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Let v, jui, n and X„ be integers such that î»>mi = 1, « = 1 and X„ = l.

By a (X„, n, pi, v) tactical configuration is meant an arrangement of v

objects into certain blocks such that each block consists of jui distinct

objects and that each set of n objects occurs together in exactly

X„ blocks [3, p. 264]. Any (X„, n, pi, v) tactical configuration with

n> 1 is a (\„_i, n — l,pi,v) tactical configuration where

v — n + 1
An—1  =  "»-

Mi — n + 1

holds2 [2, p. 16]. In other words, in an arrangement of v objects into

certain blocks consisting of mi distinct objects each, if each set

of «>1 objects occurs together in exactly X„ blocks, then each set

of n — \ objects occurs together in exactly X„_i blocks, where X„_i is

an integer defined above. A (X2, 2, pi, v) tactical configuration is

called a (X2, pi, v) block design. Fisher's inequality states that the

number b of blocks in a (X2, pi, v) block design is not smaller than v

[l, p. 84]. A block design with b = v is called symmetric. A (1, n, p\, v)

tactical configuration is called a (n, pi, v) Steiner system. By inter-

changing the role of objects and that of blocks, we define dual con-

figurations which will be designated by asterisks. Thus, for example,

by a (pn, n, Xi, b)* tactical configuration is meant an arrangement into

b blocks of certain objects such that each object occurs in exactly Xi

blocks and that each set of n blocks has exactly pn objects in com-

mon. If a (X2, pi, v) block design is symmetric, then it is also a

(X2, Mi. v)* block design [l, p. 124].

An arrangement of a finite number of objects, called points, into

certain blocks, called lines, subject to the following postulates is called

a finite projective plane :

Pi Two distinct points are contained in one and only one line.

P2 Two distinct lines contain one and only one point in common.

P% There exists at least one set of four points, no three of which are

contained in one line.

A finite projective plane is a symmetric (1, t + í, i2+r+l) block

design for some t^2, where t is called the order of the plane.

Received by the editors June 9, 1961 and, in revised form, September 11,1961.

1 The author wishes to express his gratitude to T. T. Tanimoto and to the referee

for their advice.

* This remark was also made by B. R. Kripke.
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In this note we prove some propositions which show that appar-

ently more general conditions can be realized only by tactical con-

figurations which are our old acquaintances, such as finite projective

planes, (» —1, v — 1, v) Steiner systems.

Lemma. Let T be a (X„, n, pi, v) tactical configuration for some »3:2

such that each set of m blocks has exactly pm = \„ objects in common

for some ra2:2. Then m = n.

Proof, ris a (Ki,i,pi,v) tactical configuration for i = n, n — \, • • • ,

2, 1, and also a (ju», *, Xi, b)* tactical configuration for i = m, m — 1,

• • -, 2, 1. Fisher's inequality together with its dual implies that

b = v. Therefore

Xj = pi     fort = 1,2, • • • , Min(w,m).

Since Mm=X», we have m = n.

Proposition 1. Let T be a in, jui, v) Steiner system such that each

set of m blocks has exactly one object in common for some m and some n.

Then m = n and

(1) In case n= 1, T is the (1, 1, v) Steiner system.

(2) In case w = 2, T is a finite projective plane of order pi — 1 or the

(2, 2, 3) Steiner system according as pi^3 or pi = 2.

(3) In case »2:3, T is the (» —1, v — l, v) Steiner system.

Proof. Obviously, n= 1 if and only if m= 1. Hence by the previous

lemma m = n always. We need no proof for the case w = l. Suppose

that n = 2. If P3 is fulfilled, then T is a finite projective plane of order

jui — 1 2:2. If Pi is violated, then i;2:4 implies that /¿i = 3, from which

Pi follows, a contradiction. Hence v = 3 and pi = 2. This proves the

case n — 2. Suppose that n 2:3. T is a (X¿, i, pi, v) tactical configuration

{or i = n,n —I, • ■ ■ , 3, 2, 1, and also a ipi, i,\i, b)* tactical configura-

tion for i = n, w—1, • ■ • , 3, 2, 1. Fisher's inequality together with

its dual implies that b = v. Since

X! > X2 > X3 > • • • > X„_i > Xn = 1,

we have \2~en— 1. On the other hand, pn=l implies that X2 = m — 1.

Hence X2 = m —1 and therefore

Xj = n — i + 1 for * = 2,3, •••,»— 1, n.

A dual argument shows that

Pi = n — i + 1 for i = 2, 3, ■ • -, n — 1, ».

Suppose that two distinct blocks can be written in terms of objects by
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A = {ai, at, • • • , a„_i, x, z, ■ • • },

and

B = {ai, a2, ■ ■ ■ , an-i, y, • • • },

where different letters represent different objects. Since w^3, there

exists a block

C = j ai, at, ■ ■ ■ , a„s, x, y, z, ■ • • }.

If neither an-t nor an-i belongs to C, then three distinct blocks A, B

and C have exactly n — 3 objects in common, a contradiction. On the

other hand, if either an-t or a„-i belongs to C, then two distinct blocks

A and C have at least n objects in common, a contradiction. This

shows that pi = n and that any two distinct blocks must be of the

form

A = {ah a2, • • • , an-i, x},

and

B = {auat, • • • , an-i, y\,

where different letters represent different objects. If there exists an

object z not included in either A or B, then there exists a block

D = {au at, ■ ■ ■ , a„_3, x, y, z\.

Three distinct blocks A, B and D have exactly n — 3 objects in com-

mon, a contradiction. This shows that two distinct blocks A and B

exhaust all objects and that v = pi + l. This proves the case w = 3.

Proposition 2. Let Tbe a (X„, n, pi, v) tactical configuration for some

n = 3 such that each set of m blocks has exactly pm objects in common

for some m = 2. Then T is the (v — 1, v — 1, v) Steiner system.

Proof. Tisa (X,-, i, pi, v) tactical configuration for i = 3, 2, 1, where

X2>1, and also a (pi, i, Xi, b)* tactical configuration for i = 2, 1,

where M2>1. Fisher's inequality gives b = v. Let T' be the arrangement

obtained from T in the following way: First, drop all blocks which do

not contain a specific object <xi. Then, drop the object ai from the

remaining blocks. V is a (X3, 2, Mi-L v—1) tactical configuration

and also a (m2— 1, 2, X2, Xi)* tactical configuration. Again by Fisher's

inequality we have \i = v— 1 and therefore pi = v — 1.

Proposition 3. Let T be an arrangement of v objects into certain

blocks such that
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(1) There exists »2:2 such that each set of n objects occurs together

in exactly one block.

(2) Any two distinct blocks have exactly pi objects in common.

(3) For any two blocks there exist « — 1 distinct objects included in

neither of these two blocks.

Then T is a finite projective plane.

Proof. Let A and B be any two distinct blocks and let ait a2, • • • ,

o„_i be « —1 distinct objects included in neither A nor B. We define

an equivalence relation -in A by letting x, y equivalent if and only if

x, oi, 02, • ■ • , a„_i and y, di, a2, • • • , an-i determine the same block.

Do the same in B. The number of objects in any equivalence class is

pi. Letting an equivalence class in A correspond to an equivalence

class in B if and only if the two classes determine the same block

together with ci, ai, ■ • ■ , an-i, we see that A and B have the same

number of equivalence classes and therefore consist of the same

number of objects. This shows that every block consists of the same

number of objects, say pi. Hence F is a («, pi, v) Steiner system for

some »2:2. Suppose that »2:3. Then, by the previous proposition,

ris the (»— 1, v — 1, v) Steiner system. This is impossible by (3). Now,

» = 2 and pi — \i=l. This together with (3) gives /Ui = 3, from which

Pi follows.
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