles of numerical analysis, New York, McGraw-Hill,
1953.

3. S. Kulik, 4 method for approximating the zeros of analytic functions, Duke Math.
J. vol. 24 (1957) pp. 137-142.

4. , A method of approximating the complex roots of equations, Pacific J.
Math. vol. 8 (1958) pp. 277-281.

5. , On the solution of algebraic equations, Proc. Amer. Math. Soc. vol. 10
(1959) pp. 185-192.

6. , A method for the approximate solution of cubic equations, Proc. Shev-
chenko Sci. Soc., Section of Math., vol. IV (XXXII), New York, 1956-1958.

7. E. N. Laguerre, Oeuvres de Laguerre, vol. 1, Paris, Gauthier-Villars, 1898, pp.
101, 461.

UTAH STATE UNIVERSITY



