
TRIGONOMETRIC SERIES WITH QUASI-MONOTONE
COEFFICIENTS

S. M. SHAH

1. Introduction. In this note we extend the following Theorem A

of Chaundy and Jolliffe [3] and Theorems B and C of Boas [2].

Theorem A. Suppose that bn i 0. A necessary and sufficient condition

that the series

00

(1.1) S(x) = £ bn sin MX
1

should be uniformly convergent is that nb„ = o(l).

Theorem B. If bn I 0 and 0 g7 ^ 1, then

(1.2) *-?S(x) G L(0, x)

if and only if the series

00

(1.3) £w?-1ôn
1

converges.

Theorem C. If bn I 0 and 0 <7 < 1 and

00

(1.4) C(x) = £ bn cos «x,
1

then x~yC(x)EL(0, ir) if and only if (1.3) converges.

G. Sunouchi proved Theorems B and C by a different method [7]

and Aljancic, Bojanic and Tomic [l], and S. O'Shea [6] have ex-

tended these theorems in different directions.

2. Statement of results. A sequence (bn) of nonnegative numbers

is said to be quasi-monotone if

(2.1) bn+i-a bn(l + a/n)

for some constant a>0 and all «>»0(a) [5; 8]. An equivalent defini-

tion is that bn/nß 1 0 for some ß>0. We may suppose that a is an

integer. Let F(«) denote the number of terms bk such that k^n,
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bk-i<bk; and let <p(x) be any function, positive and nondecreasing for

x^l, and such that

(Í) 0(*2)   ̂   C0(«)

for x> 1 and some positive constant c and

00

(Ü) Z   l/»0(»)   <   <*>•
1

Theorem 1. Let (b„) be quasi-monotone.

(a) If either

(2.2) ftn = o(l),        P(n) = 0(77/0(77)),

or

CO

(2.3) Z^ôn
1

is convergent, then

00

(2.4) Z    |6n-ftn+l|
1

is convergent.

(h) If' nbn = oil), then

A , 1        (4a + 1)
2^ I ftn — ftn+i I   ^-max ikbk).
P p tap

(c) If either

(2.5) Pin) = O(77/0(ra) log 77)

arad (2.3) is convergent, or

00

(2.6) Z0og77/77)ftn
1

is convergent, then

00

(2.7) Z |¿n-ftn+i|  logra
1

is convergent.

(d) 7/ 0<7^1 and (1.3) is convergent, then

00

(2.8) Z    |ftn-ftn+l|77^
1
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is convergent.

Theorem 2. Let (b„) be quasi-monotone. If either (2.2) holds or (1.3)

is convergent for 7 = 0, then (1.1) and (1.4) are convergent for every x,

save possibly x = 0 in the case of (1.4).

Theorem 3. Let (b„) be quasi-monotone. A necessary and sufficient

condition that the series (1.1) should be uniformly convergent throughout

any interval is that nbn — o(l).

Theorem 4. Let (bn) be quasi-monotone.

(i) 7/0<7<l, and (1.3) is convergent, then x~"'C(x)EL(0, it).

(ii)1 // 0<7Sál, and (1.3) is convergent, then x~yS(x)EL(0, w).

(iii) If (1.3) is convergent for 7 = 0, and (2.5) holds, then

C(x)    and   S(x) G ¿(0, *").

Remarks. I. Let è„^0 (not necessarily monotone). Then [2, pp.

219-220] x-yS(x)EL(0,w), 0<7 g 1 implies the convergence of1 (1.3)

and x~yC(x)EL(0, ir), 0<7<1 implies the convergence of (1.3).

II. If S(x)EL(0, it) is odd and (1.1) its Fourier series, then

£¿>„/w<oo [4, p. 30; 9, p. 59]. Hence, if (b„) be quasi-monotone,

then (2.4) is convergent, and (1.1) is convergent everywhere and

uniformly convergent over the interval 0<5^x^27r —S.

These remarks along with Theorem 4 give extensions of Theorems

B and C for series with quasi-monotone coefficients. We show by an

example that the condition (2.2) on P(n) is best possible in the sense

that if £l/«<£(«)= oo, then (2.4) may not converge.

3. Proof of Theorem 1. (a) Write bn = b(n) and let

S(P, q) = £ | b(n) - b(n + 1) \ .
p

If P(k) —0(1), then the convergence of (2.4) follows easily and so we

assume lim*,«, P(k) = oo. Let «i^max(«0, 2) be the least integer such

that b(ni + l)>b(ni); £i=4 the largest integer such that ¿>(«i+f)

>ô(«i+{ —1) for t = l, 2, ■ ■ • , pi; n2>ni+pi the least integer such

that b(n2 + l)>b(n2) and so on. Then «Ä|oo. Let nkúp<nkJ,i,

«í Ú q < «f+i. Then S(nJt nj+i - 1) = £ (b(n + 1) - b(n))

+ £2 (b(n) — b(n + l)) where the summation in £1 is given by

«y^M^«y+/>;■— 1 and in £2 by «y+py^«g«J+i —1. Hence

(3.1) S(p, q) ;g 2 £ {b(ns + p,) - b(n,)} + b(nk).
_ k

1 Compare [6, p. 281 ].
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Denote by 4, A\, • ■ ■   positive constants which may depend on a

and c. Then from (2.2)

pi+ • ■ ■ + picú P(nk + ph) < A(nk + pk)/<p(nk + pk).

Hence for all large k, pk^nk and so for k = l, 2, • • -, P(nk+pk)

= Pk<Aink/<p(nk). Write «y = ra, pj = p. Then from (2.1)

bin + p)/b(n) ^ Yl(p, n, a)

where

Hip, 77, a) = (1 + a/n) ■ ■ ■ (I + a/(n + p - 1))

< (1 + p/n)" ^ 1 + a-2"-\p/n).

Hence from (3.1), we have

(3.2) Sip, q) <( max ft(ray) j ( 1 + A 2 ¿ /V«;j ■

Now

(3.3) 22 Pi/n, < A i [ 22 TTT (1 - *i/*»ù + -7-T + TT^! •
i-k L *    0(t7j) 0(77*)      0(ra,+i)J

Since

n,;+r-l J

2^   l/ra0(77) > —- (1 - nj/nj+i),
n¡ 0(77y+i)

1
Z -7—: (1 - Vwy+i) < °° ;
1    0(»j+i)

and hence

(3.4) Z  —— (1 - 77y/77y+i)
1      0(77y)

is convergent, provided »y+iá»' for all large/. If ray+1>ra* for an in-

finity of j, then we define ra* as follows :

(3.5) »1   =  77i, 77y   =  min(77y, 77y_i), j >  1.

It is easily seen that n*-i<n*è.n*lx for/^2 and

1 Ai
(1 - 77y/77y+i)  < -—— (1 - ray*/77y*+1).

0(77y) 0(»y*)

By the above argument
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Z{l/0(«/)}(l-77y*/77y*+i)   <   »,

and hence (3.4) is convergent. From (3.2), (3.3) and the convergence

of (3.4), the convergence of (2.4) follows. If (2.3) is convergent, then

since {ft(ra)/ra} is quasi-monotone [5], ft(ra) =o(l). Further, from (2.1),

(bin) ft(ra + p - I))
(3.6)     ft(ra+p) -bin) g«   — + ■ ■ ■ + ---J-.

\  n n + p — I  )

Hence from (3.1), the convergence of (2.4) follows.

(b) If nkúp<nk+pk, then

Sip, nk+i - 1) = 2ft(ra* + pk) - bip) - ft(«»+i),

and ii nk+pkúpúnk+i — 1, then

Sip, nk+i — 1) = ft(p) — ft(«t+i).

Let p.(n) =max*2„ ikbk). Then

S(nk+U 77i+i — 1) =   Z   {2ft(«y + p¡) — bin,) — ft(«y+i)}
i=k+l

00

Ú2a Z {ft(ra)/«} +ft(77*+i).
»t+i

Since

00

Z ft(ra)/ra g 2M(m)/777,        Sip, ») è (4a + l)p(p)/p.
m

(c) Let

S(P, q)   =   Z   I 0„ — bn+l |    log 77
V

where as in part (a), 77*^p<rat+i, ra,^o<rai+i. Then

S(P,q)< E *(*)/(» -1)

(3.7) t
+ Z   {Knj+P,)   lug   (Wy+py)-ft(77y)   log   77y

J-l

+ft(77y+py) log («y+py- 1) -ft(«y+i) log («y+i" 1) } •

Now since Z0(»)/ra 's convergent, ft(ra) =o(l) [5] and so

(3.8) Sip, q) < Oil) + A<r¿ pi log nj/nj+ 461-
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From (2.5) we have

í

£ (pi log »/)/»>
-i

r   '        1     /   _ log «y+i   / log »A «t log «H-i    1

L y-i <K«y) \ »j+i    '       */   /      4>(nt)nt+i log wj

If «y+iâ«y for all large/, then the series

(3.10) ¿-L/i-i0!^/^
1     <b(n¡)   { My+i     / My   )

is convergent. If «y+i>wf for an infinity of/, we define «*, as in (3.5),

and then prove the convergence of (3.10). From (3.8), (3.9) and the

convergence of (3.10), the convergence of (2.7) follows.

To prove the second part of (c), we observe that for 0 = 0, 1

¿(ray + pi) log (ray + p¡ - 6) - b(n,) log (ray - 0)

« ¿(My + t) log (My + t)

(=0 My + t

I" S=î ¿(My + t) log (My + t)~\

L   (=0 My + t J

Hence from (3.7) and the convergence of (2.6), the convergence of

(2.7) follows.

(d) We omit the proof of the convergence of (2.8) which is similar

to the one used to prove the second part of (c).

4. Proof of Theorem 2. This follows from the convergence of (2.4).

We note that both series (1.1) and (1.4) are uniformly convergent

over the interval 0<8 = xá2ir — 8.

Proof of Theorem 3. We need consider the interval 0=x^7r. To

prove that the condition is necessary, consider

S(p, q, x) = £ b(n) sin rax,
p

and let p= [(l/2)g + l], x = w/2q. Then b(r)^b(q)/U where púr<q

and

n"(! + ̂ ) ■Í1 + 7=Í)<A'-

Hence

S(P> q> x) = *(?)471{sin px + • • • + sin qx}

> ¿r*(i)(-y-l)sin(-^)-
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Since the series is uniformly convergent, qb(q)=o(l). We now show

that the condition is sufficient. Let nb(n)<e for n^N(e) and let

max(N, ni)^p<q. If x^w/q, then \S\ úpxb(p)+ • • • +qxb(q)

<xqe^T€. If x^ir/p, then from Theorem 1(b)

| S |   = cosec (x/2) I £ | b(n) - b(n + 1) \  + b(p) + b(q + 1)1

Kp)(i*+D ,   2v(p)\
-1-> Û (4a + 3)e.
P P    )

If ir/p<x<w/q then, with k= [ir/x], we have

|5|   è  \S(p,k)\  + \S(k+l,q)\

T  l(±a + S)p.(k+l)\ . ,
<xke + —{--—--}  <€7r+4a + 3

xI k+l f *

and the theorem is proved.

Proof of Theorem 4. Boas [2] proved that if ö„ = o(l) and

(4.1) £ | b(n - 1) -b(n+ 1)| ny

is convergent, then x~yS(x)EL(0, it) where 0<7ál, and x~yC(x)

EL(0, it) where 0<7<1. By Theorem 1(d), the series (2.8) and hence

(4.1) are convergent. Further from the convergence of (1.3) we have

bn = o(l) [5]. Hence (i) and (ii) are proved. To prove (iii) we note that

/' T    1 — COS MX                                               r T     I sin MX I-dx < 49 log m,        I      -dx < At log m.
0              x                                              J a             X

Hence by the argument of Boas [2], C(x) and S(x)EL(0, ir) if

(4.2) £ \b(n- 1) -b(n+ 1) |  logra

is convergent. From Theorem 1(c), (2.7) and hence (4.2) are con-

vergent and (iii) is proved.

5. Example. Let <p(x) be positive and nondecreasing for x^l,

4>(x2) ̂ c<p(x) for x> 1 and £1/m$(«) = 00. Then there exists a quasi-

monotone sequence (bn) for which

00

(5.1)     bn = o(l), P(n) = 0(n/<p(n))    and    £ | bn - bn+i\  = «.

Let pi=l+i, qi=[id>(i)] + l,i=l, 2, ■ • ■ ,

mi = 2,       Mi+i = m,- + pi + qi} i — 1, 2, • • •,

S(n) = £ 1/H(k),
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ftB =• ft(») = l/S(ni) for 77 = 1,

b(nk) = l/S(nk) iork = 1, 2, • • -,

b(nk + t) = b(nk)(nk + t)/nk     for / = 1, 2, • • • pk; k = 1, 2, • • •,

b(nk + pk + t) = ft(rajfc+i)for/ = 1, • • • ,nk+i-nk-pk—l;k = 1, 2, • • •.

Then (&„) is quasi-monotone and conditions (5.1) are satisfied.

Added in proof, (i) In Theorem 1 (a), (c), it is not necessary to

suppose that 0(;c2) ^c<p(x). In fact it can be proved that t/X„>0,  1

for ra = l, 2, • • • , <p(x)>0,   Î  for x^Xi, f"ldx/{xd>(x)} <», then

Y,î{*n/<P(\n)}(Kl-Kll)<«>.
(ii) The following theorem can be proved by the argument of

P. Szüsz (Acta Math. Acad. Sei. Hungar. 12 (1961), 215-220). Let
K be any arbitrary large positive number and suppose there exists a

sequence (nk), ¿ = 1,2, • • • of natural numbers with the following prop-

erties: (a) rafc+i/ra*>7C; k=l, 2, • • • , (b) Zi°° at|sin irnkx\ <» for

some x>=0, 5^1, ■ • • , where (an) is quasi-monotone. Then Z" ak<».
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