
SIMPLE (-1,1) RINGS WITH AN IDEMPOTENT1

CARL MANERI

1. Introduction. Algebras of type (7, 5) were first defined by Albert

[l ]. They are algebras (nonassociative) satisfying the following identi-

ties:

A(x, y, z) = (x, y, z) + (y, z, x) + (z, x, y) = 0,

and

(z, x, y) + y(x, z, y) + d(y, z, x) = 0,

where y2 — S2+5 = l, and where (x, y, z) = (xy)z—x(yz).

Simple rings of type (7, 5) have been studied by Kleinfeld and

Kokoris. Their results show that except for types (—1, 1) and (1,0),

all simple (7, 5) rings with an idempotent e which is not the unity

element are associative [7]. In this paper this result is extended to

types (-1, 1) and (1, 0).

2. Basic identities. When 7= — 1 and 5 = 1 the defining identities

of a (7, S) ring are equivalent to:

(1) A(x, y, z) = (x, y, z) + (y, z, x) + (z, x, y) = 0,

and

(2) B(x, y, z) = (x, y, z) + (*, z, y) = 0.

A ring of type (1, 0) is anti-isomorphic to one of type ( — 1, 1) [7,

Theorem l], therefore we will consider only rings of type ( — 1, 1).

The right alternative law, (z, x, x) = 0, is an immediate consequence

of (1) and (2) since 0 = A(x, x, z)—B(x, x, z).

In any ring we have the identity F(w, x, y, z) = (wx, y, z) — (w, xy, z)

+ (w, x, yz)—w(x, y, z) — (w, x, y)z = 0. We also have the identity

(xy, z) -x(y, z) - (x, z)y - (x, y, z) + (x, z, y) - (z, *, y) = 0 in any ring,

where (x, y) —xy — yx. In a ( —1, 1) ring this becomes

C(x, y, z) = (xy, z) - x(y, z) - (x, z)y - 2(x, y, z) - (z, x, y) = 0,

because of (2).

The combination of (1) and F(w, x, y, z) =0 as in [4] gives

G(w, x, y, z) = (w, (x, y, z)) - (x, (y, z, w)) + (y, (z, w, x))

_ - (z, (w, x, y)) = 0.
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1 This paper is from the author's doctoral dissertation which was done under the
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For all that follows we will assume that i? is a ring of type ( — 1, 1)

of characteristic not 2 or 3 (i.e., no elements of R have additive order

2 or 3).

The next three identities are consequences of the right alternative

law and are proved in [3].

Hix, y, z) = ix, y, yz) - (x, y, z)y = 0,

J(x, w, y, z) = ix, w, yz) + ix, y, wz) — ix, w, z)y — (x, y, z)w = 0,

Kix, y, z) = ix, y2, z) - ix, y, yz + zy) = 0.

From Gix, x, x, y) + ix, Bix, y, x)) = 0 it follows that 2(x, (x, x, y))

= 0. From this and the fact that ix, y, x) = — ix, x, y) we obtain

(3) ix, ix, x, y)) = 0    and    ix, ix, y, x)) = 0.

Now Gix, y, x, y)=0 gives 2(x, (y, x, y))-2(y, ix, y, x)) = 0 and

thus ix, iy, x, y)) — (y, ix, y, x)) = 0. From B(y, y,x) = 0 and Bix, x, y)

= 0 we then have ix, iy, y,x)) — (y, ix, x, y)) = 0. Combining this with

Gfa, y, y, x) = 0 gives 2(x, (y, y, x)) = 0 and therefore

(4) ix, iy, y, x)) = 0.

Replacing x with x+z in (4) gives

Lix, y, z) = ix, iy, y, z)) + (z, (y, y, x)) = 0.

Replacing y with y+z in (4) gives

Mix, y, z) = ix, iy, z, x)) + ix, (z, y, x)) = 0.

From 0 = Fix, x, x, y) —Hix, x, y) + ix, ix, x, y)) we see that ix2, x, y)

= ix, x2, y) and thus from Miy, x2, ï) = 0we have 2(y, (xs, x, y)) = 0.

This gives

(5) iy, ix2, x, y)) = 0.

We now use Biy, x2, x) —Hiy, x, x) =0 to get (y, x2, x) = 0. Combin-

ing this with Giy, y, x2, x) +L(x, y, x2) = 0 and (5) gives

(6) ix2, iy, y, x)) = 0.

The identity (xy, z)+iyz, x) + (zx, y)=.4(x, y, z) holds in any ring

hence in a ( — 1, 1) ring where Aix, y, z) = 0 we have

Dix, y, z) = (xy, z) + iyz, x) + (zx, y) = 0.

Since x and x2 commute with (y, y, x), we have Dix, x, iy, y, x))

= 2((y, y, x)x, x) = 0and thus ((y, y, x)x, x) =0. Now we use (y, y, x)x

— iy, y, x)x—Biy, y, x)x—Hiy, x, y)=—(y, x, xy) and we get

(x, iy, x, xy)) = 0. Replacing y with y+w gives
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(7) (x, (y, x, xw)) + (x, (w, x, xy)) = 0.

From L(x, y, ¡c2) = 0 and (6) we get (x, (y, y, x2)) = 0. Now since

0=(x, B(y, y, x2))-(x, (y, y, x2))-(x, K(y, x, y)) = (x, (y, x, xy))

+ (x, (y, x, yx)) and (x, (y, x, xy))=0 we have (je, (y, x, yx))=0.

Clearly (x, (y, yx, x)) = 0, since B( y, x, yx) = 0 and thus 0 = (x, (y, yx, x))

— M(x, y, yx) + (x, B(yx, y, x)) = (x, (yx, x, y)). Therefore

(x, A(yx, x, y))=0 gives (x, (x, y, yx)) = 0. Replacing y with y+w in

(x, (x, y, yx)) = 0 and in (x, (yx, x, y)) = 0 gives respectively:

(x, (x, w, yx)) + (x, (x, y, wx)) = 0,

(x, (wx, x, y)) + (x, (yx, x, w)) = 0.

We now use F(w, x, x, y) = 0 to get w(x, x, y) = (wx, x, y) — (w, x1, y)

+ (w, x, xy)+K(w, x, y) = (wx, x, y) — (w, x, yx). Commuting this

with x gives (x, w(x, x, y)) = (x, (wx, x, y)) — (x, (w, x, yx))

= (x, (wx, x, y))-(x, (w, x, yx)) + (x, B(w, x, yx))-M(x, w, yx)

+ (x, B(yx, x, w)) = (x, (wx, x, y)) + (x, (yx, x, w)) and this is zero by

(8). Therefore

(9) (*, w(x, x, y)) = 0.

The next step is to use 0 = F(x, y, x, w) + F(x, y, w, x) —B(xy, x, w)

+xB(y, x, w)+B(x, yx, w) to get (x, y, x)w=(x, w, yx) + (x, y, wx)

— (x, yw, x) + (x, y, xw) — (x, y, w)x. From (8) we see that x commutes

with (x, w, yx) -\-(x, y, wx) and from (3) we see that x commutes with

(x, yw, x). We wish now to show that x commutes with (x, y, xw)

— (x, y, w)x. To do this we observe from 0= — A (x, y, w)x+B(y, w, x)x

+H(y, x, w)—H(w, x, y)—B(y, x, xw)+A(x, y, xw) that (x, y, xw)

— (x, y, w)x = (w, x, xy) — (xw, x, y). Thus (x, (x, y, xw)) — (x, (x, y, w)x)

= (x, (w, x, xy)) — (x, (xw, x, y)) + (x, B(xw, x, y)) — M(x, xw, y)

+ (x, B(y, xw, x)) = (x, (w, x, xy)) + (x, (y, x, xw)) and this is zero by

(7). Thus (x, (x, y, x)w) = 0 and since (x, x, y) = — (x, y, x) we have

(10) (*, (x, x, y)w) = 0.

An immediate consequence of (9), (10), (3) and D((x, x, y), w, x)

—D(w, (x,x,y),x) = 0is((w,x), (x,x,y)) =0. Then fromL(y,x, (w,x))

= 0 we get

(11) (y, (*, x, (x, w))) = 0.

We conclude this section with two remarks. The first is that

(12) (x, x,yy = 0.

To prove this let S(a, b) = {xER\ (x, a, b) = x(b, a)}. Then (x, x, y)
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and (x, x, y)x are elements of Six, y) by Lemma 4 of  [3]. In

R,ix, x, y)x = x(x, x, y), thus by Lemma 3 of [3] we get (12).

For the second remark we define U to be the set of elements u of

R which commute with all elements of R. Let uEU. Then G(x, x, «)

= 0 gives — 2(x, x, «) = 0. Hence (x, x, u) = 0, and (x, u, x) = 0 because

of (2). Replacing x by x+y in these last two identities gives

.   . (*i y, «) = - iy, x, u)    and

(x, u, y) = — (y, m, x)   for all uE U.

3. Identities involving an idempotent. Let e be an element of R

such that e2 = e¿¿0. From (x, Kie, e, y)) = 0 and (11) we obtain

ix, (e, e, y))-2(x, (e, e, ey)) = 0. From C(e, e, (e, e, y))=0 we get

— 2(e, e, (e, e, y)) =0 because of (3), and thus (e, e, (e, e, y)) =0. There-

fore we can replace y by ey in (x, (e, e, y))—2(x, (e, e, ey)) = 0 to get

— (x, (e, e, ey)) = 0 and finally

(14) (x, (e, e, y)) = 0,

i.e., an associator of the form (e, e, y) commutes with all elements of J?.

We have from (12) that (e, e,y)2 = 0. Replacing y by y+w and using

(14) gives 2(e, e, y)(e, e, w)=0 and thus

(15) (e,e, y)(e,e, w) = 0.

Let u be substituted for (e, e, y). From C(e, e, xu) = 0 we have

— 2(e, e, xm) = 0 since (e, xu) = 0 by (9). Hence (e, e, xu) = 0 and

Fie, e, x, w) = 0 gives

(16) ie, x, «) = ie, ex, u) + e(e, x, u),

because of (15).

We will transform (16) in three successive stages. First we observe

that G(e, e, x, y) = 0 and (y, (e, e, x)) = 0 give (e, ie, x,y))- ie, ix, y, e))

= 0. From this and 0 = (e, Aie, x, y)) — (e, Biy, e, x))+M(e, y, x) we

have 3(e, (x, y, e)) =0. Hence (e, (x, y, e))—0 and (e, (e, x, y)) =0 for

all x, y in i?. This reduces (16) to

(17) (e, x, u) = (e, ex, «) + (e, x, w)e.

Now since uEU we conclude from (13) and from 0 = ^4(e, x, u)

+Bie, x, u) that 2(e, x, «) + (m, e, x) = 0. Similarly 2(e, ex, w) + (m, e, ex)

= 0. Multiplying 2(e, x, «) + («, e, x) =0 on the right by e and sub-

tracting from 2 (e, ex, u) + (m, e, ex) = 0 gives 2 (e, ex, u) — 2 ie, x, u)e = 0

since Hiú, e, x)=0. This gives (e, ex, «) —(e, x, w)e = 0 and (17) be-

comes

(18) (e, x, u) = 2(e, ex, u).



114 CARL MANERI [February

The next step follows from the easy observation that if uu m2G U

then (x, Mi, w2) = («i, x, u2) = («i, u2, x) =0 for all x in i?. This follows

from Aix, «i, w2)=0, S(x, «i, m2) = 0, and (13). Thus since (e, e, x)

and m are in Z7 we have (e, (e, e, x), u) =0 and we can replace x by

ex in (18) to get (e, ex, u) = 2(e, ex, w). Hence (e, ex, «) =0 and

(19) (e, x, «) = 0.

From (19), (13), (1) and (2) it is easily seen that

(20) (x, u, e) = (w, e, x) = 0.

Sincewe=(e, e,y)e-r-ií(e, e, y) = (e, e, ey), we have that 0 = C(w, e, x)

= — «(e, x) by (14) and (20). Thus using (14) again we have

(21) ie, x)ie, e, y) = 0.

We are now finally able to use 0 = J(c, y, e, ie, x)) — Aie, y, e(e, x))

+A(e, y, ie, x))e+B(y, e(e, x), e)-B(y, ie, x), e)e-H{y, e, ie, x))

+HHe, x), e, y)-iCie, e, x), e, y)-F((e, x), e, e, y), along with the

right alternative law, (20), and (21) to get

(22) ie, e, ie, x))y = (e, e, y(e, *)).

Lemma 1. Let R be a commutative ( — 1, 1) ring of characteristic not

3. Then R is associative.

Proof. For a commutative ( — 1,1) ring C{y, x, x) = 0 gives (x, y, x)

= 0 and R can easily be seen to be alternative. In an alternative ring

Aix, y, z) = 3(x, y, z). Therefore (x, y, z) = 0.

Lemma 2. Let Rbe a simple, not associative, ring of type ( — 1, 1) of

characteristic not 2 or 3. Let 5 = {sER\ sE Uand syE U for all yER},

where U= {uER\ («, y) = 0/or all yER}. Then 5 = 0.

Proof. Let sES and x, yER. Then using the fact that s and sx are

in ¿7and using (13) we have the following: (sx)y= is, x, y)+sixy) and

isx)y = yixs)= —iy, x, s) + (yx)s=(x, y, s)+siyx). Combining these,

we have 3(sx)y=(s, x, y)+2(x, y, s)+s(xy+2yx). Since sEU, we

have (x, y, s) = (y, 5, x) because of (13) and (2), and 0 = ^4(5, x, y)

s=£(*i #i y)+2(x, y, j). From this we have 3(sx)yGf/. Now the set

T= {3x|xG-R} is an ideal of R and is not zero, thus T=R. This

means that S is an ideal of R because 3y is an arbitrary element of R

and (sx)i3y)EU. If S=R, R is commutative hence associative by

Lemma 1. Thus 5=0.

Lemma 3. Let R be a simple not associative ring of type ( — 1, 1) of

characteristic not 2 or 3. Let e be an idempotent of R. Then we have the

following:

(23) (e, e, x) = (e, x, e) = 0.
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Remark. This is false if R is not simple as will be shown by an

example.

Proof. From (14) we have (e, e, y) G U for all y in R. Thus

(e, e, (e, x))EU. From (22) we have (e, e, (e, x))y = (e, e, y(e, x)) and

this again is in U. Thus (e, e, (e, x))ES. But 5=0 by Lemma 2 and

we have (e, e, (e, x)) — 0. This applied to 0 = K(e, e, x) gives (e, e, x)

—2(e, e, ex) = 0. Observing again that (e, e, (e, e,x))=0we can replace

x by ex in (e, e, x)—2(e, e, ex) =0 to get — (e, e, ex) = 0 and therefore

(e, e, x) = 0. From B(e, e, x) =0 we get the rest of (23).

4. Main section. For the following remarks and the lemmas which

follow, R will be assumed to be a simple ( —1, 1) ring which is not

associative and which is of characteristic not 2 or 3. For Lemmas 4

and 5 R is also assumed to have an idempotent e^O.

Before proceeding to Lemma 4 we first observe that, when R has

an idempotent e, we have R = Ru + Rw + Roí + Roa where Ru

— {xER\ex = ix and xe=jx}. This follows from (23) and the fact

that x = exe + (ex — exe)+(xe — exe)-\-(x — ex — xe+exe), and the right

alternative law.   .

Lemma 4. The multiplication for the spaces Ru is as follows :

(1) RijRjkERik;

(2) RijRkm = 0 for J5¿k except when i = k and j = m;

(3) RioRioERu and RoiRnERoo- (This differs from the associative

situation only in (3)).

Proof. When xER>,; yERa we have directly that (x, e, y) = (y, e, x)

= 0. From B(x, e,y)=0 and B(y, e, x) =0 we have (x, y, e) = (y, x, e)

= 0. Thus from A(x, y, e)=0 and A(y, x, e)—0 we get (e, x, y)

— (*, y> x) =0. Thus we can easily see that RíjRjíERu-

Next we take xERa, yERa where ij¿j. We can compute directly

that (y, e, x) =0. From K(x, e, y) = (— !)'(*, e, y) =0 we get (x, e, y)

= 0. It follows from B(x, e, y) = 0, B(y, e, x) = 0, A(x, y, e) = 0, and

■A(y, x, e) = 0 that (x, y, e) = (y, x, e) = (e, x, y) = (e, y, x) = 0. Thus

RuR^ 0 and RuRiiERij.
When xERoo and yERn we have K(x, e, y)= —(x, e, y)=0 and

thus xy = 0. We also have K(y, e, x) = (y, e, x) = 0 and thus yx = 0.

This gives RooRn = R11R00 = 0.

When xERw and yERio we have (y, e, x) = 0 by direct computa-

tion. Thus A (e, x, y) —B(x, y, e) = 0 gives (e, x, y) — (x, e, y) = 0. Hence

e(xy) =xy. From B(y, e,x) = 0 and (y, e, x) = 0 we get (y, x, e) = 0 and

so A(e, y,x)=0 gives (e, y, x) + (x, e, y) = 0. This can be expanded to

give yx—e(yx) — ry = 0. Multiplying this last equation on the left by

e gives —e(jcy) = 0 in view of (23). Hence *y = 0. Thus e(yx)—yx.
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From iy, x, e) = 0 we have (yx)e = 0. Therefore i?0oi?io = 0 and RioRoo

C-Rio.
When xERoi and y G-Rn we have (x, e, y) = 0 by direct calculation.

Thus Bix, y, e) = 0 gives (x, y, e) = 0. Thus (xy)e = xy. Now 0 = Hiy, e, x)

gives iy, e, x)e = 0. Therefore Aie, x, y) = 0 along with (x, y, e) = 0

gives (e, x, y)e = 0. By the remark just before (17) we have (e, (e, z, w))

= 0 for all z, w in i?. Hence e(e, x, y) = 0 and e(e(xy)) = 0 and e(xy) = 0

by (23). Therefore xyG-Koi. Since e(xy) = 0, (e, x, y) = 0. Combining

this with Aie, x, y) = 0 and (x, y, e) = 0 gives (y, e, x) =0 and yx = 0.

Thus -Roi-RnC-Roi and RnRoi = 0.
For the final case x, yERa where i^j we have Hix, e, y) = 0 com-

bined with (e, (x, e, y)) = 0 to give (x, e, y)ERu. But (x, e, y) = ±xy.

Hence xyERa.

Lemma 5. For all x, yER and the idempotent e the following identity

holds:

(24) (e, x, y) = 0.

Proof. For x, yER we have that x = Xu+xio+xoi+xoo and

y = yn+yio+yoi+yoo where Xi¡, yaERij. Direct calculation and

Lemma 4 yield (24).

Lemma 6. Every element of R is the sum of a finite number of associ-

ators.

Proof. Let 5 be the class of elements in R which are sums of a

finite number of associators. Since R is not associative 5^0. We will

show that 5 is an ideal of R. From Fiw, x, y, z) + Fiw, y, x, z)

+Biw, x, y)z = 0 we have w((x, y, z) + (y, x, z)) G5 for all w, x, y,zER.

Therefore wAix, y, z) + wBix, y, z) + w((x, y, z) + (y, x, z))

— wiix, z, y) + iz, x, y)) —wBiy, x, z) = 3w(x, y, z) is an element of 5.

However 3w is an arbitrary element of R, and so RSES. Next from

Fiw, x, y, z) = 0 we see that 5i?C-R5+5C5 and 5 is an ideal not

zero. Hence S=R.

The center of R is defined to be the elements nEU with the prop-

erty that (w, x, y) = (x, », y) = (x, y, n) = 0 for all x, yER.

Lemma 7. Let nER satisfy in, x, y) = 0 for all x, yER- Then n is

in the center of R.

Proof. We must first show that nEU. To do this we need only

show that » commutes with any associator because of Lemma 6.

Mix, », y) = 0 gives (x, (y, », x))=0 since (», y, x) = 0. Thus from

(x, A(n, x, y)) = 0 we get (x, (x, y, »)) = 0. Combining these results

with G(x, y, », x) = 0 gives (», (x, x, y))=0. Replacing x with x+z
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in this last identity gives (», (x, z, y)) + (», (z, x, y)) = 0 for ail x, y, z

in R. Thus 0 = («, A(x, y, z)) + ((», (x, y, z)) + (n, (y, x, z)))

~((n, (x, z, y)) + (n, (z, x, y))) + (», B(x, y, z))-(n, B(y, z, x))

= 3(n, (x, y, z)) and (n, (x, y, z)) = 0 for any associator (x, y, z) in R.

We now have nEU because every element of R is the sum of associ-

ators. Because of (13) we also have A (», x, y) +B(x, y, ») = 2(x, y, n)

= 0. Therefore (x, y, ») = 0 and from A(n, x, y) = 0 we have (y, «, x)

= 0. This shows that n is in the center of R.

Theorem. Let Rbe a simple ring of type ( — 1, 1). Let R have char-

acteristic not 2 or 3. Let e be an idempotent of R such that e^O, 1. Then

R is associative.

Proof. Assume R is not associative. Then Lemma 5 gives (e, x, y)

= 0 for all x, y in R. Lemma 7 then gives us that e is in the center of

R. Therefore Roi = Ria = 0 and R = Rn+Roo. But then i?0o is an ideal

of R by Lemma 4 and eG-Roo. Thus i?oo = 0 and R = RU, a contradic-

tion since e is the unity element of Ru.

5. Example. The following example is given by Albert in [2] as a

right alternative algebra. It can be shown to satisfy (1) and (2) hence

it is a ( — 1, 1) algebra. It is finite dimensional and Lemma 3 fails for

it.

Let F be a field and A an algebra with basis elements e, u, v, w, z.

We define multiplication of basis elements as follows: e2 = e, eu = v,

ev = 0, ue = u, ew = w—z, ez = ze=z and all other products are zero.
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