BOUNDS FOR SOLUTIONS OF ORDINARY
DIFFERENTIAL EQUATIONS

FRED BRAUER!

1. An upper bound for the norm of a system of ordinary differen-
tial equations can be obtained by comparison with a related first order
differential equation, [4; 8)]. This first order equation depends on an
upper bound for the norm of the right side of the system. Recently,
it has been pointed out [1; 6] that this same upper bound also gives
a lower bound for the norm of the solution in terms of another first
order equation, Most of the known explicit bounds, as well as criteria
for global existence and boundedness, can be obtained from such com-
parison theorems, together with a detailed analysis of the resulting
first order equations. The same approach also yields information on
the approach of a solution to a limit. As suggested in [1], bounds for
approximate local solutions can also be obtained in this way. The
bounds given in [1] are sometimes difficult or impossible to calculate
explicitly, but it is possible to give slightly weaker bounds, which
are more easily calculated.

The main conclusion to be drawn from this paper is that the com-
parison method provides not only a powerful tool for obtaining
bounds for solutions, but also a unified approach to many such prob-
lems.

2. Consider the system of ordinary differential equations
¢)) ' = f(t, =),

where x and f are n-dimensional vectors, and 0 ¢ < . We assume that
f(¢, x) is continuous for 0=t < o, |x| < «, but we require no as-
sumptions on f to assure the uniqueness of solutions of (1), as our
arguments do not require uniqueness. Suppose that there exists a
continuous non-negative function w(t, 7r) on 0=t < », 0=<r < », such
that

@ /6] S |2]), 0si<w, [z] <w.

It is well-known [4; 8] that if x(¢) is a solution of (1), and 7(¢) is the
maximum solution of the scalar equation
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3) r = (o)(t, 7)

with r(0) = ]x(0)|, then x(f) can be continued to the right as far as
r(t) exists, and

@ | z@)| = r@®)

for all such ¢. It can be shown, by the same type of argument, that
| x(#)| is also bounded below, as follows.

THEOREM 1. Let x(t) be a solution of (1) and let {(t) be the minimum
solution of

®) ¢ =—al9)

with §(0) = | x(0) | . Then, for all t20 such that x(t) exists and {(£) =0,
we have

(6) | 2@ | = ¢0).

Since Theorem 1 is essentially contained in Theorem 1 of [1], an
explicit proof will not be given here. It may be noted that Theorem 1
can also be derived directly from Lemma 2 of [3], or it can be proved
by an argument analogous to the proof of Theorem 8 of this paper.
The restriction ¢(¢) =0 is required to ensure that w(¢, {(¢)) is defined.

Theorem 1 involves a comparison between solutions of the system
(1) and the scalar equation (5). Another comparison theorem arises
in the consideration of limiting behavior of solutions.

THEOREM 2. Suppose that (2) is satisfied for a function w(t, r) which
is monotone nondecreasing in r for each fixed t, and suppose that all
solutions of (3) exist on 0=t < = and tend to limits as t— . Then all
solutions of (1) tend to limits as t— . If x(t) is a solution of (1) with
lim;.. x(8) = X, if r(t) is the maximum solution of (3) with r(0) = | x(0) I ,
and if lim,., r(t) =R, then

%) | X —2()| SR-rt), 05t< .

ProOF. The first part of the theorem is contained in [3, Theorem
13], and we need only prove the inequality (7). If £>¢=0,

150 = 20| =] [ s s 5 [ w00 | ar

§f w(r, I x(r)l )d‘r§f‘ w(r, r(7))dr
= r() — (1),

using (2) and the monotonicity of w. The result now follows if we let
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{— o holding ¢ fixed. This proof is only a slight extension of that
given in [3, Theorem 4].

3. If the function w(¢, 7) has the form A(¢)¢(r), the condition (2) is
replaced by

®) | )| = A@e(] ]).

The results of §2 lead us to consider the separable first order equations
® "= MO)o(n)

and

(10 == MBe(5),

which can be solved explicitly. We define J(r) = fidu/¢p(u). If this
integral diverges at zero, the lower limit of integration can be re-
placed by any fixed ¢>0, but we will use the lower limit zero for
convenience. If [fdu/¢(u)=R= =, the function J maps the half
line [0, «) onto the interval [0, R), with J(»)=R. The function J
has a positive derivative 1/¢(r), and is therefore monotone increasing.
Thus the inverse function J—! exists and is monotone increasing on
[0, R).

If 7(¢) is a solution of (9) with 7(0)=ro, [oA(s)ds= [} du/d(u)
=J(r) — J(ro). Thus J(r) = J(ro) + JoA(s)ds, and

(11) r(t) = J! [J(ro) + j‘o')\(s)ds].

This solution exists as long as J(ro) + [(A(s)ds is in the domain [0, R)
of J-. This requires J(ro) +JoN(s)ds <R, or [oN(s)ds < [rdu/¢(r). It
follows that the solution (¢) of (9) with 7(0) =7, exists on the interval
[0, T), where T'is defined by [y A(s)ds = [r2du/d(u). If [2du/d(u)= =,
the solution exists on 0=t<e. If [FA(s)ds< [ridu/$(u) < , then
J(ro) + JoM(s)ds <R, which implies 7(¢) < o, and the solution r(t) re-
mains bounded on 0=¢{< «. Since r(f) is monotone increasing, this
implies that 7(¢) tends to a limit as t—, A

We can solve (10) by the same approach. We find that the solution
£(2) of (10) with ¢£(0) =7, is given by

t
(0 =7 [](fo) - )\(s)ds:l,
0
defined so long as J(ro) — fiA(s)ds = 0. Thus {(¢) exists on the interval

[0, 7], where [A(s)ds=[g'du/@(u). If [¥N(s)ds < [odu/d(u), §(t)
exists on 0=t <, and if [o'N(s)ds < [pdu/P(u), £(t)>00n 0=t < oo,



1963] BOUNDS FOR ORDINARY DIFFERENTIAL EQUATIONS 39

To avoid misinterpretation, recall that we have assumed the con-
vergence of the integral [q°du/¢(u).

These arguments, combined with the results of §2, yield the follow-
ing known results.

TaEOREM 3 (COOKE [5]). If the condition (8) is satisfied, then all
solutions x(t) of (1) with |x(0)| Sro exist on the interval [0, T), where
JoN(Gs)ds= [2du/d(w). If [TN(s)ds < [rdu/d(u), they exist on 0St<
and if [TN(s)ds < [r;du/d(u), they are bounded on [0, =).

THEOREM 4 (WINTNER [7]). If the condition (8) is satisfied, and
Jrdu/$(u) = », then all solutions of (1) exist on 0St< . If, in addi-
tion, [eN(s)ds < =, all solutions of (1) are bounded on 0 <t < o,

THEOREM 5 (BiHARI [2]). If (8) is satisfied, then all solutions x(t)
of (1) with |x(0)| Sro obey |x(t)| < T[T (ro) +[iN(s)ds] for all ¢ for
which [iN(s)ds < [ du/$(u).

THEOREM 6 (LANGENHOP [6]). If (8) is satisfied, then all solutions
x(t) of (1) with |x(0)| Zro obey |x(t)| = T1[J(ro) — JEN(s)ds] for all ¢
for which [iN(s)ds < [{du/P(w).

It follows from Theorem 12 of [3] that any hypotheses which as--
sure the boundedness of all solutions of (9) imply that all solutions of
(1) tend to limits as t— . We can obtain some information about
the approach to the limit.

THEOREM 7. Suppose that (8) is satisfied with a monotone nonde-
creasing function ¢(r), and that [TN(s)ds <[sdu/d(u). Then any solu-
tion x(t) of (1) tends to a limit x() as t— =, and

| x2(o) — x(t)| =< Kf”)\(s)ds,

t

where K =supige<e (| 2(s)|) = (] %( °°)|)~

PROOF. Let 7(¢) be the maximum solution of (9) with (0) = | x(0)].
By Theorem 3, r(¢) tends to a limit #(«) as {—«, and by Theorem 2,
we need only prove

(12) r(o) —r(t) < Kf A(s)ds.
t
As we have seen, r(t) is given by (11), and thus

(13) r(0) = J1 [](ro) + f:)\(s)ds:l.
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By the mean value theorem, if 0 £ a < 8 < R, JY(f) — J o)
=(B—a)(J 1) (¢) for some ¢, a <E<B. By the inverse function theo-
rem, (J7V)/' (&) =1/J'(J-1(¥)). It follows from the definition of J that
J-1(8) =¢(¢), where o is chosen so that £=¢(c). Subtraction of (13)
from (11) gives

r(w) — r(f) = ¢(a)[ fo “Ms)ds — fo ‘)\(s)ds] = 4(0) f‘ NS ds.

Here, o is chosen so that J(¢) =%, where [oA(s)ds <t < [eA(s)ds. We
canchoose T',t < T < ®,sothat=fgA(s)ds,and then J(o) = Jrdu/dp(u)
= JI\(s)ds. This implies 0 =7(T), ¢(¢) S K, and completes the proof
of (12).

4, These arguments can also be used to study bounds for ap-
proximate solutions. A continuous function x(¢) is said to be an
e-approximate solution of (1) on an interval if it is differentiable on
the interval except for a finite set of points, and |x'() —f(¢, x()| <e
on the interval except for this finite set of points. It is understood
that this exceptional set is empty if e=0. We assume in this section
that f obeys an inequality of the form

(14) If(t;x)—f(t,y)l é“’(t’ lx_y|),

in some region 0=¢<a, |x[ <4, |y| <4, |x—y| <A, where (¢, 1)
is continuous and non-negative on 0=t<a, 0=r<A. The following
result is a special case of a theorem of Antosiewicz [1]. Since the
proof of this special case is simpler than the proof of the more general
result, we include it here.

THEOREM 8. Let x:(t) be an e;-approximate solution of (1) on 0=t<a
(1=1, 2), and let e=e1+ €. Let r.(t) be the maximum solution of

(15) Y =ow(t,r) +e

on 05t<a with r.(0)= lxl(O)—xz(O)[ , and let ¢,(t) be the minimum
solution of

(16) F=—owti) —e
on 0=t <a with £(0) = | 21(0) —x,(0)|. If (14) is satisfied, then
¢%) @) S | 2@ — 20| Sr), 0st<e.

PrOOF. Let m(t) = | 21(f) —x2(t)| . Then
|m' @] s |20 — 2O = [ n0) - 1620)] +at+ e,
and this implies, using (14) and e=e;+¢;, that
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(18) —w(t, m(t)) — e S m'(t) S w(t,m(t)) + e

To prove m(t) <r.(t), it suffices to prove m(t) Zr.(t) for all a> ¢, since
limg.ey 7a(t) =7.(t) for £20. Suppose this inequalty is false for some
a>¢, and let ¢ be the greatest lower bound of values of ¢ for which
m(t) >rq(t). Since m(t) and r.(¢) are continuous, m(¢) =r.(¢s) and
m'(o) = rd (o). But (18) gives w(ao, m(c)) + ¢ = m'(0) = rd (0)
=w(o, 74(0)) +a. Since a>¢, this is a contradiction, which proves
m(t) Sr.(t).

The other part of (17) is proved in a similar manner. Again, it
suffices to prove m(t) Z{.(t) for all a> ¢, since lima.et $o(t) =¢e(¢) for
t=0. If the inequality is false for some a>¢, let ¢ be the greatest
lower bound of values of ¢ for which m(t) <{a.(f). As before, m(s)
={,(¢) and m'(¢) £¢J (0), but

—aw(g, m(o)) — e = m'(0) S $d(0) = — (o, ful0)) — o

which contradicts a>e. This proves m(f) 2¢(!) and completes the
proof of (17).

Theorem 8 compares approximate solutions of a system to exact
solutions of an approximate scalar equation. It is often more con-
venient to compare the approximate solutions to exact solutions of an
exact scalar equation with approximate initial conditions. Although
the bounds obtained in this way are less precise, they are considerably
easier to calculate.

Let r(¢, 7o) be the maximum solution of (3) with (0, ro) =7, and
let 7.(t) be the maximum solution of (15) with r.(0) =r,.

THaeOREM 9. If w(t, r) is monotone nondecreasing in r for each fixed ¢,
then for any fixed €>0, r(t) Zr(t, ro+et) for t20.

Proor. From (3) and (15) we obtain

r(t) =ro+ f tw(s, r(s))ds + ¢,

t
r(t,rot+ et) =ro+ e+ f w(s, r(s, ro + €))ds.
0

Since  is assumed monotone, the theorem will follow from
19) r(s) < r(s, ro + €), 0s=<t

If (19) is false, there exists ¢, 0 <0 <!, such that ¢ is the greatest
lower bound of values of s for which r.(s) >r(s, ro-+et). Since both
functions are continuous, r(c) = r(o, ro + €). But rJ(o) = 1o
+ fow(u, r(w))du+teo, and r(o, ro+et) =ro+et+ fow(u, r(u, ro+et))du.
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Since w is monotone, 7.(#) Sr(u, ro+et) for 0Su =0, and ¢ <¢, (19)
follows.

Theorem 9 has an analogue for lower bounds, proved in the same
way. Let {(¢, 7o) be the minimum solution of (5) with {(0, 7o) =7,, and
let ¢.(t) be the minimum solution of (16) with {.(0) =r,.

TuaeoreMm 10. If w(t, r) is monotone nondecreasing in r for each fixed ¢,
then for any fixed €>0
c@zstro—e), tz0.
If f(¢, x) satisfies a Lipschitz condition, we can take w(t, r) =Kr. In
this case, Theorem 8 and the solution of »'=Kr+e¢ give upper and

lower bounds for le(t) —xz(t)l , where x;(t) is an ¢;-approximate solu-
tion of (1) for =1, 2, and e=e€1+ €.

| 1(0) — %2(0) I e Kt — -I% (1 — ek
S |2 — 20| S |20 - 20|+ — @ - 1.

The upper bound is classical, while the lower bound is due to
Antosiewicz [1]. If we apply Theorem 9, which requires solving
r'=Kr, we obtain
| 1(0) — #2(0) | &Kt — ete Kt < | 21(8) — x2(0) |
< | 21(0) — #2(0) | eXt + eteXe.

These bounds are weaker than the earlier ones by a term which is
0(et?) for small ¢.
If f satisfies an inequality

(20) | 7, %) — £, 9| = @(| 2 = 3]),

application of Theorem 8 would require the solution of ' =\(f)¢(r)
+¢, which cannot be found explicitly in general. The use of Theorem
9, however, requires only the solution of #’ =\(f)¢(r), which has been
obtained in §3. This yields the following bounds. The upper bound has
been obtained previously by Bihari [2].

THEOREM 11. If x:(t) are e-approximate solutions of (1) for i=1, 2,
if e=eate, if |x1(0) —xz(O)I =ro, and if f satisfies (20), then

J1 [J(ro —¢t) — fo ‘)\(s)ds:l = | x,(8) — xz(t)l
sJt [J(ro + ) + fo‘)\(s)ds],
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where J(r) = [idu/d(u), and J is the inverse fumction, as in §3.

We can apply Theorem 11 when x,(£), x2(¢) are exact solutions of (1)
with x,(0) =x2(0). This means taking e=0, r,=0. We obtain

J-! [J(O) - fotk(s)ds] < | 2t — x2() | =J! I:J(O) +fot)\(s)ds].

If [fodu/@(u) converges, J(0) is defined, and J(0)=0. The lower
bound becomes vacuous, since J(0) — [iA(s)ds £0 for £=0, but we still
have an upper bound

21) I x:(t) — xg(t)l =J! l:fot)\(s)ds:l.

If fodu/¢(u) diverges, J(0) is not defined, and our arguments can-
not be used without considerable modification. In this case, however,
the Osgood theorem shows that x:(f) —x2(¢!) =0 on 0=t<a. The in-
equality (21) gives a bound in the nonunique case.
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