LINEARLY CONTINUOUS FUNCTIONS!
CASPER GOFFMAN AND C. J. NEUGEBAUER

In [1], G. Tolstoff showed that linearly continuous real functions
of two real variables are determined by their values on dense sets.
Tolstoff’s proof is complicated and uses analytic sets. Moreover, his
argument does not apply to higher dimensions. In this note we give
a short and elementary proof of Tolstoff’s theorem for the n-dimen-
sional case.

Let E; be the real line, and let R,=E,;, k=1, 2, .. Let
E,=R;X -+ XR,, n=1,2, .-, be the euclidean n-space.

DErFINITION. A function f: E,—E, is said to be linearly continuous
if for every («3, ---, x))€E, and i=1,---, n the function
F@, -y, -, 2y, - -, %3): R,—E, is continuous at 5.

THEOREM 1. If f and g are linearly continuous on E, and agree on a
dense set, then they are identical.?

Proor. It suffices to show that if there is a pE E, for which f(p)
>Fk>0, then there is an open set G C E, such that f(go) = % for every
QOEG.

This statement is evidently true for n=1. We proceed by induc-
tion, and we suppose the statement is true for n—1. Let f: E,—E, be
linearly continuous and f(p) >£&>0 at p=(x2, - - -, x3). There is an
open interval TCR, such that f(x?, - - -, x3_;, x.) >k, x,EI. By the
induction hypothesis, for every x,& I there is an open rational cube
K(x.) such that f(xi, - - -, %n_1, xan) =k for every (x1, + + +, %n_1)
€ K (x,). Since I is of the second category, there is an open interval
3C1I,adenseset SC3J,anda fixed open cube K such that f(x;, - - -, %)
=k for all (x5, - - -, x»—1) €K and x,ESS. Since f is continuous in x,
for every (xi1, * * -, %a._1), it follows that f(x;, - - -, x,) =%k on the
open cube K X3CE,.

We note that the same reasoning yields the following result.

THEOREM 1. If X1, - -+, X, are second countable Baire spaces, Y is
a Baire space, Z is a first countable topological space, M 1is a regular
Hausdorff space, and f, g are separately continuous on YXZXX X - - -
XXnto M, i.e., continuous in each variable separately, then, if f and g
agree on a dense set, they are identical.

In conclusion, we observe that the condition that the spaces are
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Baire spaces cannot be removed. If Q is the space of rationals in E;
with the relative topology, there is a separately continuous f: X Q
—E; which is zero on a dense subset of Q X Q but not identically zero.
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COMPLETE SEQUENCES OF FUNCTIONS!
CASPER GOFFMAN

Although the result of this note is implicitly contained in the work
of A. A. Talalyan [2] and could also have been a corollary to the
theorem in [1], it seems to be of sufficient interest to merit explicit
treatment.

It is known (see [1]) that if {fi, fo, - - -, fa, - - * } is a sequence
of measurable functions which is complete in the space M of measura-
ble functions (i.e., every measurable f is the limit in measure of a
sequence of finite linear combinations of { fufo ooy fa - }) then
{forfar v s v e } is also complete in M.

Let X be a separable Banach space of measurable functions on
[, B] such that for every measurable GC [a, b], with m(G) >0, the
set X ¢ of restrictions of the functions in X to G is a Banach space and

(a) If {g,,} converges to g in X then {g,.} converges to g in Xg,

(b) The set of bounded measurable functions is a dense subset of
X ; hence, of X g, for every G,

(c) For every G, uniform convergence on G implies convergence
in X ¢ and convergence in X ¢ implies convergence in measure on G.

THEOREM. If {fl, foy oty Sy e e } is complete in X and €>0,
there is a measurable GC[a, b], with m(G)> (b—a)—c¢, such that
{for for = =+ s fun + + + } 15 complete in X .

Proor. Let {gl, 8o, "0ty Eny ottt } be dense in X. Since
{ fufo oo } is complete in X, it follows from (b), (c) and
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