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This note is concerned with the following question : can any « dis-

tinct real numbers be the zeroes of a real orthogonal polynomial of

degree w? The answer is yes, and in fact even more is true as the

following shows.

Theorem. Let a<xi<x2< ■ ■ • <xn<b, and x¿<y»<xi+i, i= 1, 2,

• • • , «— 1.  Then there exists an infinite set of polynomials P*(x),

k = 0, 1, • • -, where the degree of Pk is k, which are orthogonal on [a, b],

such   that   P„(x) = (x —Xi) • • • (x —x„)    and   P„_i(x) = (x —yi) ■ • •

(x — yn-\).

Proof. We shall construct a set of polynomials Pkix), k = 0, 1, • • -,

with P0=l, P» and Pn-\ as given in the statement of the theorem,

such that

(1) Pkix) - (* - Ok)Pk-iix) - X*P*_s(*), k=l, 2, •■-,

where ak is real, \k>0, and P_i = 0, and such that all the zeroes of all

the Pk are in the interior of [a, b]. The P&(x) will be the desired

orthogonal polynomials.

First, let an = xi + ■ ■ ■ + x„ — yi — ■ ■ ■ — y„_i. Then

Pnix) — (x — an) -Pn-iix) is a polynomial of degree at most « — 2, which

we write as—X„P(x), where P(x) = (x — zi) • • • (x — zr), r^n — 2. Now

0 = Pm(xi) = (x1 — a„)P„_i(xi)— X„P(xi); however, xi — an = (yi — x2)

+ ■ ■ ■ +(yB-i — xn) <0, and Pn_i(xi)?í0, therefore, X„?¿0 and

P(xi)^0. Furthermore, Pniyi) — — X„P(y¿), and since Pn(y¿) and

P„(yi+i) have opposite sign, it must be that r = n — 2 and that after

reordering, y»<z,<y,+i, *—1, 2, • • • , n — 2. Let P„_2(x) =P(x).

Finally, X„ = (xi — a„)Pn_i(xi)/P„_2(xi) >0 since P„_i(xi) and P„_2(xi)

have opposite sign. We can now repeat this procedure to obtain

P„_3, Pn-i, • • • , Pi, P0 = l. Thus, Pkix), k = 0, 1, • • -, « are defined

and satisfy (1). To obtain Pkix) for k>n set

P„+y(x)   =   (X -  are+J)Pn+y_i(x)   - Xre+yP„+y_2(x),     / =   1, 2,  •   ■   •  ,

where an+y and Xn+y>0 are chosen so that the zeroes of Pn+y are in

(a, b)._
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Having constructed the Pk(x) to satisfy (1) we now apply a result

of Favard [l ] who showed that the Pk are orthogonal on some interval

with respect to some distribution, and a result of Sherman [4] to the

effect that the interval of orthogonality of a set of orthogonal poly-

nomials may be taken to be any interval which contains all the zeroes

of all the polynomials in its interior.

Even though this completes the proof of the theorem, we would

like to give a short proof that if a and b are both finite, then the Pk(x)

are orthogonal on [a, b], with respect to some distribution. We have

only to show that there exists a nondecreasing function <r(x) such that

/» b /» b
da = 1, I    Pk(x)d<r = 0, k > 0,

for then it follows from (1) that

I    Pk(x)xld<j = 0, 0 g / < k.
J a

Now, (2) is a moment problem of a general type considered by Krein

[2]. His solution is that the moment problem f\Pk(x)da = ck has a

solution if and only if whenever 52*-o akPk(x) 2:0 on [a, b] then

52t-oa*c*: = Oi for all n. Therefore, suppose 52"-o OLkPk(x) 2:0 on

[a, b]. Since 51*-1 <XkPk(x) vanishes at least once in (a, b) (see [3]),

«o^O, and therefore 52*-0 «*£* = «o 2: 0.
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