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Since u,=U(I7!) it is clear that H=H,. Since T,=rT}, it follows
that T7!(2) = Ti'(z/r) so that H,(z) = Hi(z/r). Taking the limit as 7,
0<r<1, approaches one, one has
HO0) =lim H,(0) Sln2+1n2=1In4,
r—1
as required.
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1. Introduction. The translation theorem of Hopf and Voss [3] has
been generalized by Hsiung [4] and Voss [7] to hypersurfaces, by
Hsii [6] to other elementary transformations, and these results were
obtained for hypersurfaces by Aeppli [1]. In the first sections of this
paper, these results will be generalized to #-dimensional manifolds in
(n+m)-dimensional Euclidean space. In the final section, a condition
will be given under which a submanifold of Euclidean space is a sub-
manifold of a hypersphere, extending a result of Hsiung [5].

All manifolds mentioned will be assumed to be compact, connected,
orientable, n-dimensional (#n=2) manifolds with closed boundaries
(empty or of dimension #— 1) differentiably imbedded in an (n+m)-
dimensional Euclidean space E*t™ (m =1). The notation adopted will
be essentially that of Hsiung [4]. The following conventions will be
adopted for indices:

B, =1, -, n+m,
Ny, =1+- n+m=—1,
a by =1,---,m,
G, =1, m,
7,8, - =0, -, m

Considerable use will be made of a vector product like that defined
by Hsiung [5]. Namely, if I}, - - -, I.4m are a fixed frame of mutually
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orthogonal unit vectors and A)=A%I, are any (n+m—1) vectors,

Il 12 R In-l-m
4] A N b

Alx e X An+m—l = det

1 2 nim
Apgm—1 Animir® * * Angm—
Further, the exterior convention for multiplication of differentials will
be observed in vector products.
If My, - -+, Nnisa frame of mutually orthogonal unit vector fields
normal to a manifold V* (locally) with

X Xpeg X - XXaXN1 X+ XNa>0

where |; denotes partial differentiation with respect to the ¢th local
coordinate, then one has

n—r r
AX X -+ XAX XdANsX ++ - XANg X N1 X -+ XNaX -+ XNa
= (—1)»rte-ly| M, (N,) NdA

with ~ denoting that the corresponding factor is omitted, and M,(N,)
denoting the 7th mean curvature of V» determined by the normal field
N..

2. Translation theorem. In this section, the following theorem will
be proved.

THEOREM. Let V», V*» C Ert™ with boundaries V*=, V*»1 and let
f: Vn—V*r be an orientation preserving diffeomorphism such that the
line segments joining corresponding points are always parallel to a fixed
direction e.

Let S be the set of points of V™ at which the vector e does not lie in the
tangent space, and let N, denote the unit vector field defined on S which
lies in the linear space spanned by the tangent space of V* and the vector
e, is orthogonal to the langent space, and for which e- N1>0.

Suppose further that S is dense in V* and SNV*~! is dense in V™1,
that on Vo1, V*»=1 one has Ni¥ =N, and that at corresponding points
M¥*(N{¥) = M\(N,). Then f is a translation.

Proor. Let X*=X+4we. On S, '=e—(e-X|,)g%X ;%0 and from
X% = Xs + wyse, the linear spans [X},---, Xf, e] and
[Xy, « + -, X\a, €] are equal, so that on f(S), ['*=¢—(e- XT)g*XT,
#0. Then N,=T/|T'|, N¥=T"*/|T*| are the corresponding unit vec-
tors. Choose N, - -+, Ny normal to [X)3, - -+, X|a, ] (locally)
forming a frame of mutually orthogonal unit vectors with
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X X2 X XXp XN X-+-XNuw>0.

(If m=1, use this to determine the orientation of V».)
Let¥ = we-Nf* XdXX --- XdX X N3 X ---XNp = we-Ni¥
XaX*X +++ XdX*XNyX -+ + XNu. Then

AN = we-dX* X - - - XdX* X dNF# X N2 X -+ + X N — N{¥
c(dw)e XdX* X + -+ XdX* X Ng X -+ - XNn
+2(—1)""we

a>1
dX*X -+ XdX* X AN, X NEX -+ X NaX ++ + X N,
Since X};- XX + + + XXEXNFEXN,X - -+ XNu>0,
(=1)"nINF#dA* =dX* X - - - XdX* X Na X -+ + X Nnm,
=dX X -+ XdXXNyX+++XNn
+ n(dw)e XdX X -+ - X dX X N3 X + - + X N,
= (—1)*"nINdA + n(dw)e X dX X + - - XX X N3 X -+ + X Num.

For a>1, dX*X -+ + XdX*XdN,XN#X ++« XNaX -+ + XNn
has the direction of N,, and

we-dX* X+ XdX* X dNg X N¥X -+ - X NaX -+ X Nu=0.
Thus
N = (—1)"(n— 1)[(dA* — Ny* - NidA)+ (= 1) n!M#(N#)we- N:dA.
Let B=we-NyXdXX « + - XdXXN:X - - - X Np. Then
B =wedX X -+ XdX X ANy X N3 X -+ - X Nu — Ny
(dw)eXdX X +++ XX XNy X+ X Nn
+ X (—1)*swe

a>1
dX X - XAX XANa X Ny X+« X Na X« + - X N,
= (= )" (n — 1)(N1-N¥dA* — dA) + (—1)*'nIMy(N)we
-N:dA.

Extending to V* by continuity,

[, a-newy@a+aan = {(-o-vm-v) [ @-w»)
\4 v

= (.,

Since (1—Ni*-N;)20 and f preserves orientation, Ni*=N; almost
everywhere on S. At such points,
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0=X/iNt = XNy = wpse- N,

and since e- N1 #0, w;=0. By continuity, w;;=0o0n V"and so w=con-
stant.

3. Similarity theorem.

THEOREM. Let V*, V¥ CErtm™ with boundaries Vr—1, V*»—1 and let
f: Vr—>V*" be a diffeomorphism such that at corresponding points

X* = kX.

Let S denote the set of points of V* at which the position vector does not
lie in the tangent space, and let Ny be the unit vector field defined on S
which lies in the linear space spanned by the tangent space of V™ and the
position vector, which is orthogonal to the tangent space, and for which
X:-N,>0.

Then if S is dense in V* and SNV~ is dense in V=1, if on V*~' and
V*n=1 one has N1*=N1 (0?‘ Ni*= —Nl), and 'lf le*(Nl*) ‘—‘Ml(Nl) =0
(or EMF(N¥)+ M1(N1) =0) on S, then f is a homotheticity.

Proor. Let T denote the intersection of S and the set of points of
V» at which k520, «. Since f is a homeomorphism, S and T differ by
at most two points.

From XV = kX;+ kX, one has [X}, - -, X, X*]
ClXw - X X ]. Reversing the roles gives equality, so that on
T, A=X—(X-X,)g"X;#0 implies A*>0. Then N,=A/|A|, and
choose Ny, + + +, Nn normal to [X1, - - -, X|a, X] (locally) forming

a frame of mutually orthogonal unit vectors, with
X Xi2X - XXaXN X+ XNu>0.

(If m=1, this convention is used to determine the orientation of V=).
Let A=X N1 XdX X - -+ XdXXN:X - -+ XNpn Then

A =XdX X+ -+ XdX XdN; X Ng X +++-XNn,— N,
dX X+ XdX XNygX -+ X Nn
+ 2 (=)rex

a>1

dXX -+ XAX XANaX Ny X -+ - X NaX -+ + X N,
and since X+ N,=0 for a>1, this becomes
d%[ = (—1)"‘“n!dA + (—1)”+111«!M1(N1)ﬁ1dA

where pr=X-N1.
Let =X -N#XdXX -+ - XX XNy;X + -+ XNp. Then
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d8 = XdX X -+ XdX X dNFX N3 X «++ X Nn
— N¥dX X+ XdX X Ny X+ X Nn
+ 2 (=1)"eXdX X -+ XdX X dN, X N¥ X - - -

a>1

XNaX -+ X Nn,
=k X*dX*X -+ XdX* X dNF X Ny X -+ - X N,
—~NFdX X -+ XdXX Ny X +++X Np
+ 2 (—1)reknX*.dX* X - - - X dX* X dN, X N¥ X -

a>1

XNy X -+ X Nu,
= kg(— 1) I MF(NF)X* NFdA* + (—1)HpINF-NidA,

where £=sign of (X]'1~X’|';>< cee XX}’,.XN{"XN,X « o« XNp).
From

E~1)"nINFdA* =dX* X -+ - XdX* X N2 X -+ - X N,
=kdX X -+ XdX XNy X -+ X Nn
+ nkY(Xdk) X dX X -+ - XdX X NaX ++ + X Np,
one has £(—1)"n!X*.- N¥dA*=(—1)"k*+'n!X - N1dA4, so
dB = (—1)""'nINF# - Nidd + (= 1)"PnlkMF¥(N#)pdA.

Thus (for the two cases),

(A F N*Npd4 = {(—1)"+l/n!}f @ T 9B)
-

Va—l
= 0.

Since 1 ¥ Ni*: N1=0, Ni¥= + N, almost everywhere on T, and at these
points

0= XI:-N: = 4 X|:°N1 =+ k:X-Ni= * kiipr.

Thus k;;=0 almost everywhere. By continuity, k; vanishes through-
out V* so % is a constant.

4. Characterization of manifolds in hyperspheres. A manifold in
En~tm will be said to be star shaped with respect to the origin if at
each point the position vector does not belong to the tangent space
at that point. As in §3, N; will denote the unit vector field on V»
which lies in the linear space spanned by the tangent space and the
position vector, which is orthogonal to the tangent space and for
which X+ N;>0. Then
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X = p1N1 + (X-X,)gX);,

where p1=X-N;>0.

A will denote the Laplacian: A¢ =¢,;;g*/, where semicolons denote
covariant differentiation with respect to the Christoffel symbols
formed from g;;. One finds by straightforward calculation that:

LEMMA 1. For any submanifold V* of E~t™ the mean curvature nor-
mal is 1/n times the Laplacian of the position vector.

LEMMA 2. On a manifold which is star shaped with respect to the
origin, one has A(X - X) =2n(1+p1 M1(NY)).

Proor.
AX-X) = 2X-AX + 2X:- X;8%
= 2(p1N1 + (X-X9)g"X\;)- AX + 2g:;g'
= 2np1M1(N1) + 2n,
for by Lemma 1, (1/#)AX - Ny= Mi(Ny) and AX - X;=0.
LeEMMA 3. On a manifold which is star shaped with respect to the
origin one has
AL X[y = @ =0 | X[ a0 o1+ 1 — x(1 = 5o/ | X))}
and
Allog | X|) = | X| 7 (nMuW)ps+ n — 21 — pi/ | X I}
ProoOF. From
A(PY) = A*1Ad + N (N — 1)* %1158,
p:Mi(Ny) +2n = 2| X| A| X| + 2| X|is| X|isg
and since X - X 1= (1/2)(X - X)1s=(1/2)(| X|D1:=| X| | X| s yields
p1={X— (X-X)g Xy} - { X — (X-Xiw)g "X}
=X-X — (X-X))g¥(X- X))
= | X |1 = g%] X ;5| X |15,
one has the first result. Then

| X | My (W) pu 4 n — 201 — pi/| XD}
= lim A(]| X|*+?)/ — x + 2,

and applying L'Hospital’s rule gives the second result.
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THEOREM. Let V*CEnt™ have empty boundary and be star shaped
with respect to the origin. If Mi(N1) < —1/|X| (or My(N) = —1/p1)
throughout V*, then V* is a submanifold of a hypersphere with center
at the origin.

Proor. If My(Ny)=—1/|X|, My(N)p=—p/| X| S —-pY/| X]|2
since 0<p1§|X| . By Lemma 3,

A(|X|™0)/2—n ifn#*2,
Alog | X|) ifn=2

so A(|X|‘”+’)g0 (or A(log |X|)§0). By Bochner’'s Lemma (see
Yano and Bochner [8]), this implies | X | =constant.

If My(Ny) = —1/p1, one has from Lemma 2 that A(X-X) =0 and
X -X is constant.

Note. These results may be obtained as in §3, by letting
VaosSmm=1: X »>X'=X/| X|. Then if D=X'-N1XdX'X - - -XdX'
XNe X+ XNpyd=X-Ni XdX X---XdX XN X -~
X N, one has

”l Xl_n{Ml(Nl)Pl-I’?:/I X|2} = {

j;.' XMW+ 21/ | X['}dA = (=)™ /n1} fvn-x o,

f,.{Mx(Nl)Pl + 1}d4 = {(-0"/n}) f»-?l’
v \ 4

Combining these with the assumptions of the theorem, one has
pr=|X| which implies | X| is constant.
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