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1. Introduction. A set S in the Euclidean plane E2 is called an L„

set provided any two points in S can be joined by a polygonal line,

of at most n segments, lying entirely in S. Horn and Valentine [l]

characterized such sets for the case n = 2 and studied properties of

the complements of such sets. It is clear that the notion of Ln sets

can be regarded as a generalization of the notion of convex sets and

as a specialization of the notion of connected sets. Since polygonally

connected sets are in some sense a limiting case of Ln sets, it seems

reasonable to expect that L„ sets can be used to approximate polyg-

onally connected sets. As we shall see in the sequel, any compact

connected set (whether polygonally connected or not) can be ap-

proximated by compact Ln sets. We will use the notation

(Pu Pit ' ' ' i Pn+i) for the n-sided polygonal line (n-line) joining pi

to pn+i where p2, ■ • • , pn are consecutive, intermediate vertices.

2. The metric space 3C. In what follows, we will make use of a well-

known metric space whose elements are the compact sets of the plane.

Let S be a compact set in E2 and let e>0. The set

S(e)=. {pEE2:pip,S) ge}

is called the e-parallel body of S. Here p is the Euclidean metric of E2.

Theorem 1. The parallel body SM of an Ln set S is an Ln set for the

same n.

Proof. Let x and y be points of S(t). There exist points x' and y' in

S for which p(x, x') ^e and p(y, y') ^e. Now x' and y' can be joined

by an n-line (x', p2, ■ ■ ■ , pn, y') lying in S. The segments (x, p2)

and (p„, y) lie in the parallel body {(x', p2, • • • , pn, y')] («) which in

turn is contained in S((). Therefore, (x, p2, • ■ ■ , pn, y) is an n-line

in S(o joining x and y.

Let S and T be compact sets in E2. Let,

diS, T) = inff«: T C S(e) and S C TM}.

Then d is a metric on X the class of all compact sets in E2. For a dis-

cussion of some of the properties of X see [2]. In particular, it is

shown there that X is complete. Some additional properties of X are

enumerated in
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Theorem 2. (a) i/ SEX then 5=lim^0 5(e).
(b) If 51, 52, • • • is a decreasing sequence of sets, each a member of

X, then
oo

lim Sk = (1 Sk.
*-»" *=i

(c) Let « be a positive integer. The limit S of a sequence {Sk} of

compact Ln sets is a compact Ln set.

Proof. The proof of part (a) is obvious and the proof of part (b) is

contained in the proof of completeness of X referred to above. We

turn therefore to part (c). Let d(Sk, S) = ek and let p and q be points

of 5. Then for each k, p and q are in 5(*t). By Theorem 1, 5(*t) is an

Ln set. Thus there exist points p\, p\, ■ ■ ■ , p„_i in 5^) such that the

«-line (p, pi pi ■ ■ ■ , p„-i, q) is contained in S*{t¿. Since Skeic)ESi2,t)

we have (p, pi ■ ■ • , pn-i, <z)C5(2i4). We choose a subsequence of

{5*} for which the corresponding subsequences {p\}, • ■ • , {pn-i}

converge to the points pi, ■ ■ ■ , pn-i. Since 5 is closed and ek—>0, the

«-line (p, pi, ■ ■ ■ , pn-i, q) lies in 5.

3. Ln sets and connectedness. We are now ready to characterize

compact, connected sets in terms of compact Ln sets. We begin with

three lemmas.

Lemma 1. If Sis a compact, connected set and e>0 then there exists a

positive integer « such that 5(«) is an Ln set.

Proof. The collection of open e-discs about points of 5 forms a

cover of 5 from which a finite subcover Di, ■ ■ ■ , Dn can be selected.

Consider the network formed by the line segments joining the centers

of each pair P¿ and Dj of overlapping discs. The centers of any two

of the N discs are joined by an (N— l)-line of this network. It follows

that any two points of 5 can be joined by an (iV-r'l)-line in UjLi D,-,

hence any two points of 5(<> can be joined by an (iV-(-3)-line in 5(,).

Lemma 2. The limit S of a sequence {Sk} of compact, connected sets

is compact and connected.

Proof. Using the fact that {5*} is a Cauchy sequence we can select

a subsequence of {Sk} and parallel bodies of the members of this sub-

sequence, such that these parallel bodies form a decreasing sequence

of sets approaching 5. By Lemma 1, these parallel bodies are con-

nected. The conclusion of the lemma follows from Theorem 2(b) and

the fact that the intersection of a decreasing sequence of compact,

connected sets is compact and connected.
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Lemma 3. Any compact, connected set S is the limit of a sequence of

compact Ln sets.

The proof follows immediately from Lemma 1 and Theorem 2(a).

The following theorem is an immediate consequence of Lemma 2

and Lemma 3.

Theorem 3. A necessary and sufficient condition that the set S be

compact and connected is that S be the limit of a sequence of compact Ln

sets.
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