A NEW PROOF OF A COMPARISON THEOREM
FOR ELLIPTIC EQUATIONS

KURT KREITH

The classical Sturmian comparison theorem deals with solutions
u, v of two ordinary differential equations.

d du
—(a——) + fu =0,

dx\ dx
d (b dv) n 0
dx\ dx ="

where @ and b are positive and continuously differentiable on a closed
interval I and f and g are continuous on I. The theorem states that
if a—b=0and f=<gon Iand x,, x; are zeros of « in I, then v has a zero
in [x1, x2].

This theorem was generalized to self-adjoint second order elliptic
partial differential equations by Hartman and Wintner [1]. The pur-
pose of this note is to present a new and simple proof of this general-
ization,

Let » and v be solutions of the elliptic equations

LI du _
(1 2 —\ai—)+rm=0, ai; = Gji,
,jm1 ax,- 6x.~
LI dv
(2 2 —'<bii —> + g =0, bij = bji
§,jm=1 ax,- d 5

in a bounded domain RCE". We assume that the a;; and b,; are of
class C’ and that f and g are real and continuous in R. The ellipticity
of (1) and (2) requires that the hermitean matrices 4 =(a;;) and
B=(b;;) be positive definite in R.

THEOREM. If G is a bounded domain, GCR, and
(i) =0 on 3G.
(ii) A — B is non-negative definite in G.!
(ii) g=fin G.
Then v must have a zero in G.

PRrOOF. Since f is continuous in R we can choose a constant ¢ so
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1 This is equivalent to the condition “B~1—A4~1is non-negative definite” which is
used in [1].
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that f(x) +¢>0in R. Let F(x)=f(x) +c. Define the operator

1 i) i) c
L= —— —\ ai; _
F Z ax,-(a’ 6x.~>+ F

Equation (1) states that « is an eigenfunction of the boundary prob-
lem

Lu = \u,

’
() u =0 on 4G
corresponding to the eigenvalue A = 1. Since the nodal lines of « divide
G into a finite number of domains in which %70 it is sufficient to
prove that the theorem holds for each such domain. In other words
we may assume that #0 in G and that \;=1.

Suppose v5£0 in G. Then we can choose a domain H satisfying
GCHCR and v50 in H. Define

1 i) 9 g
M=——Y —(b; —)+1-=.
F >y axj< ! ax¢)+ F

Let n denote the exterior normal to dH. Then, by an appropriate
choice of a function ¢ on dH, equation (2) states that v is an eigen-
function of the boundary value problem

My = w,
2" v
v+ 0— =0 on dH
on

corresponding to the eigenvalue »=1. Since 70 in H, »,=1. Since
G CH, classical variational principles guarantee that the first eigen-
value of the boundary problem

Mw = pw,

2//
@ w =0 on 4G

will satisfy uy>»,=1. In particular, the assumption 970 in G has
lead to the conclusion u;>\;. We shall show that this conclusion is

untenable.
fFl u|2dx =fF|'w|2dx= 1
@ @

Assuming
the minimal property of u; yields
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u1=f FioMwdx §fFaMudx.
@ @

1 3/ g+¢
M=-=3 —(b;
F )> ax,< ax>+ +( f+c)

and noting that

Writing

g+c¢

Dbtk £ D ek, forall (B, - - -, )

we have

ou 0w
fFaMudx=f[Zb., - —1+c| |=+F(1—g+°)|u|]
G

Xi

du 9
§f[za,,l —u—+c|u|]dx—)u
¢

C

Thus we conclude that u; <\; and that v(x) =0 for some x in G.
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