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1. The object of this paper is to construct Hadamard designs for

the parameters

(1.1)      v = 4m2 - I,   k = 2m2-l,   X = m2 - 1,   » = m2

where both 2m+l and 2m — 1 are prime powers.

2. Let GF(pl) be the Galois field of pl elements and let x he a

primitive element of the field. We shall denote the additive group of

the field by F, the sets containing the odd and even powers of x by

Cp, Ce respectively, and the set consisting of the single element o by

C so that

(2.1) F = C+C0 + C

If A, B are two aggregates of elements of F we shall denote by AB

the aggregate formed by adding each element of A to every element

of B. We shall also denote the aggregate obtained by taking A a times

by a A. Then we have the following

Lemma 1. If p'=l (mod 4), then

pl- 1

C0Ce = ——- (C. + o,
4

,     pl - 1        p'-S        pl-i

(2.2) 0-, = ^-—— C + Í-—— C. + --C.,
2 4 4

¿i _ i ¿i _ i ¿i _ s
c. = *-—- c + !—— cB + —— c

2 4 4

Proof. The aggregate C0Ce consists of the elements

x^ + x2' (r, s - 1, 2, •-.,<* -D/2).

If jc^x2---^*2' then 3ci;+i = a:2r-1+<+Ä:2,+< and one of 2f-i+*, 2s+i

is even and the other odd for all ». It follows that all elements xk

have the same number of representations as the sum of an odd power

and an even power of x. Moreover, since xip _1'2= — 1, and (pl—l)/2

is even by hypothesis, — 1 belongs to Ct and hence the negative of
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every element of C, belongs to C, so that CoC, does not contain the

element o. It follows that

CoC. = a(C. + C,),

where a denotes the number of times each power of x occurs in CeC,.

Equating the number of terms on either side we readily get

Pl-l
a =-

so that

(2.3) C0C. = P-^— (C + Ct).
4

Let us now observe that

p' - 1
(2.4) C0F = C.F = --F.

2

Subtracting (2.3) from (2.4) we get

2              pl -1         pl - 1

C0 + C„ = £—— C +-(C0 + Ce)

= c2. + C,,

which completes the proof of the lemma.

Lemma 2. If pl= — 1 (mod 4), then

pi - I pi - s
CoC. = f-—~ C + f-—— (Co + C),

2      Pl - 3 p'+ 1

(2.5) Co = ^—- Co + i-Z- C,
4 4

2 _ pl+ 1 pl-3

4 4

Proof. The proof is exactly as in Lemma 1 except that in this case

— 1 is in Co so that C0 consists of the negative of the elements of C,

and hence

pl- 1

CoC. = —,— C + a(Co + C.)
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where a is determined by equating the number of terms on either side.

3. We are now in a position to construct the designs in question,

or equivalently to construct difference sets with the parameters (1.1).

Theorem 1. Let 2m+l = pr, 2m — 1 — q" where p, q are primes. Let

Fp, Fq be the additive groups of the Galois fields GF(p'), GF(q") respec-

tively and let G=(FP, Fq) be the direct-product of Fp, Fq. Let Cv, Cp,0,

Cp,e; Cq, Cq,0, Cq,edenote the sets consisting of the zero element only, the

odd powers of the primitive element and the even powers of the primitive

element respectively of Fp; Fq. Then the set S consisting of the pairs

(Cp "T Cp,,,, C3(0(J,      (Cp -p Cp,e, Cffle/>      v^p» *^q)

is a difference set in G.

Proof. Let us write

A \t^p "r Cp,o, Cgl0j,

" v^p i Cpffi, C5l(j,

C = (Cj,, Cq),

so that

S = A + B + C.

We shall consider the two cases pr = ± 1 (mod 4) separately.

Case (i). Letpr = l (mod 4). Then qs = pr-2= -1 (mod 4). Hence

VV^P    i    ^-p,o)   j ^q,o\^q,e)j

D1J \*-'P     I     ^ptej  ^q,e)\^p    I     ^p.ej   ^q,o)

VV^P    I    ^p,e)   j ^q,o^q,e)j

¿\. JJ V^P    I    *^P,oy{s q,o)\\'p   T* ^p.ej  ^q,o)

Vv^P "1     ^PiOJV^p    I     ^ptC/j  *^q,o)y

XjA        =   \Op ~T~  i-'p.e» ^q,e)\\'p    \    ^p,oj ^q,e)

—   \\\sp    i    ^Ptejy^-p    \    isp,o)j  ^q,e)>

Hence

OO vV^P "T"  *sp,o)     ~\~   \\sp    I    ^p,e)   i ^qto\^q,e)

2 2

"T"   (A^p    \     *-'p,o)\\'p ~T~  ^p.e/j  *sq,o "T*  ^q,e)

+ A + B + A'1 + B~l + C.

Since pr = l (mod 4) we have, by Lemma 1,
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(Cp + Cp,o)2 + iC, + Cp,e)2

2 2

—   ¿KS-'p    \    ^PtO ~i    {sp,e)     t     l^v.o ~~T~  ^p,e

= 2FP + ip' - l)Cp + P—^- (Cp,0 + C„.)

(pr + l\

and

^L/p "I-  ^p,o/\^p ~t~  ^p,e)

—   l^p    i     {sp,o    \~  ^p.« "T   ^ p, o*-'j> , e

(m + 2) m
Fp —— Cp

2 2

and since q'= — 1 (mod 4) we have, by Lemma 2,

_ / q' - l\ / q" - 3\

and

2 2        / q" — l\
^q,o    *    \~-q,e        \ 7 I V^q.o "T* ^îtC/

-(^> \(Fq-Cq) = (m- l)(Fq-Cq).
\     ¿    /

Moreover,

si "t~  -¿1 —   (t^p -p  t^p|0,  v'g.o/  ~1~   (L-p    1*  L-pl0, Lg(Ä)

—   V^P    l    ^P.o, L-g,o "T*  L-gtC),

B + B~l  =   (Cp + Cp,e, Cq,e) + (Cp + Cp,e, Cq,0)

r    \Lp ~r t^p.ej t/g,o "T" ^q,e),

so that

¿I + .4-1 + B + B-1 = (Cp + Fp, Fq - Cq).

Hence we have
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(m m — 2     \
(m + l)(Cp + Fp), -Cq + —¿— FA

((m + 2) m \
—-F--Cp,(m- l)(Fq - Cq)\

+ (Cp + Fp, Fq - Cq) + (Cp, Cq)

(m(m + 1)      m(m — 1)

2 2
-}(cp,Cq)

+ i(m+l)(m-2)+(m+2)(m-l) + iHF^)

= m2(CP, Cq) + (m2 - l)G,

'}<

which proves that 5 is a difference set in G. Its parameters are easily

seen to be

v = 4w2 - 1,    k = 2m2 - 1,    A = m2 - 1,    n = m2.

Case (ii). hetpr=-l (mod 4), q' = pr-2 = l (mod 4).

In this case

AA        =   \\yp ~T~ C-p.o» *~'q,o)\\'p ~\~ *-/p,e) ^q,o)

Ä   V-'P "T  ^p,o)\\sp    i    {sp,e)y ^q.o))

DiJ        ==   V.C'p ~t~  ^p,e» ^ 3, e/V*-'p "T"  ^"PiOj ^fl.e/

=   V\^P    1     ^-'p.«/\^-'p ~T~ t-'p.ojj  ^q,e)f

Ad      =  \^p ~T~ ̂ ptOj (■'(/.oJv^'P   i   ^p,0) {sq.e)

Vx^P    1    ^Pto)  ) ^q.o^q^Jj

= \V^P ~u  ^p,e) ^q,o^qte)j

A  "T"  ^i        = v^p "T* i-'p.oj ^3,0/ ~t"  \^p    i    ^p,«) ^q,o)

588 vi-'p ~T   "p> t-'g.ojj

# + 5"1  = (Cp + Cp.g, Cq,e) +  (Cp + Cp,o, Cqte)

B™ (.Cp "t~  **Pï   (sq.e)'

Hence we have

"T  ((Cp + Cp,o)    ~T  (Cp + CPle)  , C3,0Cfl,e)

+ (Cp + Fp,Fq-Cq) + (CP,Cq).
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But, by Lemma 1,

Cl. + Cl. - (q> - 1)C, + ^—— (Cq.o + Cq,.)

(q> +1)             q' - 3
=-C„ +-Ft = mCt +(m- 2)Fq,

q' - 1 m - 1
Cj.oCj.e = — — v.Ce,o T Cfl,eJ   = -        \r q + C8J

4 2

and, by Lemma 2,

(t/p   1   Cpto)\Cp T* Cp,eJ

t--p T" l^p.o ~t    ^p,e ~i    *sp,o*sp,e

pr  -   \ pr  _  3

=  * 2> "I 7 ^P "T " \C-J>,0    I    Cpie)
2 4

*r +   1 W +   1
= —7- (Fp + Cp) = —— (Fp - Cp),

V^p ~T~ ̂ p,o)      ¡    [S^p ~T~ {sp,e)

2 2

—   ¿i\\sp ~J~ ^sp,o    \    ^p,e) ~t~ ^p,o "T" i-'p,«

Pr ~ l
= 2/?, -|-— (Cp,0 + Cp,„)

pr + 3           p' - 1

=-Fp-Cp= (m+ 2)FP - mCp.

It follows that

m+ 1
SS~l =-(Fp + Cp), mCq + (m - 2)F,

/ m - 1 \
+ {(m + 2)FP - mCp, —j- (Fq - Cq)\

+   (Cp +  Fp,  Fq  —   Cq)  +   (Cp,  Cq)

(m(m + 1)      m(m — 1)\

=(^r-+—2— Y»c*
l(m+l)(m-2)      (m+2)(m-l)        \

+ \-+-2-+lj(FnF

= »i2(Cp, Cq) + (m2 - 1)G



530 P. KESAVA MENON [August

which again shows that 5 is a difference set in G with the parameters

v = im2 — 1,    k = 2m2 — 1,    X = m2 — 1,    n = m2

thereby completing the proof of the theorem.

4. A simpler description of the difference set is possible in the case

where 2m+ 1 and 2m —1 are both primes. We have then the following

Theorem 2. // two consecutive odd numbers p, q are primes, then the

set S consisting of

(i) the prime residue classes z (mod pq) such that

(s)='■
where

(!)

is the Jacobi symbol, and

(ii) the residue classes pz (mod pq), if p = 1 (mod 4), or the residue

classes qz (mod pq) if q = 1 (mod 4), is a difference set in the additive

group of residues (mod pq), having the parameters

v = Am2 — 1, k = 2m2 — 1, X = m2 — 1, n = m2.

Proof. Any prime residue class z (mod pq) can be written in the

form

z = px + qy

where x and y are prime residue classes (mod q) and (mod p) respec-

tively. Now

( A\ = (px + qy\ (px + qy\

" -(f)(S)-(î)(7)(fXf)-(7Xf>
since one of p, q is of the form 4/ + 1. Hence

W

if and only if either both x, y are quadratic residues or both non-

residues mod q, mod p respectively.
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It follows that in the decomposition of the additive group of resi-

dues z (mod pq) into the direct product of the additive groups of

residues (mod q) and (mod p) respectively defined by

z-*(y, x),

the set of residues z (mod pq) for which

w
goes into the union of the sets

\,Lp,oj  ^q,o),  \^p,e, tg,ej

where Cp,e, Cp,0 are the sets of quadratic residues, nonresidues,

respectively of p and Cq,e, Cq,0 are the sets of quadratic residues, non-

residues respectively of q.

Under the correspondence pz (mod pq) goes into (0, z) :

pz -> (0, z)

and qz (mod pq) goes into (z, 0) :

qz->(z, 0).

It follows that the whole set of residues pz (mod pq) corresponds to

the set

(Cp, r q)

and the set of residues qz (mod p) corresponds to the set

(Fp, Cq)

where Fp, Fq are the additive groups of residues mod p, mod q re-

spectively and Cp, Cq are their subsets consisting of their zeros only.

Thus the set 5 in the theorem corresponds to the union of

(t^p "T~  t^pl0,  ^q,o),       V^P    I    ^P.e,  ^q,e),       \^P) ^q)

in case p = l (mod 4), and to the union of

in case q = l (mod 4) which is, in either case, a difference set in the

group (FP, Fq), by Theorem 1. The set 5 is therefore itself a differ-

ence set in the additive group of residues (mod pq).
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