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We use the term Riemann surface to mean a pair consisting of a

Riemann surface in the usual sense (see [2, p. 114]) and a base point.

The only analytic maps considered are those which carry the base

point on the base point, and all (open) subsurfaces have for base point

the base point of the ambient space. Except in §1, we consider only

Riemann surfaces with the unit disc U as their universal covering

surface. Zero is the base point of U.

Let A (X, Y) denote the set of all analytic maps from the Riemann

surface X to the Riemann surface Y. In the first three sections we

develop the notion of approximation of maps in A (X, Y) by maps in

A(W, Y) where W is a subsurface of X. This is done by considering

sequences of subsurfaces Wn of X which converge to X, in a sense

made precise in §2, and functions fnEA(W„, Y) such that for the

liftings fn, f° to the universal covering surface, we have /»—>/° in

the topology of compact convergence. Then we say that /» approx-

imates /. We prove that / can always be approximated by /„ defined

on relatively compact Wn. Moreover, for all sequences /„EA (Wn, Y)

there exists a subsequence approximating a map in A(X, Y). In the

last section we use this result to prove that A(X, Y) is a compact

space.

1. Simply embedded subsurfaces. If W is a subsurface of a Rie-

mann surface X, then we denote by i the natural inclusion mapping

of W into X. Let (Xo, t) (or (Xo, irx)) denote the universal cover of

X, see [2, p. 37]. If/: X—>Y is an analytic map, then there exists a

unique analytic map/0 : Xo—> Y° such that try of0 =f o ttx , and / ind uces

a group homomorphism/*: tti(X)—nri(Y).

Definition 1. A subsurface W oí X is simply embedded in X if the

induced homomorphism i*: tti(W)—*tti(X) is injective.

In other words, W is simply embedded in X if and only if for each

loop in W which is homotopic to zero when viewed in X is homotopic

to zero when viewed in W. All homotopies are with fixed base point.

If i*:iri(W)-+iri(X) is injective for one base point in W, then i* is

injective for all base points in W.

Let W be a subsurface of X and let u be a loop in W. Let uw
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(resp. ux) be the unique lifting of m to a path in W° (resp. Xo) begin-

ning at the base point. The loop u is homotopic to zero in W (resp. X)

if and only if uw (resp. ux) is a loop in W° (resp. Xo). Since ux = i° o uw,

we have the following result.

Proposition 1. Let W be a subsurface of X with natural injection

map i : W—*X. The subsurface W is simply embedded in X if and only

if i°: W°—*X0 is infective.

Using Proposition 1 or a direct argument, we can give new, simple

proofs of Satz 1 and Satz 2 in H. Behnke and K. Stein [3, pp. 435-

436] in the next proposition. Behnke and Stein used properties of

triangulations of Riemann surfaces in their proofs.

Proposition 2. Let X be an open Riemann surface, and let K be a

compact subset of X. Then there exists a relatively compact, simple em-

bedded subsurface W of X such that KQW.

Proof. The universal covering surface Xo is conformally equivalent

to either the plane C or the unit disc U. In the case of the plane let

X(r)(0O) be the square centered at 0£C with sides of length 2r,

and in the case of the unit disc let X(r) (0<r<l) be the set of

zEU, \z\ <r. There exists an r with ir(X(r))^)K. The subsurface

W=ir(X(r)) has ir\X(r): X(r)—>W as its universal covering. More-

over, we see that the subsurface W is simply embedded in X by using

Proposition 1 and the injection X(r)—»Xo or by the fact that every

loop in Xo is homotopic to a loop in X(r) by radial shrinking, q.e.d.

2. Approximating sequences of subsurfaces. Each sequence of sub-

surfaces { Wn) of X that we consider, henceforth, has the following

properties: For all n, WnEWn+i, Wn is simply embedded in X, and

for all compact subsets K of X there exists q such that KEWq. By

Proposition 2 we see that there exists an exhaustion {Wn} which is

a sequence of subsurfaces. Also, Wn = X for each n is a sequence of

subsurfaces.

For a sequence of subsurfaces {Wn} oí X we use the following

notations. Let (U, it, X) (resp. (U, irn, Wn)) denote the universal

covers of X (resp. W„), and let G(tt) (resp. G(7rn)) be the group of

covering transformations of U-^U of the covering (U, it, X) (resp.

(¡7, 7T„, Wn)). The natural inclusion map in: Wn—*X determines a

unique "lifting" ¿£: U—*U and induces a group homomorphism

Bn: G(ir„)—>G(ir). The natural inclusion map it,n: Wn-^Wa (n^q)

determines a unique "lifting" îJ,„: U-^U and induces a group homo-

morphism 08,„: G(7rn)—>G(ir9). We have the relations i°o i)t,n = in and

0„o0a,n=0n for all n, g with n^q. For all S£G(7rn), 6n(S) o iQn = i„o S
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and 8q,n(S) o ¿2,B = i¡¡,n o S (niZq). We assume that ir„ was chosen

relative to it such that i„'(0) >0 for all «.

Definition 2. A sequence of subsurfaces { Wn] approximates X if

in converges to the identity in A(U).

For example Wn = X (all n) is an example of a sequence of subsur-

faces which approximate X. In the next proposition we derive a

method which will enable us to find nontrivial approximations.

Proposition 3. Let {Wn} be a sequence of subsurfaces of X. If î„

converges to h in A(U), then h(z)=z, all zE U.

Proof. The function h is surjective. From the relations i°a o i%,n = i„

and 6q o 6q,n=6n for nf^q, we have im(i'°) E'im(iPa) and im(0„) Eim(0„).

Let uEU. There exists m such that ir(u)EWq (m^q), and there

exists Uq EU such that wq(uq)=ir(u) (m^q). There exists TEG(w)

such that T(u) E ini(î'm) C im(i^) (m ^ q). Let « ^ m such that

T = 6H(Tn), TnEG(irn). From the relation Toin = ino Tn applied to

Tñl(u') where i°„(u') = T(u), we get T(ín(T-\u')))=i°n(Tn(Tñí)u')))

= in(u') = T(u) and u = in(T~1(u')). Therefore, w£im(îj) for all <?§:«.

Let unEU such that i„(m„)=m, and let Ma = iJn(M„) for all q^n.

Then î°(m9) = m for all q^n, and by Schwarz's lemma applied to the

function îj„, we have | ut\ â | un\ for all q^n. Since the set of zE U,

\z\ ^ | un\ is compact, there exists a subsequence wg(,)—>w* in U. Then

M = ía(¡)(M«('>) converges to h(u*) by the iterated limits theorem [4,

Theorem 2, p. 20]. Therefore, uEim(h), and & is surjective.

Since a limit of injective functions is injective or constant by

Hurwitz's theorem, the function h is injective of constant. The func-

tion h is not constant because it is surjective, and therefore, h is a

bijection.

Since h(0) =0, we have h(z) =ei"z, and since i%(0)—>&'(0) =ea and

•n'(0) ^0, we have etf= 1 and h(z) =z. q.e.d.

Corollary 1. Let { Wn} be a sequence of subsurfaces of X. Then

there exists a subsequence { W„(p)} approximating X.

Proof. Since A(U) is compact, there exists a subsequence in(p) of

0» which converges to h in A(U). By Proposition 3, h is the identity

and { W„(p)} approximates X. q.e.d.

Corollary 2. Let \Wn} approximate X. Let TEG(ir), and let

TqEG(irq) (n^q) such that Oq(Tq) = T. Then for all convergent subse-

quences Tq(k) of Tt, we have Tqik)-^T in A(U).

Proof. We have T o i°(t) = i°l(l) o Tt(k) for all k. Moreover, by the

iterated limits theorem [4, Proposition 10, p. 22] we have

iimk(i0,(t) o Tqm)  = (limki°l{t)) o (linu ra(t)).    Therefore,    we    have
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T = T o (limt i°Q{t)) = lim* (tJJ(i) o Tq(k)) = (lim* ij(t)) o (lim* ra(t))
= (identity) o (lim* Tq(k)) and Tq(k)-^T. q.e.d.

By the compactness of A ( U), there always exists a convergent sub-

sequence T,(k) of Tq.

Corollary 3. Let {Wn} approximate X, and let fEA(X, Y).

Then in the space A(U),fo %->f>.

Proof. We compute limn(/° o i°n) =/° o (lim, i„) =/° o (identity)

=/°. q.e.d.

3. Approximation   by   mappings   defined   on   subsurfaces.    If

fEA(X, Y), then/ induces a homomorphism, denoted/*, of G(irx)

into G(tty). Now we are in a position to formulate the notion of

approximation of an analytic map by maps defined on subsurfaces.

Definition 3. Let { W„} be a sequence of subsurfaces approximat-

ing X. A sequence of analytic maps fnEA(Wn, Y) approximates

fEA(X, Y) if limn/2=/° and/* o0„=/„. for all n>N.
There are two main results on approximation of maps. The first

theorem says that every map can be approximated by maps defined

of a sequence of subsurfaces which forms an exhaustion.

Theorem 1. Let { Wn) be a sequence of surfaces which approximates

and exhausts X. Let fEA(X, Y). Then f can be approximated by

fnEA(W„, Y). In fact, we can to¿e/„=/| W„.

Proof. Let/„=/| Wn. Then fn =/° o i°n and limn^=/°by Corollary

3, Proposition 3. Moreover, from the definition of /„, we have

/*o0„=/„.. q.e.d.
The next theorem enables us to construct functions on arbitrary

surfaces when they exist on subsurfaces. That is, for a coherent

sequence of functions defined on subsurfaces of X into another sur-

face Y, there exists a subsequence which approximates a function on

the whole surface.

Theorem 2. Let {Wn} be a sequence approximating X, and let

fnEA (Wn, Y) such that for n^q, /„, =/„, o 09,„. Then there exists n(p)

and fEA(X, Y) such that/„<„> approximates f.

Proof. Since A(U) is compact, there exists a subsequence n(p)

such that/°(j,) converges to g, gEA(U). We wish to show g=/° where

fEA(X, Y), or in other words, to show that there exists a homomor-

phism 0: G(tx)-^G(wy) such that for all TEG(-irx), g o T=6(T) o g.

Let 0 have the defining property that 0| im(0„) =/„. o 0"1. This prop-

erty is consistent for all n by the coherence relation/„, =/„. o 08i„ for

n^q.

Let TÇLG(irx), and let T = dn<;p)(T„(P)) where r£im(0„(3,)) for p^s.
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By Corollary 2, Proposition 3, there exists a subsequence m(p) of

n(p) such that TmiP)—*Tin A(U). Then for all p, we have f^P) o Tm(p)

= 6mlP)(Tmlp))of^(p} = 6(T)of^(p). In the limit as p-> + », using the

iterated limits theorem [4, Proposition 10, p. 22], we get go T

= 6(T) o g and g=f° for some fEA(X, Y). Moreover, /n(p) approxi-

mates/, q.e.d.

In the next section we derive an application of this result. H.

Behnke and K. Stein [3] have an analogue of our Theorem 1 for

Y=C.

4. Topological properties of A(X, Y). Let X and Y be two Rie-

mann surfaces. On the set A(X, Y) we have the topology of compact

convergence, i.e., uniform convergence on compact sets. This topology

is equivalent to the local uniform topology, i.e., uniform convergence

on relatively compact coordinate discs.

In the special case X=Y=U, A(U, U) (or A(U)) is the set of

analytic functions f on U such that \f(z)\ <1 for all \z\ <1 and

/(0)=0. The theory of normal families, see [l], says, in effect, that

A(U) is a compact separated space. We wish to extend this result to

A (X, Y) using the universal covering surfaces.

Theorem 3. Let X and Y be two Riemann surfaces. The function

f—yf° of A(X, Y)—*A(U) is a homeomorphism of A(X, Y) on a closed

subset A(X, Y)° of A(U). In particular, the space A(X, Y) is compact.

Proof. The function /->/" of A(X, Y)-*A(X, Y)°EA(U) is a

bijection and the inverse function L: A(X, Y)°—>A(X, Y) is defined.

First we prove that A(X, Y)a is a closed subset of A(X, Y). Let

fnEA(X, F)° such that fl-^g in A(U). By Theorem 2 applied to the
case Wn = X for each n, there exists fEA(X, Y) and a subsequence

fn(.p)-*f°- Therefore, fn-^>f° = g and A(X, Y)° is a closed and compact

subset of A(U).

Let /„->/» in A(X, Y~)°. Then /„ o ttx = irY o fn-^irY o f° =f o tx.

Since our convergence is locally uniform, this implies L(f%) =fn—*f

= L(f°) and L is a continuous function. Since A(X, Y)° is compact,

L is a homeomorphism. q.e.d.
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