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A2n-i > 2 (first hypothesis),

or

X2n_i > 1 + (K + 1)_1 (second hypothesis).

Hence, we have infinitely many solutions of (1) with c = 2 or c=l

+(K+l)-\
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A NOTE ON SUBSERIES CONVERGENCE

CHARLES W. McARTHUR1

1. Introduction. Throughout this paper X will denote a Banach

space (5-space), X* its normed conjugate space, and 52í^=i x< a series

in X. A series 52H-i xi IS subseries convergent if and only if

(A) Each subseries of 52í" i *< converges. Additional conditions,

(B) through (H), are introduced below. The main purpose of this

note is to give new and simple proofs of the equivalence of each of

(B), (G), and (H) to (A).
The equivalence of (A) and (B), the Orlicz-Pettis theorem, was

first stated and proved by Orlicz [ll, Satz 2] for weakly complete X.

It was stated by Banach [2, p. 240] for general X. The first proof of

the equivalence of (A) and (B) for X a JB-space was given by Pettis

[12, Theorem 2.32]. Conditions (G) and (H) were suggested by Gel-

fand [8] as definitions of "strong unconditional convergence" of

/wli Xj and he [8, Satz 5a, p. 245] stated their equivalence. The

equivalence of (H) and (A) is shown in [9]. Thus, the equivalence of

(A), (B), (G) and (H) is well known.
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Dunford [6, Theorem 32] has shown that (C) (as well as (A) and

(H)) follow from (B). However, condition (C) and its obviously

equivalent forms (D) and (E) seem not to have been recognized be-

fore as equivalent to subseries convergence. Theorem 1 provides a

new proof of the Orlicz-Pettis theorem. Corollary 2 is due to Dunford

[6, Theorem 75]. Its proof is different from his. Gelfand's proof of

(H)=>(G) is defective due to his use of an incorrect criterion for com-

pactness of a subset of a 5-space (see [13, Corollary 3.2]). Also he

omits the proof of (G)=>(H). Theorem 2 includes a proof of the

equivalence of (G) and (H).

In addition to the proofs in [ll ; 12; 6] of the Orlicz-Pettis theorem

different proofs have been given in [l, p. 24; 3, Corollary 9; 5, p. 60].

A detailed exposition of Dunford's proof is given in [10, pp. 61-62].

In the sequel the 5-space of real bounded sequences a= {at} with

||a||=sup¿ |o¿| will be denoted by im) and the 5-space of real se-

quences a= \ai\ such that £,"i \at\ < + °° with ||a|| = £¡°Li |a,:|

will be represented by (/).

In the statements of conditions (B) through (G) which follow the

closed linear manifold generated by the sequence {x,} will be denoted

by [x,]. Also for a fixed series £¡"i x, and K a subset of im) we de-

fine

SiK) =  \ £ kiXi-. {ki\ E K and a finite! .

(B) Each subseries of ^*,tj;¡ converges weakly to an element,

i.e., corresponding to each increasing sequence <r= {«¿} of positive

integers there exists x„EX such that/(x,) = £¡1 i/(xn;) for sdlfEX*.

(C) If {/„} is a sequence in X* such that/„(x)—>0 for each xE [x¿]

then lim„<0O £¡1! |/„(xt)| =0.

(D) If {/„} is a sequence in X* such that/„(x)—»0 for each x£ [x,]

and if is a bounded subset of (w) then lim„J0O/n(x) =0 uniformly for

xESiK).
(E) If {/„} is a sequence in X* such that/„(x)—>0 for each x£ [x¿]

then lim„„„/„(x) =0 uniformly for xE{ £te»£>: <r finite}.

(F) SiK) is conditionally compact for each bounded subset K of

im).

(G) { £í6»#í:0' finite} is conditionally compact.

(H) limn^ ¿r.» \f(Xi)\ = 0 uniformly for/GX* such that ||/||ál.

2. The theorems. Gelfand [8, p. 268] and Phillips [13, Corollary

3.2] have shown that a subset M of a separable B-space X is condition-

ally compact if and only if lim„<00/„(x) =0 uniformly for xEM when-
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ever limn-.„fn(x) =Ofor all x(EX. We state the following simple exten-

sion of their result.

Lemma 1. If X0is a closed separable subspace of an arbitrary B-space

X then a subset M of X0 is conditionally compact in X if and only if

\imn_xfn(x) =0 uniformly for x<E:M whenever \fn\ is a sequence in X*

such that \im„_xfn(x) =0 for all ï£Io.

Theorem 1.

(A) =* (B) =* (C) =» (D) => (E) <=» (G) => (A).

Also (D)-i=>(F). Hence, (A) through (G) are equivalent.

Proof. That (A) implies (B) is obvious. Now assume (B). For

each /6X* the real series 52ï™ if(xí) ls subseries convergent so it

follows that the sequence {/(x¿)} is an element of (I). Let {/„} be a

sequence in X* satisfying the hypothesis of (C). Then, for each n,

X*ä= \fn(Xi)} G(¿). We wish to show that \\nj converges to zero in (I).

To do this it suffices [2, pp. 137-139] to show that limn„„ 52i«i €¿/™(x>)

= 0 for each real sequence {e,} with e¿ one of the values 1, —1, or 0

for each i. Let {«¿} denote such a sequence. Let a+ = \i: «¿^0} and

cr_= \i: €¿<0J. By (B), there exist x„+ and x„- in X such that

f(x,+) = 52 /(*••)   and  f(x"-) = S f(xi)

for all f(EX*. Indeed, x„+ and x„_ are elements of [xi]. Suppose,

e.g., that x„+ G [#»]• Then there would exist/GAT* such that/(x„+) 5^0

and f(x)=0 for all ïG [x,-]. This gives the contradiction f(xa+)

= 52>e<r+ f(xi) =0- Hence, it follows that

00

52 eifn(Xi)   =     X   /»(*<)   -     22   MXi)   = fn(Xa+)   ~ fn(xs-)

and (fn(xa+) —/n(x„_))—>0 by the hypothesis of (C). Thus, ||X„||(z)—>0,

i.e., limn,,» ]£<"i |/„(xf)| =0. This proves that (B)=>(C). That

(C)=KD) and (D)=>(E) are clear.

Taking X0= [xi] and M— { 52»e* x>: a finite}, (E) and (G) are

equivalent by Lemma 1. Similarly (D) and (F) are equivalent by

Lemma 1.

It remains to show that (G)=>(A). Hence, assume (G), i.e.,

M = { 52«S5 Xi : a finite} is conditionally compact. Thus M is bounded

from which it readily follows that 52t" i \f(xù | < + °° for each/G-X"*.
Now suppose there exists a subseries 52i^-i:x;*i which does not con-

verge. Then there exists «o>0 and an increasing sequence of indices

{pn\ such that
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Pn+l

CD £ **«^ «o       for each n.

For each n, let
Pn + l

$n / .     Xki.

It follows, since

00

£ \f(xki) |   < + oo for each/ E X*,
t=i

that

(2) lim fisn) = 0        for each/ G X*.
n—*<o

Furthermore, since M is conditionally compact, there exists a sub-

sequence {s„m\ which converges. Let x = limOT,0O s„m. From (1) it

follows that ||x|| ^e0>0. This is incompatible with (2), which implies

that ||x|| =0. Thus it follows that (G)=>(A).

Corollary 1. A series £¿=i x¿ in X satisfies condition (B) if and

only if for each a= {ai} Eim), the series T^wli ajXj is subseries con-

vergent.

Proof. Suppose that £4°Li xt- satisfies (B) and a= {o¿} Eim). By

Theorem 1, (D) holds so if {/„} is a sequence in X* such that/„(x)—>0

on [xí] then lim„^0O/„(x) =0 uniformly for xG { £¿6» a¿x»: cris finite}.

But [x,]=[a¿x¿] so condition (E) holds for the series £i1iö,-Xf.

Thus, by Theorem 1, (A) follows for the series 'Y^"=1aixi. The con-

verse implication is trivial.

Corollary 2. i/ each subseries of £jliX; is weakly convergent to

an element of X then for each a= {a^} Eim) the series £¿"1 <ZiX; is sub-

series convergent and the linear operator L defined from im) to X by

CO

Lia) = £ o,x¿       for each a E (*»)
¿=i

is compact. Furthermore, the linear operator defined from X* to il) by

Tif) = {/(*<)}        for each f EX*

is compact. Hence,

CO

(H) lim   X) \f(Xi)\   = 0 uniformly for \\f\\ ̂  1.
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Proof. By Corollary 1, L is well defined and it is clear that L is

linear. Moreover L is compact because if K denotes the unit sphere

in (m) then L(K) CCI S(K) where S(K) is conditionally compact by

(F). Thus, L is compact. Denoting the adjoint of T by T* it is readily

seen that L= T* so T is compact since [7, p. 485] a linear operator

from one 5-space to another is compact if and only if its adjoint

operator is. The last statement of the theorem is the result of a

well known criterion [4, p. 691 ] for conditional compactness in (/)

applied to the set j {/(x,)} : ||/|| g 1}.

Theorem 2 (Summary). Conditions (A) through (H) are equivalent.

Moreover, the operators L and T (of Corollary 2) are compact if and

only if one, and hence all, of conditions (A) through (H) holds.

Proof. In the proof of Corollary 2 it was noted that L was com-

pact if and only if T was and that T was compact if and only if (H)

held. Because of this and Theorem 1 only (H)=>(A) remains to be

shown. An elegant proof of the equivalence of (H) and (A) via Moore-

Smith convergence is given in [9]. We include a proof of (H)=>(A)for

completeness. Assume (H) and let €>0 be given. There then exists

nt such that

£   1/(^)1   <e if 11/11  g 1.
i~nt

Hence, if a is a finite set of positive integers disjoint from [l, nt] then

52 xi 52 xi ) g 22 I f(*i) I < «•
is.     / I        «-.„

From this it is evident that the partial sums of each subseries of

52¡li x, form a Cauchy sequence and hence converge since X is com-

plete.

It is known that if a series in a Banach space is subseries convergent

then each of its rearrangements is subseries convergent. This fact is an

immediate corollary of Theorem 1 since it is clear that for each per-

mutation t of the positive integers the sets

< 52 xtU)'- o- finite>     and    <  /. x¿: <r finite >
t <e» ' v ten i

are equal.
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