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This is an answer to a problem of A. Wilansky [2]. Suppose

^f bk converges absolutely. Out of each infinite sequence x— \xn\

we may construct

(1) ß\(x) = Xi,        ßn(x) = xn + xn_i + 23 bkxk (ra > 1).

Obviously ||x|| =l.u.b. {|/3i(x)|, |j32(x)|, • • • } forms a norm over the

linear space of all convergent sequences. The problem is whether the

linear functional lim x = limn..oo xn is bounded in this norm.

We may solve (1) to have

(2)

where

(-1)        g„    ßT(x)

Í2\ M 1 (r)
(3) gn      =1,      gn      =

l + br 1 0      •   •   • 0

br        l+br+1        1     • • •        0

6, 'r+l br+2   • 1 + Ôn-

(r < ra).

On expanding g„r) along the diagonal we have gB' = 1+linear com-

bination of products of bT, ■ ■ ■ , 6n-i with factors of (1— bT)(l— &r+i)

• • • (1—&„_i) as coefficients. Hence

(4)
(r)

< B,
(r)

gn 1 [   < C(   ft, I  +•••+! 6„-i I )

where 73, C are independent of w and r.

By (3) we also have

... <.r) Cr+1) (r+1)

W     gn      —  gn =   OrgB ~ 0r

1 1 0

1    1 + br+2      1

0

0

1 br+2 'Jr-ri 1 + bn-l
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1 Editorial note: After this paper had been accepted for publication a specific

counterexample to Wilansky's conjecture was published by Hayman and Wilansky[l].
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gn       —   gn-1   =   bn-lgn-l   ~   bn-2gn-2 +   '   '  * +   (~ 1J        Or+lgr+1

(6) +(-D-V

Expanding (5) along the diagonal and arguing as in (4),

|      (r) (r+1) i

(7)

where D is independent of « and r.

Let

zi = xi,       z„ = xn + x»_i,       j8„,r ■■

then

(8)

where

< D \br

ßr-ßr+i+ ■ ■ • + (-1)«-%,

Z» = *iX)|8i(*) +   ■   ■   ■   +kn     "ßn-t(x) + /3„(X)

,<"■> /      ,v»-'W   ,    ,        .n-r-1   (r) (r)
«»      =(-1)        gn     +(-1) gn-1 =   -  br + br+lgr+1  -   ■   ■

+   (—1) 6„_lgn-l.

Since /3r+2,+i,r = Xr-i —xr+2,+i—(¿>rXr+ • • • +&r+2,xr+2,), we have

(10) \ßn.r\     <  E

where E is independent of » and r. Then

. <r>. , (>+d Cn-l),
¿„    /3r(x)     =     ¿„ j8Bl,+ l+   £    (kn      + kn )ßn.r+kn /S„,„-l

Hence, from (8),

(11)

where

^£{(2C+2Z>)(|è1+1|  + • ■ •+ \bn-i\)

+ 2C | bn-l | }.

i r *°
lim x = —     lim ßn(x) + £ /fe r ßr(x)

2   L n—*°° l

, W , (r)

£ '   =   lim  ¿„    = £ (-1)'    gr+,bT+,.

Theorem.   The linear functional lim is bounded if and only if

£r |£('>|<«.
Proof. If £r |¿(r)| <«, then (11) implies

| limx|   <— (l + £ \kM\\\
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If Z" |&Cr)| = °°, then for any positive number M we have

I &(1)| +|&<2)| + • • • + |jfe(m)| = K>AM for some m large enough.

Let ßi=(2M\k^\)/(Kk^) for k™*0 and iúm, ß, = 0 for fe«> = 0
or i>m. Construct xn and zn according to (2) and (8), then lim,,..«, zB

= 2M and by (9) whenever n>m, \zn — zn+i\ <(w73)|¿>„|. So (z2 — Zi)

+ (zi — z3)+ ■ • ■  converges absolutely. Hence

Xin   =   (Z2 -  Zl)  +  (24 - Z3)  +   ■   ■   ■   +  (Z2n - 22B_l) ~+ M + £,

X2»+i = z2b+i — x2n —> M — £.

(i) £ = 0. Then lim x = M and ||x|| < 1.

(ii) £?^0. There is an integer p>m such that | bp+i\ +\ bP+i\ + • • •

<1/2|£|. Let

Xn    = Xn (»¿ p),

Xn  = xn + I (ra > p is odd),

x„' = x„ — £ (n > p is even).

Then lim x' = M and ||x'|| < 1.

Hence lim is unbounded.

Remark. There are cases for both possibilities. Suppose \bk\

= 0(kra), a>3/2. It is not difficult to verify (using the second in-

equality of (4)) that I *w|= I &,-fi,+i+ • • • I +0(r-x°-»). Then
237-1 I &(r) I converges or diverges with ¿Ir-1 | bT — br+i +•••[.
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